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JLt  is  a  remarkable  fact  in  the  history  of  science, 
that  the  oldest  book  of  Elementary  G^metry  is 
still  considered  as  the  best,  and  that  the. writings 
of  Euclid,  at  the  distance  of  two  thousand  years, 
continue  to  form  the  most  approved  introduction 
to  the '  mathematical  •  sciences.  This  remarkable 
distinction  the  Greek  G^meter  owes  not  only  to 
the  elegance  and  correctness  of  his  demonstra- 
tions, but  to  an  arrangement  most  happily  con- 
trived for  the  purpose  of  instructions—advantages 
which,  when  they  reach  a  certain  eminence,  se- 
cure the  works  o£  an  author  against  the  injuries 
of  time,  more  effectually  than  even  originality  of 
invention.  The  Elements  of  Euclid,  however,  in 
passing  through  the  hands  of  the  ancient  editors, 
during  the  decline  of  science,  had  suffered  some 
diminution  of  their  excellence,  and  much  skill  and 
learning  have  been  employed  by  the  modem  ma- 
thematicians to  deUvCT  them  from  blemishes, 
which  certainly  did  not  enter  into  their  original 
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composition.  Of  these  mathematicians,  Dr  Sim- 
son,  as  he  may  be  accounted  the  last,  has  also  been 
the  most  successfiil,  and  has  left  very  little  room 
for  the  ingenuity  of  future  editors  to  be  exercised 
in,  either  by  amending  the  text  of  Euclid,  or  by 
improving  the  translations  from  it. 

Such  being  the  merits  of  Dr  Simson's  edition, 
and  the  reception  it  has  met  with  having  been 
every  way  suitable,  the  work  now  offered  to  the 
public  will  perhaps  appear  unnecessary.  And  in- 
deed, if  the  geometer  just  named  had  written  with 
a  view  of  accommodating  the  Elements  of  Euclid 
to  the  present  state  of  the  mathematical  sciences, 
it  is  not  likely  that  any  thing  new  in  Elementary 
Greometry  would  have  been  soon  attempted.  But 
his  design  was  different:  it  was  his  object  to  re- 
store the  writings  of  Euclid  to  their  original  per- 
fection, and  to  give  them  to  modem  Europe  as 
nearly  as  possible  in  the  state  wherein  they  made 
their  first  appearance  in  Ancient  Greece.  For  this 
undertaking,  nobody  could  be  better  qualified  than 
Dr  SiMSON ;  who,  to  an  accurate  knowledge  of  the 
learned  languages,  and  an  indefatigable  spirit  of 
research,  added  a  profoimd  skill  in  the  ancient 
Greometry,  and  an  admiration  of  it  almost  enthu- 
siastic. Accordingly,  he  not  only  restored  the 
text  of  EucLip,  wherever  it  had  been  corrupted,  * 
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but  Ib  some  cases  removed  imperfections  that  pro- 
bably belonged  to  the  original  w(»*k;  though  his 
extreme  partiality  for  his  author  never  permitted 
him  to  suppose,  that  sudi  honour  could  £ei11  to  the 
share  either  of  himself,  or  of  any  other  of  the  mo- 
dems. 

But,  after  all  this  was  accomplished,  something 
still  remained  to  be  done,  since,  notwithstanding 
the  admowledged  excellence  of  Euclid's  Ele- 
ments, it  could  not  be  doubted  that  some  altera- 
tions might  be  made,  that  would  accommodate 
them  better  to  a  state  of  the  mathematical  sciences, 
so  much  more  improved  and  extended  than  at  the 
period  when  they  were  written.  Accordingly,  the 
object  of  the  edition  now  offered  to  the  public,  is 
not  so  much  to  give  to  the  writings  of  Euclid  the 
form  which  they  originally  had,  as  that  which  may 
at  present  render  them  most  useful. 

One  of  the  alterations  made  with  this  view,  re- 
spects the  doctrine  of  Proportion,  the  method  of 
treating  which,  as  it  is  laid  down  in  the  fifth  of 
Euclid,  has  great  advantages,  accompanied  with 
considerable  defects;  of  which,  however,  it  must 
be  observed,  that  the  advantages  are  essential,  and 
the  defects  only  accidental.  To  explain  the  nature 
of  the  former,  requires  a  more  minute  examination 
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.^ban  19  nuited  to  this  place,  and  must  therefore  be 
r0ier^  for  tibe  Nbtes ;  but,  in  the  mean  time,  it 
taaay  be  remariced,  that  no  definition,  »cept  that 
<rf  Euclid,  has  ever  been  given,  from  which  the 
p]3^rtiea  of  jHropcnrtionals  can  be  deduced  by  rea- 
sonings, whidi,  at  the  same  time  that  they  are  per- 
fectly r^orpus,  aire  also  simple  ^id  direct.    As  to 
ti}0  defects,  the  prolixnesjs  and  obscurity  that  have 
so  often  been  i^omplained  of  in  the  Fifth  BoQk,  ^hey 
seem  to  arise  thieHy  from  the  nature  of  the  lan« 
guage  employed,  which  being  no  other  tiiah  that  of 
orcUniKry  discourse,  canndt  express,  without  much 
^    tediousness  and  circumlocution,  the  relations  of  ma- 
thematics quantities,  when  taken  in  their  utmost 
generality,  and  when  no  assistance  can  be  received 
from  diagrams.    Ad  it  is  plain,  that  the  concise 
language  of  Algebra  is  directly  calculated  to  re- 
medy this  inconvenience,  I  have  endeavoured  to  in- 
.rod.ee  U  h„^  ia  .  .ery  *nple  f»m  h«e,„,  ^ 
without  changing  the  nature  of  the  reasoning,  or 
departing  in  any  thing  from  the  rigour  of  geome- 
trical demonstration.    By  this  means,  the  steps  of 
the  reasoning  which  were  before  far  separated,  are 
terought  near  to  one  another,  and  the  force  of  the 
whole  is  so  clearly  and  directly  perceived,  that  I  am 
persuaded  no  more  difficulty  will  be  found  in  un- 
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deiistanding  the  pTopoations  of  the  Fifth  Bodc^  than 
those  of  any  ot^er  of  the  Elements. 

In  the  Second  Book  also,  some  algebraic  signs 
have  been  introduced,  for  the  sake  of  representing 
more  readily  the  addition  and  subtraction  of  the 
rectangles  on  which  the  demonstrations  depend. 
The  use  of  such  symbolical  writing,  in  translating 
from  an  original,  where  no  symbols  are  used,  can- 
not, I  think,  be  regarded  as  an  unwarrantable  li- 
berty :  for,  if  by  that  means  the  translation  is  not 
made  into  English,  it  is  made  into  that  universal 
language  so  much  sought  after  in  all  the  sdences, 
but  destined,  it  would  seem,  to  be  enjoyed  only  by 
the  mathematical. 

The  alterations  above  mentioned  are  the  most 
material  that  have  been  attempted  on  the  Books 
of  Euclid.  There  are,  however,  a  few  others, 
which,  though  less  considerable,  it  is  hoped  may 
in  some  degree  facilitate  the  study  of  the  Elements. 
Such  are  those  made  on  the  definitions  in  the 
First  Book,  and  particularly  on  the  definition  of  a 
straight  line.  A  new  axiom  is  also  introduced  in 
the  room  of  the  12th,  for  the  purpose  of  demon- 
strating more  easily  some  of  the  properties  of  pa- 
rallel lines.  In  the  Third  Book,  the  remarks  con- 
cerning the  angles  made  by  a  straight  line,  and 
the  circumference  of  a  circle,  are  left  oiit,  as  tend- 
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ing  to  perplex*  one  who  has  advanced  no  farther 
than  the  elements  of  the  science.  The  37th,  28th» 
and  29th  of  the  Sixth  are  changed  for  easier  and 
more  simple  propositions,  which  do  not  materially 
differ  from  them,  and  which  answer  exactly  the 
same  purpose.  Some  propositions  also  have  been 
added;  but,  for  a  fuller  detail  concerning  tliese 
changes,  I  must  refer  to  the  Notes,  in  which  se- 
veral  of  the  more  difficult,  or  more  interesting  sub- 
jects of  Elementary  Geometry,  are  treated  at  consi- 
derable length. 

The  Supplement  now  added  to  the  Six  Books 
of  Euclid  is  arranged  differently  from  what  it  was 
in  the  first  Edition  of  these  Elements. 

The  First  of  the  three  Books,  into  which  it  is 
divided,  treats  of  the  rectification  and  quadrature 
of  the  circle, — subjects  that  are  often  omitted  al- 
together in  works  of  this  kind.  They  are  omitted, 
however,  as  I  conceive,  without  any  good  reason, 
because,'  to  measure  the  length  of  the  simplest  of 
all  the  curves  which  Geometry  treats  of,  and  the 
space  contained  within  it,  are  problems  that  cer- 
tainly belong  to  the  elements  of  the  science,  espe- 
cially as  they  are  not  more  difficult  than  other 
propositions  which  are  usually  admitted  into  them. 
When  I  speak  of  the  rectification  of  the  circle,  or 
of  measuring  the  length  of  the  circumference,  I 
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must  not  be  supposed  to  mean,  diat  a  straight  tine 
is  to  be  made  equal  to  the  circumference  exactly ^ — 
a  problem  which,  as  is  well  known.  Geometry  has 
never  been  able  to  resolve  :  All  that  is  proposed  is, 
to  determine  two  straight  lines  that  shall  differ  very 
little  from  one  another,  not  more,  for  instance,  than 
the  four  hundred  and  ninety-seventh  part  of  the  di- 
ameter of  the  circle,  and  of  which  the  one  shall  be 
greater  than  the  circumference  of  that  circle,  and  the 
other  less.  In  the  same  manner,  the  quadrature  of 
the  circle  is  performed  only  by  approximation,  or  by 
finding  two  rectangles  nearly  equal  to  one  another ; 
one  of  them  greater,  and  another  less,  than  the  space 
contained  within  the  circle. 

In  the  Sepond  Book  of  the  Supplement,  which 
treats  of  the  intersection  of  Planes,  I  have  depart- 
ed as  little  as  possible  from  Euclid's  method  of 
considering  the  same  subject  in  his  Eleventh  Book. 
The  demonstration  of  the  fourth  proposition  is 
from  Legendbe's  Elements  of  Geometry  *;  that 
of  the  seventh  is  new,  as  far  as  I  know;  as  it  is  also  the 
solution  of  the  problem  in  the  nineteenth  propo- 
sition,— a  problem  which,  though  in  itself  extreme- 
ly simple,  has  been  omitted  by  Euclid,  and  hard- 

*  The  Editor  has  taken  the  liberty  in  this  Edition  to  sub« 
stitute^  instead  of  Legendbe's  Demonstration^  another  which  he 
believes  to  be  more  simple.  (W.) 
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ly  6ver  treated  oi$  in  an  elementary  form,  by  any 
geometer. 

With  respect  to  the  Greometry  of  Solids,  in  the 
Third  Book,  I  have  departed  from  Euclid  alto- 
gether, with  a  view  of  rendering  it  both  shorter  and 
more  comprehensive.  This,  however,  is  not  att- 
tempted  by  introdudng  a  mode  of  reasoning  l^ss 
rigorous  than  that  of  the  Greek  Geometer:  for 
this  would  be  to  pay  too  dear  even  for  the  time 
that  might  thereby  be  saved  ;  but  it  is  done  chiefly 
by  laying  aside  a  certain  rule,  which,  though^  it 
be  not  essential  to  the  accuracy  of  demonstration, 
Euclid  has  thought  it  proper,  as  much  as  possible, 
to  observe. 

The  rule  referred  to,  is  one  which  influ^ices 
the  arrangement  of  his  propositions  through  t^e 
whole  of  the  Elements,  viz.  That,  in  the  demon- 
stration of  a  theorem,  he  never  supposes  any  thing 
to  be  done,  as  any  line  to  be  drawii^  or  any  figure 
to  be  constructed,  the  manner  of  doing  which  he 
has  not  previously  explained.  Now,  the  only  use 
of  this  rule  is  to  prevent  the  admission  of  im- 
possible or  contradictory  suppositions,  which,  no 
doubt,  might  lead  into  error ;  and  it  is  a  rule  well 
calculated  to  answer  that  end,  as  it  does  not  allow 
the  existence  of  any  thing  to  be  supposed,  unless 
the  thing  itself  be  actually  exhibited.    But  it  is  not 


PREFACE.  XI 

always  necessary  to  make  use  o£  this  defence ;  for 
the  existence  of  many  things  is  obriously  posmble, 
and  very  far  from  implying  a  contradiction^  where 
the  method  of  actually  exhibiting  them  may  be  al- 
together unknown.     Thus,  it  is  plain,  that  on  any 
given  %ure  as  a  base,  a  solid  may  be  constituted, 
or  concdved  to  exist,  equal  in  solid  contents  to  any 
given  solid  (because  a  solid,  whatever  be  its  base, 
as  its  height  may  be  indefinitely  varied,  is  capable  of 
all  degrees  of  magnitude,  from  nothing  upwards), 
and  yet  it  may,  in  many  cases,  be  a  problem  of  ex- 
treme difficulty  to  assign  the  height  of  such  a  so- 
lid, and  actually  to  exhibit  it.     Now,  this  very 
supposition,  that,  on  a  given  base,  a  solid  of  a  given 
magnitude  may  be  constituted,  is  one  of  those,  by 
the  introduction  of  which,  the  Geometry  of  Solids 
is  much  shortened,  while  all  the  real  accuracy  of  the 
demonstrations  is  preserved ;  and,  therefore,  to  fol- 
low, as  Euclid  has  done,  the  rule  that  excludes 
this,  and  such  like  hypotheses,  is  to  create  artificial 
difficulties,  and  to  embarrass  geometricaHnvestiga- 
tion  with  more  obstacles  than  the  nature  of  things 
has  thrown  in  its  way.     It  is  a  rule,  too,  which  can- 
not always  be  followed,  and  from  which  even  Eu- 
clid himself  has  been  forced  to  depart  in  more  than 
one  instance. 

In  the  Book,  therefore,  on  the  properties  of  So- 
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lids,  which  I  'now  offer  tp  the  publie,  I  haye  not 
sought  to  subject  the  demonstrations  to  the  law  just 
mentioned,  and  have  never  hesitated  to  admit  the 
e:(^istence  of  such  solids,  or  such  lines  as  are  evi- 
dently possible,  though  the  manner  of  actually  de^ 
scribing  them  may  not  have  been  explained.     In 
this  way,  I  have  been  enabled  to  offer  that  very 
refined  artifice  in  geometrical  reasoning,  to  which 
we  give  the  name  of  the  Method  of  Exhaustions, 
under  a  much  simpler  form  than  it  appears  in  the 
12th  of  Euclid  ;  and  the  spirit  of  the  method  may, 
I  think,  be  best  learned,  when  it  is  thus  disengaged 
from  every  thing  not  essential.    That  it  may  be 
the  better  understood,  and  because  the  demonstra- 
tions  which  require  exhaustions,  are,  no  doubt,  the 
most  difficult  in  the  Elements,  they  are  all^conduct- 
ed  as  nearly  as  possible  in  the  same  way,  in  the 
cases  of  the  different  solids^  from  the  pyramid  to  the 
sphere.    The  comparison  of  this  last  solid  with  the 
cylinder,  concludes  the  last  Book  of  the  Supple- 
ment, and  is  a  proposition  that  may  not  improperly 
be  considered  as  terminating  the  elementary  part  of 
Grcometry. 

The  Book  of  the  Data  has  been  annexed  to  se- 
veral editions  of  Euclid's  Elements,  and  particu- 
larly to  Dr  SiMSON's,  but  in  this  it  is  omitted  alto- 
gether.   It  is  omitted,  however,  not  from  any  opi- 
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nion  of  its  being  in  itself  useless,  but  because  it 
does  not  belong  to  this  place,  and  is  not  often  read 
by  beginners.  It  contains  the  rudiments  of  what 
is  properly  called  the  Geometrical  Analysis,  and 
has  in  itself  an  analytical  form ;  and  for  these  rea- 
sons I  would  willingly  reserve  it,  or  rather  a  com- 
pend  of  it,  for  a  separate  work,  intended  as  an  in- 
troduction to  the  study  of  that  analysis. 

In  explaining  the  elements  of  Plane  and  Sphe- 
rical Trigonometry,  there  is  not  much  new  that 
can  be  attempted,  or  that  will  be  expected  by  the 
intelligent  reader.  Except,  perhaps,  some  new  de- 
monstrations, and  some  changes  in  the  arrangement, 
these  two  treatises  have,  accordingly,  no  novelty  to 
boast  of  The  Plane  Trigonometry  is  so  divided, 
that  the  part  of  it  that  is  barely  sufficient  for  the 
resolution  of  Triangles,  may  be  easily  taught  by  it- 
self. The  method  of  constructing  the  Trigonome- 
trical Tables  is  explained,  and  a  demonstration  is 
added  of  those  pri^erties  of  the  sines  and  cosines  of 
arches,  which  are  the  foundation  of  those  applica- 
tions of  Trigonometry  lately  introduced,  with  so 
much  advantage,  into  the  higher  Geometry. 

In  the  Spherical  Trigonometry,  the  rules  for 
preventing  the  ambiguity  of  the  solutions,  where- 
ever  it  can  be  prevented,  have  been  particularly  at- 
tended to ;  and  I  have  availed  myself  as  much  as 
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possible  of  that  excellent  abstract  of  the  rules  of 
this  science,  which  Dr  Maskelyne  has  prefixed 
to  Taylor's  Tables  of  Logarithms. 

An  explanation  of  Napier's  very  ingenious 
and  useftil  rule  of  the  Circular  Parts  is  here  add- 
ed  as  an  Appendix  to  Spherical  Trigonometry. 

It  has  been  objected  to  many  of  the  writers  on 
Elementary  Geometry,  and  particularly  to  Euclid, 
that  they  have  been  at  great  pains  to  prove  the 
truth  of  many  simple  propositions,  which  every 
body  is  ready  to  admit,  without  any  demonstra- 
tion, and  that  they  thus  take  up  the  time,  and  fa- 
tigue the  attention,  of  the  student,  to  no  purpose. 
To  this  objection,  if  there  be  any  force  in  it,  the 
present  treatise  is  certainly  as  much  exposed  as 
any  other ;  for  no  attempt  is  here  made  to  abridge 
the  Elements,  by  considering  as  self-evident  any 

thing  that  admits  of  being  proved.    Indeed  those 

* 

who  make  the  objection  just  stated,  do  not  seem 
to  have  reflected  suffidently  on  the  end  of  Mathe^. 
matical  Demonstration,  which  is  not  only  to  prove 
the  truth  of  a  certain  proposition,  but  to  shew  its 
necessary  connection  with  other  propositions,  and 
its  dependence  on  them.  The  truths  of  Geometry 
are  all  necessarily  connected  with  one  another, 
and  the  system  of  such  truths  can  never  be 
rightly  explained}  unless  that  connection  be  ac- 
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curately  traced,  wherever  it  exists.     It  is  upon 
this  that  the  beauty  and  peculiar  excellence  of  the 
mathematical  sciences  depend  :  it  is  this,  which,  by 
preventing  any  one  truth  from  being  single  and  in- 
sulated, connects  the  different  parts  so  firmly,  that 
they  must  all  stand  or  all  fall  together.    The  de- 
monstration,  therefore,  even  of  an  obvious  proposi- 
tion, answers  the  purpose  of  connecting  that  propo- 
sition with  others,  and  ascertaining  its  place  in  the 
general  system  of  mathematical  truth.     If,  for  ex> 
ample,  it  be  alleged,  that  it  is  needless  to  demon- 
strate that  any  two  sides  of  a  triangle  are  greater 
than  the  third ;  it  may  be  replied,  that  this  is  no 
doubt  a  truth,  which,  without  proof,  most  men  will 
be  inclined  to  admit :  but  are  we,  for  that  reason,  to 
account  it  of  no  consequence  to  know  what  the  pro- 
positions are,  which  must  cease  to  be  true  if  this 
proposition  were  supposed  to  be  false  ?     Is  it  not 
useful  to  know,  that  unless  it  be  true,  that  any  two 
sides  of  a  triangle  are  greater  than  the  third,  nei- 
ther could  it  be  true,  that  the  greater  side  of  every 
triangle  is  opposite  to  the  greater  angle,  nor  that 
the  equal  sides  are  opposite  to  equal  angles ;  nor, 
lastly,  that  things  equal  to  the  same  thing  are 
equal  to  one  another  ?    By  a  scientific  mind,  this 
information  will  not  be  thought  lightly  of ;  and  it  is 
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exactly  that  which  we  receive  from  Euclid's  de-> 
monstration. 

To  all  this,  it  may  be  added,  that  the  mind,  es- 
pecially when  beginning  to  study  the  art  of  reason- 
ing,  cannot  be  employed  to  greats  advantage  than 
in  analysing  those  judgments,  which,  though  they 
appear  simple,  are  in  reality  complex,  and  capable 
of  being  distinguished  into  parts.  No  progress  in 
ascending  to  higher  investigations  can  be  expected, 
till  a  regular  habit  of  demonstration  in  elementary 
-matters  has  been  acquired;  it  is  tli^refore  to  be 
feared,  that  he  who  has  declined  the  trouble  of 
tracing  the  connection  between  propositions  fuch  as 
that  ^already  quoted,  and  those  that  are  more  sim- 
'  pk,  will  not  be  very  expert  in  tracmg  their  coi^nec- 
t)pi^  wHh  tho^e  which  are  more  complex ;  and  that, 
as  he  has  not  been  careful  in  laying  the  foundation, 
he  m  never  be  succesrful  in  raising  the  supe^c 
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ADVERTISEMENT 


TO   THE 


SEVENTH  EDITION 


In  the  prospect  of  a  Seventh  Edition  of  Professor 
Playfair's  Elements  of  Geometry  heing  soon 
wanted,  the  Bookseller  applied  to  me  to  superintend 
its  progress  through  the  Press ;  and,  on  this  occa- 
sion, I  was  requested  to  consider  whether  any  changes 
or  additions  could  be  made,  so  as  to  render  it  more 
useful  as  a  Text  Book  in  the  Schools  of  Geometry^ 
and  as  a  work  of  reference?  purposes  which  experienc^ 
had  proved  it  to  be  well  calculated  to  serve. 

The  high  respect  I  entertain  for  the  memory 
of  the  Author  has,  however,  restrained  me  from 
touching,  with  a  rude  hand,  a  work,  in  the  construc- 
tion of  which  he  no  doubt  exercised  that  soundness  of 
judgment,  which  rendered  whatever  came .  from  his 
pen,  a  model  of  elegance  and  good  taste.  With  this 
feeling  I  have  retained  every .  Proposition  in  the 
Work,  as  he  left  it :  And  only  in  three  instances 
have  I  altered  any  of  the  demonstrations.  The 
Propositions  in  which  I  have  taken  this  liberty  are 
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Prop.  F,  aoDid  H,  at  llie  end  of  Book  VI,  and  Prop. 
IV,  in  the  Second  Book  df  the  Stipplement. 

The  demonstrations  of  the  two  first  may  he  con- 
sidered as  his  avm ;  that  of  the  last  is  professedly 
taken  from  LEaENiufltE's  Qeometfy*  For  these  I 
have  substituted  others  which  I  regard  as  rathar 
more  simple. 

I  have  considered  myself  as  more  at  liberty  to 
add  tfaam  to  change  -,  bu4  believing  jbhat  the  Ble- 
meats, ;jof  EucLU),  purified  isad:  improvied  «s  thi^ 
hwe  been  by  Dr  Robeet  SiMdON,  and  modi&d 
to  suit  ithepr080nt  state,  of  8eienfts,.by  4^  wa&sm 
of  this  ymk^  m&y  sa've  esi  a  basis  almost  suffictettikly 
broad  €os  the  more  advanoed  theories  of  QeiMpyetry, 
asrweU  as  the  ordinary  afij^miionB  to  P}^sigs».iiiid 
tlie.waflits  <£»B6d^.9 1  ihfViQ  ibosQ*  aoKioiis^ts^Am 
faiftha*,  at';^e8ent^  thaa  .the  purpoaes  of  Seienoe  ms^ 
seemtorequim^  .  .     >..        •..      ,..  i 

With,  a  iview^  however^  to  ^tead  a^iittb  JJiir£Ie^ 
mentSy  I  have  added  one  Proposition  (Fropi.C«)ito  ' 
the^  Second' Book»  •adtsf^  P]»lp«8iti(>iiii.aS/cMaIk^ 
dies  40'Piop.  K»^«lso  PmjL  Lu^'iit  Book  Yli;  tibmif 
b^giofSten  necesslal^  m  the  resdiudoiif  of  jgeMMtruud 
poroblems,  and  fdso  in  the  applM^tbns/of  Qeowftargri 
And  as  it  seems  i;Q  be  a  defectani  Ihift « Bleolfliits, 
that  they  containaio  the<«rem^  by 'whidii  having  giveiL 
the  three  sides  of  a  triangle^  its  anea  mayibe  4iiim€ti' 
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lyfcmtid,  I  Have  eiideAtoiired  to^nipply  tkisitnper- 
ftotion,  by  ^^ropMitiom  M,  H^  OyP.vsddttd  to  the 
Skf^  Book.  Ftop08ition«  N  and  O,  wbfle  l^f 
connect  ^podtiofis  M  mA  P^  the  lattiar  ^  mbioli 
IS' tile  theorem  in  qtte&tiM»  th^y  setve  alfio^  vfben 
intiroliQced  iMo  TrigonomMi^,  to  fiild  the  anglee  of 
a  triangle  when  its  sides  are  known.  (See  Plane 
Trigonometry,  Prop.  vii.  attd  viii.) 

Although  faatdiy  any  demonstration  can  be  more 
simple  and  el^ant  than  that  of  Prop.  47.  Book  I.9 
given  by  Euclid ;  yet  I  have  been  tf^mpted,  by  the 
peculiar  neatness  of  one  which  I  had  once  regarded 
as  new,  but  have  since  found  in  ElSmens  de  Gdomd- 
trie  par  M.  Clairaut,  to  insert  it  among  the 
Notes  (p.  451).  I  have,  in  addition,  also  added  some 
remarks  on  the  theorems  in  the  First  Book,  that  re- 
late to  the  equality  of  certain  figures,  and  which  lead 
to  curious  and  important  conclusions  respecting 
equal  rectilineal  figures,  however  dissimilar  they  may 
be  in  form. 

In  the  !Rane  Trigonometry,  new  demonstrations, 
deduced  from  Prop.  N  and  O  of  Book  VI.,  have 
been  given  of  Prop.  VII.  and  VIII. ;  and  two 
Propositions,  viz^  IX.  and  X.,  have  been  now  add- 
ed ;  from  which  I  have  deduced  a  second  solution  to 
Case  III,  of  oblique-angled  triangles  (see  page  S44), 
in  addition  to  that  formerly  in  the  work. 
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.  I  have  given  a  sdiutieii  to  Case  IV.  in  a  Note  or 
the  fourth  solutioin  (page  346)^  that  neems  to  be 
preferable  to  the  ordinary  onej^  when  the  thriBe  dde» 
are  given, , and  cUl  the  angles  are.requii^v 

.  Sueh  are  the  principal  changes  and  actions 
which  have  been  made  in  this  Edition.  How  far 
they  are  improvements,  candid  ,  and  intelligent 
teachers  and  students  will  deteimine. 

William  Wallace. 


CoLi^EGE  OF  Edinburgh^ 
nth  Nov.  182& 
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BOOK  I. 

DEFINITIONS. 
I. 


JV.  Point  is  that  which  has  position,  but  not  magni-  See  Notes. 
"  tude  *r 

II. 

A  line  is  length  without  breadth. 

•*  CoROLLARV.     The  extremities  of  a  line  are  points ; 

^^  and  the  intersections  of  one  line  with  another  are 

**  also  p<Mnts.'*' 

III. 

*^  If  two  lines  are  such  that  they  cannot  coincide  in  any 

**  two  points,  without  coinciding  altogether,  each  of 

**  them  is  called  a  str^ght  line." 

Cor.  Hence  two  straight  lines  cannot  inclose  a  space. 
Neither'  can  two  straight  lines  have  a  common  seg- 
ment ;  for  they  cannot  coincide  in  part,  without  co- 

**  inciding  altogether.*" 

IV. 

A  superficies  is  that  which  has  only  length  and  breadtli. 
**  Cor.     The  extremities  of  a  superficies  are  lines ;  and 

"  the  intersections  of  one  superficies  with  another  are 

"  also  lines."" 

*  The  definitions  marked  with  inverted  commas  are  different  from 
thoee  of  Bdclio. 
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V. 

Book  I.  A  plane  superficiesi  is  that  in  which  any  two  points  being 
taken,  the  straight  line  between  them  lies  wholly  in 
that  superficies. 

VI. 

A  plane  reotiEneal  angle  is  the  incfinatiou  of  two  straight 
lines  to  one  another,  which  meet  together,  but  are  not 
in  the  same  straight  line. 


N.  B.  *  When  several  angles  are  at  one  point  B,  any 
one  of  them  is  expressed  by  three  letters,  of  which  the 
letter  that  is  at  the  ver(e)L  of  the  iKngle»  that  is,  at  tjiie 
point  io  which  the  straight  lines  Aait  contain  the  stoffe 
meet  one  another,  is  put  between  the  otber  two  letters, 
and  one  of  these  two  is  somewhere  upon  one  of  those 
straight  lines,  and  the  other  upon  the  other  line:  Thus 
the  angle  which  is  contakied  by  the  straight  lines  AB, 
CBy  is  named  the  ande  ABC5  or  CBA ;  that  whi<^  is 
oontamed  by  AB>  m)  is  nam^  the  angle  ABD^  or 
DBA,  and  that  which  ia  contained  by  BB,  CB  is  called 
the  angle  DBC»  01:  CBD;  but  if  there  be  only  one 
angle  i^t  a  ppipt^  it  xoaj  be  expressed  by  a  letter  placed 
Ht  that  point,  1^  the  angl^  at  £/  ..  !  r 


VIL 

When  a  straig^ht  line  standing  on 
another  strairiit  line  makes  the 
adjacent  angles  equal  to  one  an- 
other, each  of  the  angles  is  called 
a  right  angle ;  and  the  straight 
Hne  which  stands  on  the  otner 
is  called  a  perpendicular  to  it. 


•  n  * 
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VIII. 

An  obtuse  angle  is  that  which  is  greater  than  a  right  angle*    ik*^  ^ 


rx. 

An  acute  angle  is  that  which  is  less  than  a  right  angle. 

X. 

A  figure  is  that  which  is  inclosed  by  one  or  moi^  boun- 
daries.— *^  The  space  contained  within  a  figure  is  called 
the  Area  of  the  Figure." 

XI. 

A  drcle  is  a  plane  figure  contained  by  one  line,  which  is 
called  the  circumference,  and  is  such  that  all  straight 
^^lii^s  drawn,  from  a  certain  pdtnt  within  the  figure  td 
;  the  circumference,  are  equal  to  one  another. 


XII. 

This  point  is  called  the  oetitre  of  the  circle. 

XIII. 

A  diameter  of  a  circle  is  a  straight  line  drawn  thit>\lgh 
the  centre,  and  terminated  both  ways  by  the  circum- 
ference. 

XIV. 

A  semicircle  is  the  figure  contained  by  a  diameter  and  the 
part  of  the  circumference  cut  off  by  the  diameter. 

B  2 


m 


BLBMSVTS 


.  XV. 

^^^  jRectiHneal  figures  are  those  which   are  contained  by 
■    straight  lines. 

XVI. 

Trilateral  figures,  or  triangles,  by  three  straight  lines, 

XVII. 

Quadrilateral,  by  four  straight  lines. 

XVIII. 

Multilateral  figures,   or  polygons,   by  more  than  four 
straight  lines.  < 

x:ix. 

Of  three-sided  figures,   an  equilateral  triangle  is  that 
which  has  three  equal  sides. 

An  isosceles  triangle  is  that  which  has  bnly  two  sides  equal. 


A 


XXI. 

A  scalene  triangle,  is  that  which  has  three  unequal  sides. 

A  right  angled  triangle,  is  that  which  ha9  a  right  angle. 

XXIII. 

An  obtuse  angled  triangle^  is  that  which  has  ah  bbtule 
,:  angle. 
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XXIV. 

^n  acute  angled  triangle,  is  that  whidi  has  three  acute 
angles. 

XXV. 

Of  four  sided  figures,  a  square  is  that  which  has  all  its 
sides  equal,  and  all  its  angles  right  angles. 
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XXV  I. 

An  oblong,  is  that  which  has  all  its  angles  right  angles, 
but  has  not  all  its  sides  equal. 


XXVIL 

A  rhombus,  is  that  which  has  all  its  sides  equal,  but  its 
angles  are  not  right  angles. 


XXVIII. 

A  rhomboid,  is  that  which  has  its  opposite  ades  equal  to 
one  another,  but  all  its  sides  are  not  equal,  nor  its 
angles  right  angles. 

XXIX. 


AU/Other  four-sided  figures  besides  these,  are  called  Triu 
|)eziums. 


22  StEMENTS 

XXX. 

fi«Qli;  I*  Straight  lines,  which  are  in  the  sanie  plane,  and  beh^ 
proidtieed  ever  so  far  both  irays,  do  not  tneet,'  are 
called  Parallel  Lines. 


•  1 


POSTULATES. 

4 

I. 

Let  it  be  granted  that  a  straight  fine  may  be  dnivrn 
fix>m  any  one  point  to  any  other  {xnat. 

II. 

That  a  terminated  straight  Hoe  may  be  produced  to  any 
length  in  a  $traight  line. 

in. 

And  that  a  circle  may  be  descnbed  fronv  any  cestre,  at 
any  distance  from  that  centre. 

AXIOMS. 

I. 

^-     Things  which  ars  equal  to  the  saine  thing  are  eqaal  to 
one  another. 

II. 

If  equals  be  added  to  equals,  the  vhdes  are  equal. 

III. 

If  equals  be  taken  from  equals,  the  remmnders  are  equal. 

IV. 

If  equals  be  adde4  to  unequals,  the  wholes  are  unequal. 

V. 

|f  eqittali  be  taken  ftom  unequal^  the  remaindefs  are  un- 
equal. 
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VI. 

Things  which  are  doaUes  of  the  flame  thing,  are  equal  to    Book  L 
one  another. 

VII. 

Things  which  are  halves  of  the  same  thing,  are  equal  to 
one  another. 

VIII. 

Magmtudes  which  coincide  with  one  another;  that  is, 
which  exactly  ifill  the  same  space,  are  equal  to  one  an- 


other. 


IX. 


Tht  whole  is  greater  than  its  part 

X. 

All  right  angles  are  equal  to  one  another. 

XI. 

*^  Two  straight  lines  which  intersect  one  another,  cannot 
^<  be  both  parallel  to  the  same  straight  line.^ 


S4  £L£M£NTft. 


fiook  I.  PRCH>OSITION  I.     PROBLEM. 

To  describe  an  equilateral  triangle  upon  a  given 

finite  straight  line.  • 

Let  AB  be  the  given  straight  line ;  it  is  required  to 
describe  an  equilateral  triangle  upon  it. 

'  '        From  tbe  centre  A, 
at  tbedistance  AB,de- 

a  3.  Pouttt.  scribe*  the  circle  BCD, 

*■*•*  and  from  the  centre  B, 

at  the  distance  B  A,  de^ . 
^ribe  the  circle  ACE; 
and  from  the  point  C, 
in  which  the  circles  cut 
one  another,  draw  the 

b.  I.  Poit  straight  lines  *»  C  A, 
CB  to  the  points  A^ 
B  ;  ABC  is  an  equilateral  triangle.  .   . 

Because  the  point  A  is  the  centre  of  the  circle  BCD, 

c  11.  Defi.  AC  is  equal  *  to  AB  ;  and  because  the  point  B  is  the  cen- 

"*^°-  tre  of  the  circle'  ACE,  BC  is  equal  to  AB :  But  it  has 
been  proved  that  CA  is  equal  to  AB  ;  therefore  CA,  CB 
are  each  of  them  equal  to  AB ;  now,  things  which  are 

dl.  Axiom,  equal  to  the  same  are  equal  to  one  another^  ;  therefore 
CA  is  equal  to  CB  ;  wherefore  CA,  AB,  CB  are  equal 
to  one  another ;  and  the  triangle  ABC  is  therefore  equi- 
lateral, and  it  is  described  upon  the  given  straight  line 
AB.     Which  was  required  to  be  done. 


P?,OP.  IL    PROB. 

From  a  given  point  to  draw  a  straight  line  equal 

to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight 
Une ;  it  is  required  to  draw,  from  the  point  A,  a  straight 
line  equal  to  BC. 

a  1.  Post.        From  the  point  A  to  B  draw  *  the  straight  line.  A'B ; 

b  1. 1.        and  upon  it  describe  ^  the  equilateral  tnaagle  DAS^ 
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c  2,  PosU 


d  3.  Pott. 


and    produce  ®    the     straight  ^ IT^*''*^  Book  I. 

lines  DA,  BD,  to  E  and  F ; 
from  the  centre  B,  at  the 
distance  BC,  describe  ^  the 
circle  CGH,  and  from  the 
centre  D,  at  the  distance 
DGj  describe  the  circle  GKL. 
AL  is  equal  to  BC. 

Because  the  point  B  is  the 
centre  of  the  circle  CGH, 
BC  is  equal®  to  BG;  and  be- 
cause D  is  the  centre  of  the 

circle  GKL,  DL  is  equal  to  DG,  and  DA,  DB,  parts  of 
them,  are  equal ;  therefore  the  remainder  AL  is  equal 
to  the  remainder'  BG  :  But  it  has  been  shewn,  that  BC  f  3.  Ax. 
is  equal  to  BG ;  wherefore  AL  and  BC  are  each  of  them 
equal  to  BG  ;  and  things  that  are  equal  to  the  same  are 
equal  to  one  another ;  therefore  the  straight  line  AL  is 
equal  to  BC.  Wherefore,  from  die  given  point  A,  a 
straight  line  AL  has  been  drawn  equal  to ^  the  given 
straight  line  BC.     Which  was  to  be  done.  r 


e  11.  Def. 


PROP.  III.     PROB. 

From  the  greater  of  two  given  straight  lines  to 
cut  off  a  part  equal  to  the  less. 


Let  AB  and  C  be  the 
two  given  straight  lines, 
whereof  AB  is  the  greater. 
It  is  required  to  cut  off 
from  AB,  the  greater,  a 
part  equal  to  C,  the  less. 

From  the  point  A  draw 
"   the    straight    line    AD 
equal  to  C ;  and  from  the 
centre  A,  and  at  the  dis- 
tance AD,   describe  *  the  circle  DEF ;  and  because  A  b  3  Po*, 
is  the  centre  of  the  circle  DEF,  AE  is  equal  to  AD  ; 
but  the  straight  line  C  is  likewise  equal  to  AD  ;  whence 
AE  and  C  are  each  of  them  equal  to  AD ;  wherefore 
the 'straight  line  AE  is  equal  to  ^  C,  and  from  ABthed.  Ax, 


a  2. 1. 


i 


/ 

8fi  tILEMENTS 

Booki.    greater  of  two  straight  lines,  a  part  AE  has  been  cut  off 
^•^^'""^  equal  to  C  the  less.     Which  was  to  be  done. 

tROP.  IV.  THEOREM. 

If  two  triangles  have  txvo  sides  of  the  one  eqyicd, 
to  two  sides  of  the  other,  each  to  each;  wid 
have  likewise  the  angles  contained  by  thme 
sides  emml  to  one  anjother,  th^  bases  or  third 
sides,  snail  be  eqiial;  and  the  areas  ofthelri^ 
angles  shall  be  equal;  and  their  other  angled 
shall  be  equal,  each  to  each,  viz.  those  to  which 
the  equal  sides  are  opposite  *; 

N.  Let  AfiC,  DEF  be  two  triangles  which  have  the  two 

sides  AB,  AC  equal  to  the  two  sides  DE,  DF,  each  tb 
each,    viz.   AB   to  * 
DE,  and    AC    to  ^ 
DF;    and   let  the 
angle  BAC  be  also 
equal  to  the  angle 

EDF:    then  shall  I  \  I  \   4 

the  base  BC  be 
equal  to  the  base 
EF;   and  the  tri- 

angle  ABC  to  the  .- ^  ^ .^ 

triangle  DEF;       B  C  i£  F 

and  me  other  angles  to  which  the  equal  sides  are  oppo> 
site,  shall  be  equal,  each  to  each,  viz.  the  angle,  ABC  to 
the  angle  DEF,  and  the  angle  ACB  to  DFE. 

For,  if  the  triangle  ABC  be  applied  to  the  triangle 
DEF,  so  that  the  point  A  may  be  on  D,  and  the  straight 
line  AB  upon  DE ;  the  point  B  shall  coincide  with  the 
point  E,  because  AB  is  equal  to  DE ;  and  AB  coineU 
dip^  With  DE ;  AC  shall  coincide  with  DF,  because  tfa« 
auj^e  BAC  is  equal  to  the  angle  EDF  ;  wherefore  alaii 
the  point  C  shall  coincide  with  the  pcnnt  F,  because  AC 
is  equal  to  DF :  But  the  point  B  coincides  with  the 
^  point  E ;  wherefore  the  base  BC  shall  coincide  with  the 

a  cor.  def.  3.  base  EF%  and  shall  be  equal  to  it     Therefore  also  the 
whole  triangle  ABC  shall  coincide  with  the  whole  tri^ 

<liyi)HllM'|li  •     \       »      Ml  I         ■  ■..111  l>  n— ^»^—  »  I  1      I     I       I      I  I    I      ■  ^ift-^^' 

*  Tb«  throe  <y>nGlugion8  in  Uiis  enunciatioti  are  more  briefly  expNiiei^ 
by  saying)  ikai  ike  triangka  are  in  every  «t^  equai. 
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tihgle  DEF,  so  that  the  spaces  which  they  contain,  or  their  Book  I. 
areas ^  are  equal,  and  the  remaining  ancles  of  the  one ^^T^^Liu*^ 
shall  coincide  with  the  remaining  angfes  of  the  other,  and 
be  €qual  to  them,  viz.  the  angle  ABC  to  the  angle  DEF, 
and  the  angle  ACB  to  the  angle  DFE.  Therefore,  if 
two  triangles  have  two  mdes  of  the  one  equal  to  two  sides 
of  tlie  other,  each  to  each,  and  have  likevnse  the  angles 
contained  by  tho^e  skies  equal  to  one  another;  theirbases 
dball  be  equal,  and  their  areas  shall  be  equal,  and  their 
other  angles,  to  which  the  equal  sides  are  opposite,  shall 
be  equa^  each  to  each.     Which  was  to  be  demonstrated. 


PROP.  V.  THEOB. 

The  angles  at  the  hose  of  an  Isosceles  triangle      n. 
are  eqtial  to  one  another ;  and  if  the  equal std^s 
be  produced,  the  angles  upon  the  other  side  of 
the  base  shall  also  be  equal. 

Let  ABC  be  ap  isosceles  triangle,  of  which  the  side 
AB  is  equal  to  AC,  and  let  the  straight  lines,  AB,  AC 
be  produced  to  D  and  E :  the  angle  ABC  shall  be  equal  to 
the  angle  ACB,  and  the  angle  CBD  to  the  angle  BCE. 

In  BD  take  any  point  F,  and  from  AE  the  greater 
cut  oflF  AG  equal'  to  AF  the  less,  and  join  PC,  GB.       a  3.  i. 

Because  AF  is  equal  to  AG,  and  AB  to  AC,  the  two  . 
sides  FA,  AC  are  equal  to  the  two  GA,  AB,  each  to 
each ;  and  they  contain  the 
angle  FAG  common  to  the 
two  triangles,  AFC,  AGB  ; 
therefore    the    base    FC  is 

equal^  to  the  base  GB,  and  /        \  b  4.  i. 

the  triangle  AFC  to  the 
triangle  AGB ;  and  the  re- 
maining angles  of  the  one 
are  equal  ^  Jto  the  remain- 
ing angles  of  the  other,  each 
to  each,  to  which  the  equal 
sides  are  opposite,  viz.  the 
angle    ACF    to    the    angle   "> 

ABG,  and  the  angle  AFC  to  the  angle  AGB  :  And  be- 
cause the  whole  AF  is  equal  to  the  whole  AG,  and  the 
part   AB   to  the  part  AC ;    the   remainder   BF  is  e- 
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Book  I.    qual  ^  to  the  remainder  CG ;  and  FC  was  plx>ved  to  be 

^"^"^TT^  equal  to  GB,  therefore  the.  two  sides  BF,  FC  are  equal 

to  the  two  CG,  GB,  each  to  each ;  but  the  iangle  BFC 

is  equal  to  the  angle  CGB  ;  wherefore  the  triaagte&^BFCI, 

*>4wl.     CGB  are  equal  ^  apd  their  remaining  angles  are  jequ^, 

,  to  which  the  equal  sides  are  opposite;   therefore  the  an- 

gle  FBC  is  equal  to  the  angle  GCB,  and  the  angle  BCF 

to  the  angle  CBG.     Now,  since  it  has  ^been  dem6n2str»- 

ted,  that  the  whole  angle  ABG  is  equal  to  the'  whole 

ACF,  and  the  part  CBG  to  th^  part  3CF,  the  remam- 

ing  angle  ABC  is  therefore  equal,  to  the  ren^aining. angle 

ACB,  which  are  the  angles  at  the  base  of  the  triangle 

ABC  :  And  it  has  also  been  proved,  that  the  afegle  FBQ 

is  equal  to  the  angle  GCB,  which  are  the  angles  upoQ 

the  other  side  of  the  base.     Therefore,  the  angles  at  the 

base,  &c.     Q.  £.  D.  .  i . 

CoEOLLAEY.     Hcncc  every  equilateral  triangle  i$  also 

equiangular. 

PROP.  VI.  THEOR.^ 

...  ,    ,{ 

If  two  angles  of  a  triangle  be  equal  to  one  ano* 
ther^  the  sides-  which  subtend^  or  are  opposite 
to  therhf  are  also  equal  to  one  anjoiher.  \ 

Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to 
the  angle  ACB ;  the  side  AB  is  also  equ^l  to  the  side  ACj 

For,  if  AB  be  not  equal  to  AC?  one  of  them  is  ^eatci* 
b.  a  1.  than  the  other :  Let  AB  be  the  greater,  and  from  it  cut'^ 
off  DB  equal  to  AC  the  less,  and 
join  DC ;  therefore,  because  in  the 
triangles  DBC,  ACB,  DB  is  equal 
to  AC,  and  BC  common  to  both, 
the  two  sides  DB,  BC  are  equal  to 
the  two  AC,  CB,  each  to  each ;  but 
the  angle  DBC  is  also  equal  to  the 
angle  ACB;  therefore  the  base  DC 
is  equal  to  the  base  AB,  and  the  area 
of  the  triangle  DBC  is  equal  to  that 
c4. 1.  of  the  triangle*'  ACB,  the  less  to  the 
greater ;  which  is  absurd.  There-  ^ 
fore,  AB  is  not  unequal  to  AC,  that  is,  it  is  i^qual  td  it/ 
Wherefore,  if  two  angles,  &c.     Q.  £.  D.  .  -    . ..   ..^^ 

'    Cob.     Hence  .every  equiangular  triangle ^s  afeo  enj^ 
lateral. 
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PROP.  VII.    THEOR. 

• 

Upon  the  same  base,  and  on  the  same  side  ofit^      n. 

theYe  cannot  he  two  triangles,  that  have  their 
.  sides  which  are  terminated  in  one  extremity  of 
,  the  base  equal  to  one  another,  and  likewise 
those  which  are  terminated  in  the  other  extre- 
mity, equal  to  one  another. 

Let  there  be  two  triangles  ACB,  ADB,  upon  the  same 
base  AB,  and  upon  the  same  side  of  it,  which  have  their 
sides  C A,  DA,  terminated  in  A  equal  to  one  another ; 
then  their  sides    CB,   DB,  G 

terminated  in  B,  cannot  be 
equal  to  one  another,  /    \  ^I> 

Join  CD,  and  if  possible 
let  CB  be  equal  toDB;  then, 
in  the  case  in  which  the  ver- 
tex of  each  of  the  triangles  is 
without  the  other  triangle, 
because  AC  is  equal  to  AD, 
the  angle  ACD  is  equal  *  to 
the  angle  ADC  :    But  the  A 

angle  ACD  is  greater  than  the  angle  BCD ;  therefore 
the  angle  ADC  is  greater  also  than  BCD ;  much  more 
thwi  is  the  angle  BDC  greater  than  the  angle  BCD. 
Again,  because  CB  is  equal  to  DB,  the  angle  BDC  is 
equal  *  to  the  angle  BCD ;  but  it  has  been  demonstra- 
ted to  be  greater  than  it  \  which  is  impossible. 

But  if  one  of  the 
vertices,  as  D,  be  with- 
in the  other  triangle 
ACB ;  produce  AC, 
AD  to  E,  F  ;  there- 
fore, because  AC  is 
equal  to  AD  in  the  tri- 
angle ACD,  the  angles 
BCD,  FDC  upon  the 
odier  side  of  the  base 

CD  are  equal  *  to  one  another,  but  the  angle  ECD  is 
greater  than  the  angle  BCD  ;  wherefore  the  angle  FDC 
isu^ike^roe  greater  than  BCD;  much  more  then  is  the 


a  5.  1. 


so  ELEMENTS 

Bdoif  i»  angle  BDC  greater  than  the  angle  BCD,  Again^  be- 
^'•'V^  cause  CB  is  equal  to  DB,  the  angle  BDC  is  equal  •  to 
the  angle  BCD ;  but  BDC  has  been  proved  to  be  greater 
than  the  same  BCD;  which  is  impossible.  The  case  in 
which  the  vertex  of  one  triangle  is  upon  a  side  of  the 
other,  needs  no  demonstration. 

Therefore,  upon  the  same  base,  and  on  the  same  Ade 
of  it,  diere  cannot  be  two  triangles  that  have  their  ades 
which  are  terminated  in  one  extremity  of  the  base  equal 
to  one  another,  and  likewise  those  which  are  tenmnated 
in  the  other  extremity  equal  to  one  another.     Q.  E.  D. 


PHOP.  VIII.     THEOR. 

If  two  triangles  have  two  sides  of  the  one  eawd 
to  two  sides  of  the  other ^  each  to  each^  and  nave 
likewise  their  ba^es  equal ;  the  angle  which  is 
contained  by  the  taw  sides  of  the  one  shall  be 
equal  to  the  angle  contained  by  the  two  sides 
(ff*the  other. 

Let  ABC,  DEP  be  two  triangles  having  the  two  sides 
AB,  AC,  equal  to  the  two  sides  DE,  DF,  each  to  each, 
viz.  AB  to  DE,  and  AC  to  DF ;  and  also  the  base  BC 


equal  to  the  base  EP.     The  angle  BAC  is  equal  to  the 
angle  EDF. 

For,  if  the  triangle  ABC  be  applied  to  the  triangle 
DEP,  so  that  the  point  B  be  on  E,  and  the  straight  line 
BC  UTpaa  EF :  the  point  C  shall  also  coincide  with  the 
fxunt  F,  because  BC  is  equal  to  EF :  therefore  BC  coin- 
ciding  withEF,  BA  and  AC  shall  coincide  with  ED, 
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andDF;  for,  if  BA,  and  CA  do  not  ooiBcide  wilh  ED,    Boekk 
and  FD,  but  have  a  different  situation  as  EG  and  F6 ;  ^^-'^v-'*^ 
then,  upon  the  same  base  EF,  and  upon  the  same  side  of 
it,  there  can  be  two  triangles  EDF,  E6F,  that  have  their 
sides  which  are  terminated  in  one  extremity  of  the  base 
equal  to  one  another,  and  likewise  their  sides  terminated 
in  the  other  extremity ;  but  this  is  impossible  *;  there*    a  7. 1. 
fore,  if  the  base  BC  coincide  with  the  base  £F,  the  udes 
BA,  AC  cannot  but  coincide  with  the  ades  ED,  DF ; 
wherefore  likewioe  the  ^gle  BAG  coincides  with  the 
angle  EDF,  and  is  equal  ^  to  it.     Therefore  if  two  tri-  b  a  Ax. 
gles,  &c.     Q.  K  D. 

PROP.  IX.     PROB. 

To  bisect  a  given  rectilineal  angle]  that  is^  to  di- 
vme  it  into  two  equal  angles. 

Let  BAG  be  the  given  rectilineal  angle,  it  is  reqmred 
to  bisect  it. 

Take  any  pdnt  D  in  AB,  and  from  AC  cut  •  off  AE  a  3.  i. 
equid  to  AD;  join  DE,  and 
upon  it  describe  **  an  equilateral 
triangle  DEF ;  then  join  AF ; 
the  straight  line  AF  bisects  the 
angle  BAG. 

Because  AD  is  equal  to  AE, 
and  AF  is  common  to  the  two 
triangles  DAF,  E AF ;  the  two 
sides  DA,  AF,  are  equal  to  the 
two  sides  EA,  AF,  each  to  each; 
but  the  base  DF  is  also  equal  to 
the  base  EF ;  therefore  the  an- 


bl.  1. 


rle  DAF  is  eaual  *  to  the  angle  -o  C 

EAF :  wher«ore  the  given  rec-  ^ 


tihneal  angle  BAG  is  bisected  by  the  straight  line  AF. 
Which  was  to  be  done. 

PROP.  X.     PROB. 

To  bisect  a  given  finite  straight  line,  tJiat  is,  to 
divide  it  into  two  equal  parts: 

Let  AB  be  the  given  straight  line ;  it  is  required  to 
divide  it  into  two  equal  parts. 


c  s.  1. 


8t 


£L£M£NTS 


^odkh 


•  4u  1. 


De9ciibe'^  upon  it  an  equil^iteral  triangle  ABC  y  and 
bisect  ^  the  angle  ACB  by  the  straight  hne  CD.  AB  i« 
cut  into  two  equal  parts  in  the  point  D. 

Because  AC  is  equal  to  CB,  and  CD  commoft  to  (he 
two  triangles  ACD,  BCD  ;  the  two  p 

sides  AC,  CD,  are  equal  to  the  two 
BC,  CE^  each  to  each :  but  the  an^ 
gle  ACD  is  also  equal  to  the  angle 
BCD ;  therefore  the  base  AD  is 
equal  to  the  base"^  DB,  and  the 
straight  line  AB  is  divided  into  two 
equal  parts  in  the  point  D.  Which 
was  to  be  done.      '  A 


a  3. 1. 


bl.  1. 


y 


e  8.  I* 


d  7.  def. 


PROP.  XL     PROB. 

To  draw  a  straight  line  at  right  angles  to  a  given 
straight  line,  from  a  given  point  in  that  line. 

Let  AB  be  a  given  straight  line,  and  C  a  point  given 
in  it ;  it  is  required  to  draw  a  straight  line  from  the  point 
C  at  right  angles  to  AB. 

Take  any  point  D  in  AC,  and  *  make  CE  equal  to 
CD,  and  upon  DE  de- 
scribe^ the  equilateral  ^ 
triangle  DFE,  and  join 
FC ;  the  straight  line 
FC,  drawn  from  the  gi- 
ven point  C,  is  at  right 
angles  to  the  given 
straight  line  AB.                  \        t\  n  t» 

Because  DC  is  equal     AD  C  E      B 

to  CE,  and  FC  common  to  the  two  triangles  DCF,  ECF, 
the  two  sides  DC,  CF  are  equal  to  the  two  EC,  ,CP, 
each  to  each  ;  but  the  base  DF  is  also  equal  to  the  base 
EF;  therefore  the  angle  DCF  is  equal '^  to  the  angle 
ECF  ;  and  they  are  adjacent  angles.  Biit,  when  the  ad- 
jacent, angles  which  one  straight  line  makes  with  another 
straight  line  are  equal  to  one  another,  each  of  them  is 
called  a  right  *  angle ;  therefore  each  of  the  angles  DCF, 
ECF,  is  a  right  angle.  Wherefore,  from  the  given  point 
C,  in  the  given  straight  line  AB,  FC  has  been  drawn  at 
right  angles  to  AB.     Which  was  to  be  done. 
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PROP,Xir.     PBOB.  ^^'^ 

To  draw  a  straight  line  perpendicular  to  a  given 
straight  line,  of  an  unlimited  length,  from  a 
given:  point  without  it 

Let  AB  be  a  given  straight  line,  which  may  be  pro- 
duced  to  any  length  both  ways,  and  let  C  be  a  point  with* 
out  it.    It  is  required 
to  draw  a  straight  line 
perpendicular  to  AB 
.from  the  point  C. 

Take  any  point  D 

upon  the  other  side  of  x  '    p^^s,^ H 

AB,  and  from  the  cen-  ^ — --. 

tre  C,  at  the  distance  -D 

CD,  describe  ■  the  circle  EGF  meeting  AB  in  P,  G  ;  and  •  8.  Post 

bisect^  FG  in  H,  and  join  CF,  CH,  CG;  the  straight  k  la  l. 

line  CH,  drawn  from  the  given  point  C,  is  perpendicular 

to  the  given  straight  line  AB. 

Because  FH  is  equal  to  HG,  and  HC  common  to  the 
two  triangles  FHC,  GHC,  the  two  sides  FH,  HC  are 
equal  to  me  two  GH,  HC,  each  to  each ;  but  the  base 
CF  is  also  equal *^  to  the  base  CG;  therefore  the  an^le  ^ii.  Det 
CHF  is  equal  ^  to  the  angle  CHG ;  and  they  are  adja-       !• 
cent  angles ;   now,  when  a  str^ght  line  standing  on  a  d  9.  i. 
straight  line  makes  the  adjacent  angles  equal  to  one  an* 
other,  each  of  them  is  a  right  angle,  and  the  straight  line 
which  stands  upon  the  other  is  called  a  perpendicular  to 
it ;  therefore  from  the  given  point  C  a  perpendicular  CH 
has  been  drawn  to  the  given  straight  line  AB.     Which 
was  to  be  done. 

PROP.XIII.    THEOR. 

The  angles  which  one  straight  line  makes  with 
another  upon  one  side  of  it,  are  either  two 
right  angles,  or  are  together  equal  to  two  right 
angles. 

Let  the  straight  line  AB  make  with  CD,  upon  one 
side  of  it,  the  angles  CBA,  ABD ;  these  are  either  two 
right  angles,  or  are  together  equal  to  two  rigbt  angles. 

c 
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b  11. 1. 


C'2^  A^. 


d  1.  Ax. 


For,  if  the  angle  CBA  be  equal  to  ABD,  each  of  them 
is  a  right  angle*;  but.  If  not,  from  the  point  B  draw  BE 

E 


1 

\ 

1 

t 

■ 

D            1 

3 

C 

at  right  angles  ^  to  CD ;  therefore  the  angles  CBE,  EBD 
are  two  right  angles.  Now,  the  angle  CBE  is  equal  to 
th4.two  angles  CBA,  ABE  together ;  add  the  angle  EBD 
to  each  of  these  equals,  and  the  two  angles  CBE,  EBD, 
will  be  equal''  to  the  three  CBA,  ABE,. EBD.  Again, 
the  angle  DBA,  is  equal  to  the  two  angles  DBE,  EBA  ; 
add  to  each  of  these  equals  the  angle  ABC ;  then  will  the 
two  angles  DBA,  ABC  be  equal  to  the  three  angles  DBE, 
EBA,  ABC ;  but  the  angles  CBE,  EBD  have  been  de- 
monstrated to  be  equal  to  the  same  three  angles;  and 
things  that  are  equal  to  the  same  are  equal  ^  to  one  an- 
other ;  therefore  the  angles  CBE,  EBD  are  equal  to  the 
angle§  DBA,  ABC  ;  but  CBE,  EBD,  are  two  right  an- 
gles; therefore  DBA,  ABC  are  together  equal  to  two 
right  angles.     Wberefore,   when   f^   straight  line,    &c» 

Q.  E.  D, 

PROP.  XIV.     THEOR. 

Ify  atapomt  in  a  straight  line,  two  other  straight 
lines,  upon  the  opposite  sides  of  it,  make  the 
adjacent  angles  together  equal  to  two  right 
angles,  these  two  straight  lines  are  in  one  and 

,  the  same  straight  line. 

At  the  point  B  in  the   .  • 
straight  line  AB,  let  the 
two  straight  lines  BC,  BD     ' 
upon  the  opposite  ddes  of 
AB,  make  the  adjacent  an. 
gles  ABC^  ABD  equal  tO: 
gether  to  two  right  angles. 

BD  is  in  the  same  straight     

line  with  Cft  C 
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For,  if  BD  be  not  in  the  same  straight  line  with  CB,    ^^^  <• 
let  BE  be  in  the  same  straight  line  with  it ;  therefore,  be-  ^'^V^*' 
cause  the  straight  line  AB  makes  angles  with  the  straight 
line  CB£  upon  one  side  of  it,  the  angles  ABC,  ABE  are 
together  equal  •  to  two  right  angles ;  but  the  angles  ABC,    *  ^^  1- 
ABD  are  likewise  togedier  equal  to  two  right  angles; 
therefore  the  angles  CBA,  ABE  are  equal  to  the  angles 
CBA,  ABD  :  Take  away  the  common  angle  ABC,  and 
the  remaining  angle  ABE  is  equal  ^  to  the  remaining    b  3.  Ax. 
angle  ABD,  the  less  to  the  greater,  which  is  impossible ; 
therefore  BE  is  not  in  the  same  straight  line  with  BC. 
And  in  like  manner  it  may  be  demonstrated,  that  no 
other  can  be  in  the  same  straight  line  with  it  but  BD, 
which,  therefore,  is  in  the  same  straight  line  with  CB. 
Wherefore,  if  at  a  point,  &c.     Q.  E.  D. 

PROP.  XV.     THEOR, 

If  two  straight  lines  cut  one  another y  the  verti- 
cal or  opposite  angles  are  eqtuiL 

Let  the  two  straight  lines  AB,  CD  cut  one  another  in 
the  point  E  ;  the  angle  AEC  shall  be  equal  to  the  angle 
DEB,  and  CEB  to  AED. 

For  the  angles  CE  A,  AED,  which  the  straight  line  AE 
makes  with  the  straight  line  CD,  are  together  equal*  to  two    a  13.  l, 
right  angles :  and  the    Q. 
angles  AED,  DEB 
which    the    straight 
liiie  DE  makes  with  ^  ^^ 

the  straight  line  AB**-  ^  ® 

are  also  togetherequal 
*  to  two  right  angles; 

therefore  the  two  an-  ^  -^ 

gles  CEA,  AED  are  ^ 

equal  to  the  two  AED,  DEB.     Take  away  the  common 
angle  AED,  and  the  remaining  angle  CEA  is  equal  ^   b  3.  Ax, 
to  the  remaining  anffle  DEB.     In  the  same  manner  it 
may  be  demonstrated  that  the  angles  CEB,  AED  are 
equal.     Therefore,  if  two  straight  lines,  &c.     Q.  E.  D. 

CoR.  1.  From  this  it  is  manifest,  that,  if  two  straight 
Jin^s  cut  one  another,  the  angles  which  they  make  at  the 
point  of  their  intersection,  are  together  equal  to  four  right 
angles. 
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BookL  Cos.  2.  And  hence,  all  the  angles  made  by  any  num- 
ber of  straight  lines  meelmg  in  one  point,  are  together 
equd  to  four  right'onglcB. 

PROP;  XVI.    THEOR. 

If  one  side  of  a  triangle  he  ptoduced,  the  earfe- 
rior  angle  is  greater  than  either  of  the  inte- 
rior^ and  opposite  ufi^les. 

Let  ABC  be  a  triangle,  and*  let  its  side  BC  be  pKV 
duced  to  D,  the  exterior  an^  ACD  isgreater  than  ei* 
ther  of  the  interior  oppo- 
ate  angles  CBA,  BAC. 

Bisect »  AC  in  E,  join 
BE  and  produce  it  to  F, 
and  make  EF  equal  to 
BE ;  join  also  FC,  and 
produce  AC  to  G. 

Because  AE  is  equal  to 
EC,  and  BE  to  EF ;  AE 
EB  are  equal  to  CE,  EF, 
each  to  each ;  and  the  an-  B 
^e  AEB  is  equal  ^  to  the 
angle  CEF,  because  they 
are  vertical  angles ;  there- 
fore the  base  AB  is  equal 
«  to  the  base  CF,  and  the  G 

triangle  AEB  to  the  triangle  CEF,  and  the  rettiaini|^ 
angles  to  the  rei^iaining  a^g^es,  each  to  each;  to. which 
ihe  equal  ^d^s  are  opposite ;  wherefore  the  an^le  BAE 
is  equal  to  the  angle  ECF ;  but  the  angle  ECD  is  greater 
than  the  angle  ECF  ;  therefore  the  angle  BCD,  that  is 
ACD,  is  greater  than  BAE  :  In  the  same  manner,  if  the 
side  BC  pe  bisected,  it  may  be  demonstrated  that  the 
angle  BCG,  that  is  \  the  angle  ACD,  is  greater  than  the 
angle  ABC*     Therefore^  if  one  side,  &c.    Q,  E^D. 

!  *    PROP- XVII.    THEOR. 

Amf  two  angles  of  a  triangle  are  together  less 

thin  two  right  angles. 
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Let  ABC  be  any  tsiai^le;,  any  twa  of  its  an^es  to-    T^^^  ^ 
gether  are  less  than  two  nffht  angles.  v— -----i^ 

Produce  BC  to  D ;.  and  becauae  ACD  is  the  exterior 
anele   of   the   triangle 
ABC,  ACD  is  greater* 
than  the  interior  and  op- 
posite an^e  ABC;  to 
each  of  these  add  the 
angle  ACB ;    th^efore 
the  angles  ACD,  ACB 
are  greater  than  the  an- 
gles ABC,  ACB ;  but 
ACD,  ACB  are  toge- 
ther equal  ^  to  two  right  -g 
angles ;  therefore  the  an- 
gles ABC,  BCA  are  less  than  two  right  angles.     In  like 
manner,  it  may  be  demonstrated,  that  BAC,  ACB,  as 
also,  CAB,  ABC,  are  less  than  two  right  angles.   There- 
fore, any  two  angles,  &c.     Q.  £.  D. 


bi&  u 


PROP.  XVIII.    THEOR. 


The  greater  side  of  every  triangle  hc^  the  deaf- 
er angle  opposite  to  it. 


Let  ABC  be  a  triangle  of  which  the  side  AC  is  greater 
than  the  side  AB ;  the  angle  ABC  is  also  greater  than 
the  angle  BCA. 

From  AC,  which  is  greater  than  AB,  cut  off*  AD  aa  i. 
equal  Xq  AB,  and  ioin  BD ;  and  because  ADBis  the  ex- 
terior angle  of  the  triande 
BDC,  it  IS  greater  ^  than  the 
interior  and  opposite  angle 
DCB  ;  but  ADB  is  equal  *^  to 
ABD,  because  the  side  AB  is      /  JXJ) 

equal  to  the  side  AD ;  there- 
fore the  angle  ABD  is  like-  ^ 
wise  greater  than  the  angle 

ACB ;  wherefore  much  more  is  the  angle  ABC  greater 
than  ACR     Therefore  the  greater  side,  &c.     Q.  £.  D. 
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"*«*'•.  tROP.  XIX.     THEOR. 

The  greater  angle  of  every  triangle  is  svbtended 
by  the  greater  side,  or  has  the  greater  side  op-^ 
posite  to  it 

Let  ABC  be  a  triluigle,  of  which  the  angle  ABC  is 
greater  than  the  angle  BC A ;  the  side  AC  is  hkewise 
jgreater  than  the  side  AB. 

For,  if  it  be  not  greater,  AC  must  either  be  equal  to 
AB,  or  less  than  it;  it  is  not  equal,  because  then  the 
a  5. 1.  angle  ABC  would  be  equal* 
to  the  angle  ACB ;  but  it  is 
not:  therefore  AC  is  not  e- 
qual  to  AB ;  neither  is  it  less ; 
because  theti  the  angle  ABC 
b  18. 1,      would  be  less**  than  uie  angle 

ACB ;  but  it  is  not ;  there-  ^ — ^ -^ 

fore  the  side  AC  is  not  less* 

than  AB  ;  and  it  has  been  shewn  that  it  is  not  equal  to 
AB ;  therefore  AC  is  greater  than  AB.^  Wherefore  the 
greater  angle,  &c.     Q.  E.  D. 

l^ROP.  XX.    THEOR. 

Any  two  sides  of  a  triangle  are  together  greater 

than  the  third  side. 

Let  ABQ  be  a  triangle ;  any  two  sides  of  it  together 

are  greater  than  the  uiird  siae,  viz.  the  sides  BA^  AC 

greater  than  the  side  BC ;  and  AB,  BC  greater  than 

AC ;  and  BC,  CA  greater  than  AB- 
A  Si  i4  Produce  B  A  to  me  point  D,  and  make  *  AD  equal  to 

AC ;  and  join  DC. 

Because  DA  is  equal  to  AC,  tlie  angle  ADC  is  like«- 
b5,l4  ■'     wise  equal^  to  ACD; 

but  the  angle  BCD  is 

greater  than  the  angle 

ACD;  therefore  the  an- 

S'e  BCD  is  greater  than 
e  angle  AI)C;   and 
because  the  angle  BCD 

of  the  triangle  DCB  is  B  C 

tt  19»  1.      greater  than  its  angle  BDC,  and  that  the  greater  "^  i»de  is 
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lopposite  to  the  greater  angle:  therefore  the  side  DB  is    Booki. 
greater  than  the  side  BC ;  but  DB  is  equal  to  BA  and  ^ 
AC  together  ;  therefore  B  A  and  AC  together  are  greater 
than  BC.    In  the  same  manner,  it  may  be  demonstrated, 
that  the  sides  AB,  BC  are  greater  dian  C A,  and  BC,  C A 
greater  than  AB.   Therefore,  any  two  sides,  &c.  Q.  E.  D. 


PROP.  XXI.    THEOR. 

If  from  the  ends  of  one  side  of  atrianglef  there      n» 
he  drawn  two  straight  lines  to  a  point  within 
the  triangle^  these  two  lines  shall  he  less  than 
the  other  two  sides  of  the  triangle^  hut  shall 
contain  a  greater  angle. 

Let  the  two  straight  lines  BD,  CD  be  drawn  from  B, 
C,  the  ends  of  the  side  BC  of  the  tnangle  ABC,  to  the 
point  D  within  it;  BD  and  DC  are  less  than  the  other 
two  ^des  BA,  AC  of  the  triangle,  but  contain  an  angle 
BDC  greater  than  the  angle  BAC. 

Produce  BD  to  E;  and  because  two  sides  of  a  tri- 
angle* are  greater  than  the  third  side,  the  two  sides  BA,    a  20.  U 
AE  of  the  triangle  ABE  are  a 

greater  than  BE.  To  each  of 
these  add  EC ;  therefore,  the 
»des  BA,  AC  are  greater  than 
BE,  EC  :  Again,  oecause  the 
two  sides  CE,  ED,  of  the  tri- 
angle CED  are  greater  than 
CD,  if  DB  be  added  to  each, 
the  sides  CE,  EB,  will  be 
greater  than  CD,  DB ;  but  it 
has  been  shewn,  that  BA,  AC  B  C 

are  greater  than  BE,  EC ;  much  more  then  are  BA,  AC 
greater  than  BD,  DC 

Again,  because  the  exterior  angle  of  a  triangle  ^  is  hliL  h 
greater  than  the  interior  and  opposite  angle,  the  exterior 
angle  BDC  of  the  triangle  CDE  is  greater  than  CED ; 
for  the  same  reason,  the  exterior  angle  CEB  of  the  tri- 
angle ABE  is  greater  thaa  BAC  ;  and  it  has  been  de- 
monstrated that  the  angle  BDC  is  greater  than  the  angle 
CEB ;  much  more  then  is  the  angle  BDC  greater  thati 


40  £LBliiENTS 

k 

P^i'    thd  toglfr  BAG.     Therefor^  i£  from  the  ends  of,  &c. 
'  Q-  E.  D. 
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PROP.  XXII.    PROS.  , 

1^       To  construct  a  triangle  of  which  the  sides  shall 
be  equal  to  three  given  straight  lines  ;  but  any 
two  whatever  of  these  lines  must  be  greater 
a  2a  1.       than  the  third  \ 

Let  A,  B,  C  be  the  three  given  straight  lines,  of  which 

afay  two  t»rhatevdr'  are  greater  than  the  third,  viz.  A  and 

B  greater  than  C ;  A  and  C  greater  than  B ;  and  B  and 

.  C  than  A.     It  is  required  to  make  a  triangle  of  which 

the  sides  shall  be  equal  to  A,  B,  C,  each  to  each. 

•  Take  ^'straight  une  DGEJ,  tenninated  at  the  point  D, 
but  Xui&uited  to-f 
wards  S;  and  make 

a  3.1.  *  DP  equal  to  A, 
FG  to  B,  and  GH 
-equal  to  0>;  and 

from  the  centre  F,   DJ *  [^ ^ — ) — JSf""^ 

at  the  distance  FD, 

b  a  Post,  describe**  the  circle 
DKL^^  and  from 

the  centre  G,   at  ^^^^*— ---'^    J^ 

the  distance  GH, 
describe  ^  another  B  "^ 

circle  HLK;  and  q 

join  KF,  KG;  the  -       .      « 

triangle  EFG  has  its  sides  equal  to  the  three  straight 
fines  A,  B,  C.  ,  t  :  • 

Because  the  point  F  is  the  cfentre  df  the  elrcIeDKL, 

c.  11.  Def.  FD  is  equal « to  FK ;  but  FD  is  equal  to:  the.stiaight 

>    line  A ;  therefore  FE  is  equal  to  A :  Againv  because  G 

-is  the  centte  of  the  circle  LEH^  GH  is-  equal  ^.  to  GK ; 

'but  GH^isi  equal  to  C ;  therefore,  also- GE  is  equal  to.G ; 

and  FG  is  equal  to  B  v  thereibre  the  ilhree  straight  lines 

»P,  PG>  GEi  rire  equal  to  the  three  A,  B,  C :.  And 

iherefoi'e^  the*  triaogb  EFG  ha^  its  tiu^  sides,  EF,  FG, 

GE'  e^ii^  to  the  three  given  striught  iinesi  A^  B,  C. 

'Whidi  was  td  be  done. 
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PROP.  XXIIL    PROB.  ^^^^ 

At  a  given  point  in  a  given  straight  line,  to  make 
a  rectjlineal  angle  equal  to  a  given  rectilineal 
angle. 

Let  AB  be  the  given  straight  line,  and  A  the  ffiven 
point  in  it,  and  DC£  the  given  rectilineal  angle ;  it  is  re- 
quired to  make  an  an- 
gle at  the  given  point 
A  in  the  given  straight  , 
line  AB,  that  shall  be 
equal  to  the  given  rec- 
tilineal angle  DCE. 

Take  in  CD,  CE 
any  points  D,  E,  and 
join  DE ;  and  make  *  *^ 
the  triangle  AFG,  the 
sides  of  which  shall 
be  equal  to  the  three 

straight  lines,  CD,  DE,  CE,  so  that  CD  be  equal  to  AF, 
CE  to  AG,  and  DE  to  FG ;  and  because  DC,  CE  are 
equal  to  FA,  AG,  each  to  each,  and  the  base  DE  to  the 
base  FG ;  the  angle  DCE  is  equal  ^  to  the  angle  FAG.  «*  »•  l- 
Therefore,  at  the  given  point  A  in  the  given  straight  line 
AB,  the  angle  FAG  is  made  equal  to  the  given  rectili- 
neal angle  DCE.     Which  was  to  be  done. 


PROP.  XXIV.    THEOR. 

If  two  triangles  have  two  sides  of  the  one  equal  to 
two  sides  of  the  otJier,  each  to  each,  hut  the  an- 
gle contained  by  the  two  sides  of  the  one  greater 
.  than  the  angle  contained  by  the  two  sides  of  the 
other ;  the  base  of  that  which  has  the  greater 
angle  shall  be  greater  than  the  base  of  the  other. 

Let  ABC,  DEF  be  two  triangles  wliich  have  the  two 
«des  AB,  AC  equal  to  the  two  DE,  DF,  each  to  each, 
viz.  AB  equal  to  DE,  and  AC  to  DF ;  but  the  anffle 
B  AC  greater  than  the  angle  EDF ;  the  base  BC  is  also 
greater  than  the  base  £F. 
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Of  the  two  sides  D£,  DF,  let  D£  be  the  side  which  i^ 
not  greater  than  the  other,  and  at  the  point  D,  in  the 
straight  line  DE,  make  ^  the  angle  EDG  equal  to  the 
angle  BAG :  and  make  D6  equal  ^  to  AC  or  i)F,  and 
join  EG,  GR 

Because  AB  is  equal  to  DE,  and  AC  to  0(7,  the  two 
^des  BA,  AC  are  equal  to  the  two  ED,  DG,  each  to 
each,  and  the 
angle  BAC  is 
equal  to  the 
angle  EDG, 
therefore  the 
base  BC  is  e- 
qual^  to  the 
DaseEG;and 
because  DG 
equal    to 


is 


DF,  the  an- 
gle DFG  is 

equal  ^  to  the  angle  DGF ;  but  the  angle  DGF  is  great- 
er  than  the  angle  EGF;  therefore,  uie  angle  DFG  is 
greater  than  EGF ;  and  much  more  is  the  angle  EFG 
greater  than  the  angle  EGF;  and  because  me  angle 
EFG  of  the  triangle  EFG  is  greater  th^n  its  angle  EGF, 
and  that  the  greater®  side  is  opposite  to  the  greater 
angle,  the  side  EG  is  greater  than  the  side  EF ;  but  EG 
is  equal  to  BC ;  therefore  also  BC  is  greater  than  EF. 
Therefore,  if  two  triangles,  &c.     Q.  E.  D. 


PR6p.  XXV.    THEOR. 

If  two  triangles  have  two  sides  of  (he  one  equal  to 
two  sides  cf  the  other ^  each  to  each,  but  the  bgse 
of  the  one  greater  than  the  base  of  the  other ; 
the  angle  contained  by  the  sides  of  that  which 
has  the  greater  base,  shall  be  greater  than  the 
angle  contained  by  the  sides  of  the  other. 

Let  ABC,  DBF  be  two  triangles  which  have  the  two 
sides  AB,  AC  equal  to  the. two  sides  DE,  DF,  each  to 
each,  viz.  AB  equal  to  DE,  and  AC  to  DF  :  but  let  the 
base  CB  be  greater  than  the  base  EF,  the  angle  BAC  is 
likewise  greater  than  the  angle  EDF. 


OF  GEOMETEY. 


4d 


ai.1. 


'    For,  if  it  be  not  greater,  it  must  either  be  equal  to  it,  or  ^  *°*  ^• 
less;  but  the  angle  BAC  is  not  equal  to  the  angle  EDF,-  ^ 
because  then  the  base 
BC  would  be  equal*  A 
to  £F ;  but  it  is  not ; 
therefore    the    single 
BAC  is  not  equal  to 
the  angle  EDF  ;  nei- 
ther is  it  less ;  because 
then    the    base    BC 
would  be  less  ^  than    I  \  I  \        b  24 1. 

the  base  EF;  but  it  is    

not;  therefore  the  an-  B  C 

gle  BAC  is  not  less 

than  the  angle  EDF ;  and  it  was  sheWn  that  it  is  not 

equal  to  it :  therefore  the  angle  BAC  is  greater  than  the 

^ngle  EDF.    Wherefore,  if  two  triangles,  &c.    Q.  E.  D. 

PROP.  XXVI.     THEOR. 

If  two  triangles  have  two  angles  of  the  one  eqiuil 
to  two  angles  of  the  other  ^  eax:h  to  each ;  and  one 
side  equal  to  one  side,  viz.  either  the  sides  adja- 
cent to  the  equal  angles^  or  the  sides  opposite  to 
.  the  equal  angles  in  each ;  then  shauthe  other 
sides  be  equal,  each  to  each ;  and  also  the  third 
angle  of  the  one  to  the  third  angle  of  the  other. 

Let  ABC,  DEF'  be  two  triangles  which  have  the  an- 
gles ABC,  BCA  equal  to  the  angles  DEF,  EFD,  viz. 
ABCtoiDEF,and     ^  _ 

BCAtoEFD;al.    A  » 

90  one  side  equal 
to  one  side;  and  q\ 
first  let  those  sides 
be  equal  which  are 
adjacent  tothean- 
glesthat  are  e^ual 
in  the  two  tnan^ 

gles,  viz.  BC  to  ^ 

EF  ;    the  other  ^  ^  ^  ^ 

sides  shall  be  equal,  each  to  each,  viz.  AB  to  DE,  and  AC 
lo  DF ;  and  the  third  angle  BAC  to  the  third  angle  EDF. 
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Book  h  For,  if  AB  be  not  equal  tx)  DEy  0Det>f  t^emmust  be 
^"^^^^''^^  the  greater.  Let  AB  be  the  greater,  of  tie  two,  and 
make  BG  equal  to  DE,  and  join  6C ;  thes^ore^  beoauae 
B6  is  equal  to  D£,  and  BC  to  EF,  the  two  sidefr  6B, 
BC  are  equal  to  the  two  D£,  £F,  each,  to  each ;  and.  the 
angle  6BC  is  equal  to  the  angle  DEF  ;  tfaerefiM^e*  the 
«  4, 1.  base  GC  is  equal ""  to  the  base  DF,  and  the  trianele  GBC 
to  the  triangle  DEF,  and  the  other  angles  to  the  other 
angles,  each  to  each,  to  which  the  equal  sides -iiBe  oppou 
site ;  therefore  the  angle  GCB  is  equal  to  the  angle  DFE ; 
but  DFE  is,  by  the  hypothesis,  equal  to  the  angle  BCA ; 
wherefore  also  the  angle  BCG  is  equal  to  the  angle  BCA, 
the  less  to  the  greater,  which  is  impossible ;  therefore  AB 
is  not  unequal  to  D£,  that  is,  it  is  eqiial  to  it ;  and  BC 
is  equal  to  EF ;  therefore  the  two  AB,  BC  asre  eqyal 
to  the  two  DE,  EF,  each  to  each  ;  and  the  angle  ABC 
is  equal  to  the  angle  DEF ;  therefore  the  baee  AC  is 
equal  *  to^e  base  DF,  and  the  angle  BAC  to  the  angle 
EDF. 

Next,  let  the 
tddes  which  are 
opposite  to  equal 
angles  ill  each  tri- 
angle be  equal  to 
one  another,  viz. 
AJB  to  DE ;  like. 
wise  in  this  case, 
the    other    sides 

shall    be    equal,  ^ i-A         L 

AC  to  DF,  and^  H  C     t* 

BC  to  EF ;  and  also  the  third  lua^  BAC  to  the  tliild 

EDF. 

For,  if  BC  be  not  equal  to  EF,  let  BC  bethe  gyeater 
of  them,  and  make  BH  equal  to  EF,  a^  join  AH ;  and 
because  BH  is  equal  to  EF,  and  AB  to  DE ;  the  two 
AB,  BH  are  equal  to  the  two  DE,  EF,  each  to  each; 
and  they  contain  equal  angles ;  therefore  *  the  base  AH 
is  equal  to  the  base  DF,  and  the  triangle  ABH  to  the 
triangle  DEF,  and  the  other  angles  are  .eG[ual^:  each  to 
each,  to  which  the  equal  sides  are  opposite;  therefore 
the  angle  BHA  is  eoual  to  the  angle  EFD ;  but  EFD 
is  equal  to  the  angle  BCA;  therefore  also  the  an^le 
BHA  is  equal  to  the  angle  BCA,.  that  is,  the  extenor 
angle  3HA  of  the  triangle  AHC  is  equal  to  its  inte- 
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rior  and  opposite  angle  BC  A :  which  is  iinpo09ohl6  ^ ;  Book  I. 
wherefore  BC  is  not  unequal  to  EF,  that  is,  it  is  equal  ^"TTfT^ 
to  it ;  and  AB  is  equal  to  DE  ;  therefore  the  two  AB, 
BC,  are  ec^ual  to  the  two  DE,  £F,  each  to  each ;  and 
they  contain  equal  angles ;  wherefore  the  base  AC  is  equal 
to  the  base  DF,  and  the  third  angle  BAC  to  the  third 
angle  EDF.     Therefore^  if  two  triangles,  &c  Q.  E.  D. 

PROP.  XXVII.    THEOR. 

If  a  straight  line  falling  upon  two  other  sti-aight  n. 
lines  makes  ^  the  alternate  angles  equal  to  one 
another f  these  two  straight  lines  are  parallel. 

Let  the  straight  line  EF,  which  falls  upon  the  two 
straight  lines  AB,  CD  make  the  alternate  angles  AEF, 
EFD  equal  to  one  another ;  AB  is  parallel  to  CD. 

For,  if  it  be  not  parallel,  AB  ana  CD  being  produced 
shall  meet  either  towards  B,  D,  or  towards  A,  C  ;  let  them 
be  produced  and  meet  towards  B,  D  in  the  point  6 ; 
therefore  6EF  is  a  triangle,  and  its  exterior  angle  A£F 
is  greater  *  than  the  •  a  is.  l. 

interior  and    oppo-  / 

site  angle  EFG ;  but  A^ Ej/ B 

it  is  also  equal  to  it, 

which  is  impossible ;  /  ^I^® 

therefore,   AB  and 
CD  being  produced, 
do  not  meet  towards 
B,  D.     In  like  manner  it  may  be  demonstrated  that  they 
do  not  meet  towards  A  C  ;  but  those  straight  lines  which 
meet-neitiier  way,  though  produced  ever  so  far,  are  pa- 
rallel^ to  one  another.    AJB  therefore  is  parallel  to  CD.  b  30.  Dt& 
Wherefore  if  a  straight  line,  &c.  Q.  E.  D* 

PROP,  XXVIII.    THEOR. 

If  a  straight  line  falling  upon  two  other  straight  n, 
li^^s  makes  the  exterior  angle  eqiuitto  the  in- 
terior  and  opposite  upon  the  same  side  of  the 
line;  or  makes  the  interior  angles  upon  the  same 
side  together  equal  to  two  right  angles ;  the 
two  straight  lines  are  paraHeTto  one  another. 
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Book  I.        Let  the  straight  line  EF,  which  falls  upon  the  two 
''^r^  straight  lines  AB,  CD,  make  the  exterior  angle  EGB 
equd    to   GHD, 
the    interior  and 
opposite  angle  up- 
on the  same  side ; 
or  let  it  make  the 
interior  angles  on 
the     same      side 
BGH,  GHD  to-, 
gether  ^ualto  t  wo 
right  angles ;  AB 
is  parallel  to  CD. 

Because  the  angle  EGB  is  equal  to  the  angle  GHD, 

a  15. 1.    and  also  ^  to  the  angle  AGH,  the  angle  AGH  is  equal 

to  the  angle  GHD  ;  an4  they  are  the  alternate  angles ; 

b27. 1.    therefore  AB  is  parallel** to  CD,     Again,  because  the 

c  By  Hyp.  angles  BGH,  GHD  are  equal  ^  tp  two  right  angles,  and 

d  la  1.    AGH,  BGH,  are  also  equal  ^  to  two  right  angles,  the 

angles  AGH,   BGH  are  equal   to  the  angles  BGH, 

GHD :  Take*  away  the  common  angle  BGH  :  therefore 

the  remaining  angle  AGH  is  equal  to  the  remaining 

angle  GHD ;  and  they  are  alternate  angles ;  therefore 

AB  is  parallel  to  CD.     Wherefore,  if  a  straight  line^ 

&c.  Q.  E.  D, 


PROP.  XXIX.    THEOR. 

See  N.     If  a  straight  linefaU  upon  two  parallel  stra^ht 

lines^  it  makes  the  cutemate  angles  eqvm  to 

I  one  another ;  and  the  eocterior  angle  eqtial  to 

I  the  interior  and  opposite  upon  the  same  side ; 

and  likewise  the  two  interior  angles  upon  the 
\  same  side  together  equal  to  two  right  angles. 

'  ^  Let  the  straight  line  EF  fall  upon  the  parallel  straight 

lines  AB,  CD ;  the  alternate  angles  AGH,  GHD  are 
equal  to  one  another ;  and  the  exterior  angle  EGB  is 
equal  to  the  interior  and  oppo»te,  upon  the  same  side^ 
GHD ;  and  the  two  interior  angles  BGH,  GHD  upor* 
the  same  side  are  together  equal  to  two  right  angles, . 
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For  if  AGH  be  not  equal  to  GHD,  let  KG  be  drawn    Book  I. 
making  the  angle  £GH  equal  to  GHD,  and  produce 
KG  to    L  ;    then*  JE 

KL  will  be  parallel 

to  CD*;    but  AB     .  NjSk^.----^"''^'"'''^  a.  27. 1. 

is   also  parallel    to  ^^^.-^^n^""'^'  ■        B 

CD;  therefore  two  K- 
straight    lines    are 

drawn  through  the     C* ■■'  -^.^^  D 

same  point  G,  pa- 
rallel to   CD,  and 

yet   not  coinciding  If 

with  one  another,  which   is  impossible.^     The  angles    b  11.  Ax. 
AGH,  GHD  therefore,  are  not  unequal,  that  is,  they  are 
equal  to  one  another.     Now,  the  angle  EGB  is  equal  to 
AGH  * ;    and  AGH  is  proved  to  be  equal  to  GHD  :  •  c  15.  l.. 
therefore  EGB  is  likewise  equal  to  GHD ;  add  to  each  of 
these  the  angle  BGH ;  therefore  the  angles  EGB,  BGH 
are  equal  to  the  angles  BGH,  GHD  ;  but  EGB,  BGH 
are  equal  ^  to  two  right  angles ;  therefore  also  BGH,    d  la  1. 
GHD  are  equal  to  two  right  angles.     Wherefore,  if  a 
straight  Une,  &c.  Q.  E.  D. 

Cob.  If  two  lines  KL  and  CD  make,  with  EF,  the 
two  angles  KGH,  GHC  together  less  than  two  right  an- 
gles, KG  and  CH  will  meet  on  the  side  of  EF  on  which 
the  two  angles  are  that  are  less  than  two  right  angles. 

For,  if  not,  KL  and  CD  are  either  parallel,  or  they 
meet  on  the  other  side  of  EF  *;  but  they  are  not  parallel ; 
for.the  angles  KGH,  GHC  would  then  be  eoual  to  two 
right  angles.  Neither  do  they  meet  on  the  ouier  side  of 
EF ;  for  the  angles  LGH,  GHD  would  then  be  two 
angles  of  a  triangle,  and  less  than  two  right  angles ;  but 
this  is  impossible;  for  the  four  angles  KGH,  HGL, 
CHG,  GHD  are  together  equal  to  four  right  angles  ** , 
of  which  the  two,  KGH,  CHG  are  by  supposition  less 
than  two  right  angles ;  therefore,  the  other  two,  HGL 
GHD  are  greater  than  two  right  angles.  Therefore, 
since  KL  and  CD  are  not  parallel,  and  since  they  do  not 
meet  towards  L  and  D,  they  must  meet  if  produced  to- 
wards K  apd  C, 
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Book  I.     . 

v^v^  PROP.  XXX.     THEOR. 

Straight  lines  which  are  parallel  to  the  same 
straight  line  are  pai^allel  to  one  a/mther. 

Let  AB,  CD,  be  each  of  them  parallel  to  EF ;  AB  is   « 

also  parallel  to  CD. 

Let  the  straight  Kne  GHK  cut  AB,  EF,  CD ;  and 

because  GHE  cuts  the 

parallel     strsught    lines 

AB,EF,theangleAGH     .  \  ^ 

a29. 1,    is  equal*  to  the  angle  "^ ^^ 

6HF«    Again,  because 

the    straight    line  GE    g, 

cuts  the  parallel  straight 

lines  EF,  CD,  the  angle 

GHF  is  equal  *  to  the  (J 

angle  GED  ;  and  it  was 

shewn    that    the   angle 

AGE  is  equal  to  the  angle  GHF ;  therefore  also  AGE 

is  equal  to  (xED ;  and  they  are  alternate  angles ;  there- 
b  27i  1.    fore  AB  is  parallel**  to  CD.     Wherefore  straight  lines^ 

&C.Q.  E.  D.  r 

PROP.  XXXI.    PROB. 

To  draw  a  straight  line  through  a  £iven  point 
parallel  to  a  given  straight  line. 

r 

Let  A  be  the  ^ven  point,  and  BC  the  given  straight 
line ;   it  is  ,  required   to  A. 

draw    a    straight    line  jj >    '  y 

through    the  point    A,  / 

Earallel  to  the  straight     ^        y/^ 
ne  BC.                             jj  j^^        '  ^ 

In  BC  take  any  point 
.  D,  and  join  AD ;  and  at  the  point  A,,  in  the  straight 
a 23.1.    line  AD,   make*  the  angle  DAE  equal  to  the  angle 
ADC  ;  and  produce  the  straight  line  EA  to  F. 

Because  the  straight  line  AD,  which  meets  the  two 
straight  lines  BC,  EF,  makes  the  alternate  angles  EAD, 
b  2T.  1.    ADC  equal  to  one  another,  EFis  parallel  ^  to  BC.  There- 
fore the  straight  line  EAF  is  drawn  through  the  given 
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point  A  parallel  to  the  ^ven  straight  line  BC.     Which    Book  I. 
was  to  be  done.  ^ 


PROP.  XXXII.     THEOB. 

If  a  side  of  any  triangle  he  produced,  the  exterior 
angle  ts  equal  to  the  two  interior  and  opposite 
angles;  and  the  three  interior  angles  iff  every 
triangle  are  equal  to  two  right  angles. 

Let  ABC  be  a  triangle,  and  let  one  of  its  sides  BC  be 
produced  to  D ;  the  exterior  angle  ACD  is  equal  to  the 
two  interior  and  opposite  angles  CAB,  ABC  ;  and  the 
three  interior  angles  of  the  triangle,  viz.  ABC,  BCA, 
CAB,  are  together  equal  to  two  right  angles. 

Through  the  point 
C  draw  CE  parallel 

*  to  the  straiffbt  line  ^  \  >^E 

AB ;   and   because 
AB  isparallel  to  CE, 
and  AC  meets  them,    _ 
the  alternate  angles  B 

BAC,  ACE  are  equal  \  •  Again,  because  AB  is  pa- 
rallel to  CE,  and  BD  falls  upon  them,  the  exterior  angle 
ECD  is  equal  to  the  interior  and  opposite  angle  ABC  ; 
but  the  angle  ACE  was  shewn  to  be  equal  to  the  angle 
BAC ;  therefore  the  whcde  exterior  angle  ACD  is  equal 
to  the  two  interior  and  opposite  angles  CAB,  ABC ;  to 
these  angles  add  the  anck  ACB,  and  the  angles  ACD, 
ACB  are  equal  to  the  three  angles  CBA,  BAC,  ACB  ; 
but  the  angles  ACD,  ACB  are  equal  *  to  two  right 
angles ;  therefore  also  the  angles  CBA,  BAC,  ACB  are 
«(jual  to  two  right  angles.  Wherefore,  if  a  side  of  a 
triangle,  &c.     Q.  E.  D. 

,  Cob.  1.  All  the  interior  angles  of  any  rectilineal  figure 
are  equal  to  twice  as  many  right  angles  as  the  figure  has 
«ides,  wanting  four  right  angks. 

For  any  rectilineal  figure  ABCDE  can  be  divided  into 
as  inany  triangles  as  the  figure  has  sides,  by  drawing 
straight  lines  from  a  point  F  within  the  figure  to  each  of  its 
angles.    And,  by  the  preceding  proposiUon,  all  the  angles 


a  31.  1 


b  29.  1. 


c  13,  L 


D 


so 
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fiook  I.  of  these  triangles  ate  equal  to 
twice  as  many  right  aflgles  as 
there  are  triangles,  that  is,  as 
there  are  sides'  of  the  figure ; 
and  the  same  angles  are  equal  jj 
to  the  angles  of  the  figure,  to- 
gether with  the  angles  at  the 
point  F,  which  is  the  common 
vertex  of  the  triangles:   that 


a  2.  cor. 
15.1. 


bl3.1. 


IS ",  together  with   four  right  _ 

angles.  Therefore,  twice  as  many  right  angles  as  the 
figure  has  sides,  are  equal  to  all  the  angles  of  the  figure, 
together  with  four  right  angles,  that  is,  the  angles  of  the 
figure  are  equal  to  twice  as  many  right  aisles  a^  the 
figure  has  sides,  wanting  four. 

CoE.  a.  All  the  exterior  angles  of  any  rectilineal  figure 
are  together  equal  to  four  right  angles. 

Because  every  in- 
terior angle  ABC, 
with  its  adjacent 
exterior  ABD,  is 
equal  *  to  two  right 
angles;  therefore  all . 
the  interior,  toge- 
ther with  all  the  ex- 
terior angles  of  the 
figure,  are  equal  to  Q 
twice  as  many  right 
angles  as  there  are 
sideif  of  the  figure ; 
that  is,  by  the  foregoing  corollary,  they  are  equal  to  all 
the  interior  angles  of  the  figure,  together  with  four  right 
angles ;  therefore  all  the  exterior  angles  are  equal  to  four 
right  angles. 


PROP.  XXXIII.     THEOR. 

The  straight  lines  which  Join  the  eartremities  of' 
two  equal  and  parallel  straight  lines y  iowaras 
the  same  parts^  are  also  themselves  equal  and 
parallel. 

Let  AB,   CD,  be  equal  and  parallel  straight  lines, 
and  joined  towards  the  same  parts  by  the  straight  lines 
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AC,  BD ;  AC,  BD  are  aU^  ^  ,^!!^ 

so  equal  and  parallel.  ^^^ 

Join  BC,  and  because  AB 
is  parallel  to  CD,  and  BC 
meets  them,  the  alternate  an- 
gles ABC,  BCD  are  equal  • ;        V^l A     «  29- 1- 

and  because  AB  is  equal  to        ^  ^ 

CD,  and  BC  common  to  the  two  triangles  ABC,  DCB, 
the  two  sides  AB,  BC  ai*e  equal  to  the  two  DC,  CB  ; 
and  the  angle  ABC  is  equal  to  the  angle  BCD ;  there- 
fore the  base  AC  is  equal  ^  to  the  base  BD^  and  the  tri-  b  i.  1. 
angle  ABC  to  the  triangle  BCD,  and  the  otho*  angles  to 
the  other  angles  \  eacn  to  each,  to  which  the  equal 
sides  are'  opposite ;  therefore  the  angle  ACB  is  equal  to 
the  angle  CBD;  and  because  the  straight  line  BC 
meets  the  two  straight  lines  AC,  BD,  an^  makes  the  al- 
ternate angles  ACB,  CBD  equsd  to. one  another,  AC  is 
parallel  ^  to  BD ;  and  it  was  shewn  to  be  equal  to  it.  c  27,  i. 
Therefore,  straight  lines,  &c.     Q,  E.  D. 


PROP.  XXXIV.     THEOR. 

The  opposite  sides  and  angles  of  a  parallelogram 
are  equal  to  one  another y  and  the  diameter  bi- 
sects ity  that  isy  divides  it  into  two  equal  parts, 

N.  B.— -A  Parallelogram  is  a  four-sided  figure^  of  which  the 
opposite  sides  are  parallel :  and  the  diameter  is  the  straight 
line  joining  two  of  its  opposite  angles. 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a  dia- 
meter ;  the  opposite  sides  and  angles  of  the  figures  arc 
equal  to  one  another ;  and  the  diameter  BC  bisects  it. 

Because  AB  is  parallel  to 
CD,  and  BC  meets  them, 
the  alternate  angles  ABC, 
BCD   are  equal  ■    to    one       \  ^^  \        a  «9. 1. 


another;   and  because  AC 
is  parallel  to  BD  and  BC 
meets  them,    the   alternate 
angled  ACB,  CBD  are  equal  *  to  one  another ;  where- 
fore the  two  triangles  ABC,  CBD  have  two  angles  ABC, 

d2 


ci.  1. 
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.^^ok  I.  BCA  in  one,  equal  to  two  an^d  BCt),  CBD  in  the 
^'•'^^yr'^  other,  each  to  each,  and  the  side  BC,  which  is  adjacent 
to  these  equal  angles,  common  to  the.two  triangles ;  there- 
fore their  other  sides  are  equal,  each  to  each,  and  the 
b  86. 1.  third  ai^le  of  the  one  to  the  third  angle  of  the  other  **, 
viz.  the  aide  AB  to  the  side  CD,  and  AC  to  BD,  and 
the  angle  BAC  equal  to  the  angle  BDC.  And  because 
^the  angle  ABC  is  equal  to  the  angle  BCD,  and  the 
angle  CBD  to  the  angie  ACB,  tlie  whok  angle  ABD  is 
equal  to  the  whole  angle  ACD :  And  the  an^  BAC  has 
been  shewn  to  be  equal  to  the  angle  BDC ;  therefore  the 
opposite  sides  and  angles  of  a  parallelogram  are  equal  to 
one  another :  also,  its  diameter  bisects  it ;  for  AB  being 
equal  to  CD,  and  BC  common,  the  two  AB,  BC  are 
equal  to  the  two  DC,  CB,  each  to  each ;  now  the  angle 
ABC  is  equal  to  the  angle  BCD ;  therefore  the  triangle 
ABC  is  equal  ^  to..the  triangle  BCD,  and  the  diameter 
BC  divides  the  parallelogram  ACDB  into  two  equal 
parts.     Therefore,  &c.     Q.  E.  D. 

PROP.  XXXV.    THEOR. 

Parattehgrams  mxm  the  same  base  and  between 
the  same  parallels^  are  equal  to  one  (mother. 

See  the  2d       Let  the '  parallelograms  ABCD,  EBCF  be  upon  the 
and  3d  fi-    g^^g  jj^^g^  gfj^  ^^^  between  the  same  parallels  AF,  BC; 

^^*         the  parallelogram  ABCD  is  equal  to  the  parallelogram 
EBCF. 

If  the  sides  AD,  DF  of 
the  parallelograms  ABCD,  j^ 
DBCF,  opposite  to  the  base   "^ 
BC,  be  terminated  in  the 
same  point  D ;  it  b  plain 
that  each  of  the  parallelo- 
a  34. 1.   grams  is  double  *  of  the 
triangle  BDC ;  and  they  are  , 
tjierefore  equal  to  one  another. 

But,  if  the  sides  AD,  EF,  opposite  to  the  base  BC  of 
the  parallelo^ams  ABCD,  EBCF,  be  not  terminated  in 
the  same  pomt;    then,  because  ABCD  is  a  parallelo- 
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gram,  AD  is  equal  •  to  BC ;  for  the  same  reason  EF  b  ^■^  '• 
equal  to  BC ;  wherefore  AD  is  equal^  to  EF ;  and  DE ijXa** 
13  common ;  therefore  the  whole,  or  the  remainder,  A£ 
is  equal^  to  the  whole,  or  the  remainder  DF ;  now  AB^  <• «  3. 
is  also  equal  to  DC;  therefore  the  two  £A,  AB  are^^ 


^ual  to  the  two  FD,  DC,  each  to  each ;  but  the  ex- 
terior angle  FDC  is  equal  *  to  the  interior  E  AB,  where-  d  29.  l. 
fore  the  base  EB  is  equal  to  the  base  FC,  and  the 
triangle  EAB®  to  the  triangle  FDC.      Take  the  tri.c4l. 
angle  FDC  from  the  trapezium  ABCF,  and  from  the 
same  trapezium  take  the  triangle  EAB;   the  remain- 
ders will  then  be  equal  ^,  that  is,  the  parallelogram  ABCD  f-  3*  Ax. 
is  equal  to  the  parallelogram  EBCF.     Therefore,  paral- 
lelograms upon  the  same  base,  &c.     Q.  E.  D. 


PROP.  XXXVI.    THEOIL 

Parallelograms  upon  equal  bases^  and  bettveen     n. 
the  same  parallels^  are  eqtial  to  one  another. 

Let  ABCD,  BFGH  be  parallelograms  upon  equal 
bases  BC,  FG,  and  '^  «=>  r-      ^ 

between  the    same  A^  D    E  H 

parallels  AH,  BG; 

the     parallelogram 

ABCD  is  equal  to 

EFGH. 

Join  BE,   CH; 
and  because  BC  is-n 
equal  to  FG,  and 
FG  to  •  EH,  BC  is  equal  to  EH ;  and  they  are  parallels,  a  31.  4. 
and  joined  towards  the  same  parts  by  the  straight  lines 
BE,  CH :  But  straight  lines  which  join  equal  and  paral- 
lel straight  lines  towards  the  same  parts,  are  themselves 
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Book  i/ ,  e<iual  atfd  parallel^ ;  therefore  EB,  CH  are  both  e^ual 

^^^"J*r^,€ttid  pcffalkl,  and  EBCH  is  a  parallelogram  i  and  it  is  e- 

C35.1.     qniA^'to  ABCD^  because  it  is  upon  the  same  base  BCj 

•    '  ' '   and  betwe^  the  same  pairallels  BC,  AH :  JPdr  the  like 

"  reason,  the  parallelogram  EFGH  is  equal  to  the  same 

EBCH :  Therefore  also  the  parallelogram  ABCD  is  equal 

to  EFGH.     Wherefore,  parallelograms,  &c.     Q.  E.  D. 

PROP.  XXXVII.     THEOR. 

Triangles  upon  the  same  base,  and  between  tJie 
same  parallels,' are  equal  to  one  another. 

...     Let  the  triangles  ABC,  DBC  be  upon  the  same  base 
BC,   an4  between   the-|-,  a      n  t? 

same  parallels,  AD,  BC:"  A     u  i* 

The  triangle   ABC   is 
equal   to    the    triangle 
IXBC. 
^  Produce    AD    both 

ways  to  the  points  E,  ____„ 

F,  and  through  B  draw  B  C 

a  31, 1.  •  BE  parallel  to  CA ;  and  through  C  draw  CF  parallel 
to  BD :  Therefore,  each  of  the  figures  EBCA,  DBCF 

b  35. 1.  is  a  parallelogram :  and  EBCA  is  equal  ^  to  DBCF,  be- 
cause they  are  upon  the  same  base  BC,  and  between  the 
same  parallds  BC,  EF ;  but  the  trian^e  ABC  is  the  half 
of  the  parallelogram  EBCA,  because  the  diameter  AB  bi- 

c  44w  1.  sects °  It;  and  the  triangle  DBC  is  the  half  of  the  paral- 
lelogram DBCF,  because  the  diameter  DC  bisects  it: 

d  7.  Ax.  And  the  halves  of  equal  things  are  equal  ^ ;  therefore  the 
triangle  ABC  is  equal  to  the  triangle  DBC.  Where- 
fore triangles,  &c.     Q.  B.  D. 

PROP.  XXXVIII.     THEOR. 


N. 


Triangles  upon  equal  bases;  and  between  the 
same  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEF  be  upon  equal  bases  BC, 
EF,  and  between  the  same  parallels,  BF,  AD :  The  tri- 
angle ABC  is  equal  to  the  triangle  DEF. 
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Produce  AD   both  ways  to  the  points  G,  H,  and    Book.  I. 
through  B  draw  BG  parallel  •  to  CA,  and  through  F,  ^fJJ]^ 

draw  FH  paral-  ^  a  "H 

lei  to  ED :  Then  ^  ^^ — 

each  of  the  fi- 
gures GBCA, 
DEFH  is  a  pa. 
rallelogram;  and 

they  are  equal  to    

•*  one    another;   B  C     E  F  b36. 1. 

because  they  are  i^pon  equal  bases  BC,  EF,  and  between 
the  same  parallels  BF,  GH ;  and  the  triangle  ABC  is 
the  half®  of  the  parallelogram  GBCA,  because  the  c34.l. 
diameter  AB  bisects  it ;  and  the  tria,ngle  DEF  is  the  half 
^  of  the  parallelogram  DEFH,  because  the  diameter  DF 
bisects  it :  But  the  halves  of  equal  things  are  equal  * ;  d  7.  Ax. 
therefore  the  triangle  ABC  is  equal  to  the  triangle  DEF. 
Wherefore  triangles^  &c.     Q.  E.  D. 


PROF.  XXXIX.     THEOR. 

Equal  triangles  upon  the  same  base,  and  upon  the 
same  side  of  it,  are  between  the  same  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  same 
base  BC,  and  upon  the  same  side  of  it ;  they  are  between 
the  same  parallels. 

Join  AD ;  AD  is  parallel  to  BC ;  for,  if  it  be  not,  through 
the  point  A  draw »  AE  parallel  to  BC,  and  join  EC :  »  31.  i. 
The  triangle  ABC  is  equal  ^  to  the  triangle  EBC,  be-  b  37. 1. 
cause  it  is  upon  the  same  base  BC 
and  between  the   same  parallels  \ 
BC,  AE  :  But  the  triangle  ABC  is 
equal  to  the  triangle  BDC ;  there- 
fore also  the  triangle  BDC  is  e- 
qual  to  the  triangleEBC ;  the  great- 
er to  the  less,  which  is  impossible : 
Therefore  AE  is  not  parallel  to 
BC.     In  the  same  manner,  it  may 

be  demonstrated  that  no  other  line  but  AD  is  paralld  to 
BC ;  AD  is  therefore  parallel  to  it.  Wherefore  equal 
triangles  upon,  &c.     Q.  E.  D. 


s& 


ULEU1^3f*S!S 


llook  ij 


A  31.  1. 
b38.1. 


a  37.  1. 


PROP.  XL.    THEOE. 

Eqtml  triangles  on  the  same  side  qfbases,  which 
are  equal  and  in  the  same  straight  line^  are 
between  the  same  parallels. 

Let  the  equal  triangles  ABC,  DBF  be  upon  equal 

i>ases  Be,  EF,  in  the  y.  j. 

same  '  straight    line  

BF,  and  towards  the 

same  parts ;  they  are 

between  the  same  pa* 

rallels. 

Join  AD;  AD  is  _       ____ 

parallel  to  BF:  For,  B  O       35  F 

if  it  be  not,  through  A  draw  *  AG  parallel  to  BF,  and 
join  GF,  The  tnangle  ABC  is  equal  ^  to  the  triangle 
GEF,  because  they  are  upon  equal  bases  BC,  EF,  and 
between  the  same  parallels  BF,  AG :  But  the  triangle 
ABC  is  equal  to  the  triangle  DEF ;  therefore  also  tne 
triangle  DEF  is  equal  to  the  triangle  GEF ;  the  greater 
to  the  less,  which  is  impossible  2  Therefore  AG  is  not  pa- 
rallel to  BF  :  And  in  tne  same  manner  it  may  be  demon- 
strated that  there  is  no  other  parallel  to  it  but  AD ;  AD 
is  therefore  parallel  to  BF.  Wherefore  equal  tris^igles^ 
&c.    Q.  E.  D. 

PROP.  XLL    THEOR. 

If  a  parallelogram  and  a  triangle  be  upon  the 
same  base^  and  between  the  same  parallels; 
the  parallelogram  is  double  of  the  triangle. 

Let  the  parallelogram  ABCD,  and  the  triangle  EBC 
fee  upon  the  same  base  BC,  and  ^  t%  V 

between  the  same  parallels  BC,  '       ^ — ^-^Ms 

AE :  the  parallelogram  ABCD 
is. double  of  the  triangle  EBC. 

Join  AC ;  then  the  triangle 
ABC  is  equal*  to  the  triangle 
EBC,  because  they  are  upon  the 
same  base  BC,  and  between  the 
same  parallels  BC,  AE.  But 
the   parallelogram    ABCD    is 
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double  ^  of  the  triaogle  ABC,  because  the  diameter  AC    ^«*  1- 
divides  it  into  two  equal  parts :  wherefore  ABCD  is  also  ^^^^fj^ 
double  of  the  triai^le  £J3C.    Therefore^  if  a  paraUdo- 
gram,  Sec     Q.  E.  D. 


PROP.  XLiL    PEOB. 


To  describe  a  parallelogram  that  sfudl  he  equal 
to  a  given  triangle^  and  have  one  of  its  angles 
equm  to  a  given  rectilineal  angle. 

Let  ABC  be  the  ^ven  triangle,  and  D  the  given  rec* 
tilineal  angle.  It  is  required  to  describe  a  parallelograni 
that  shall  be  equal  to  the  ^ven  triangle  ABC,  and  have 
one  of  its  angles  equal  to  D. 

Bisect  <"  BC  in  E,  join  AE,  and  at  the  point  E  in  the  a  la  1. 
straight  line  EC  make  ^  the  angle  CEF  equal  to  D ;  and  b  2a  i. 
through  A  draw  "^  AG  parallS  to  BC,  and  through  C  c  31.  i. 
draw  C6 "  parallel  to 
EF:  lliereiSMfe  PEC6 
IB  a  parallelogram:  And 
because  BE  is  equal  to 
£C,  the  triangle  ABE 
18   Ukewise    equal  ^   to 
the  triangle  ABC,  since 
they    are «  upon    equal 
bases  BE,  EC,  and  be- 
tween  the  same  pmsllels  BC,  AG ;  thetdbre  the  trian^e 
ABC  is  double  of  die  triangle  AEC     And  the  pamlle-   ^ 
logram  FECG  is  likewise  double  *  of  the  triangle  AEC,   e  41.  L 
because  it  is  upon  the  same  base,  and  between  the  same 
parallels :  Therefore  the  parallelogram  FECG  is  equal 
to  the  triangle  ABC,  and  it  has  one  ttf  its  angles  CEF 
equal  to  the  given  angle  D :    Wherefore  there  has  been 
described  a  parallelogram  FECG  equal  to  a  given  trian- 
gle AfiCf  having  one  of  its  angles  CEF  equal  to  the 
given  angle  D.     Which  was  to  be  done< 


d38.  1. 


D 
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sf^!j^  PROP.  XLIII.    THEOR. 

N.  The  complements  of  the  parallelcgrams  which 
are  about  the  diameter  of  any  parallelogram, 
are  equal  to  one  another. 

Let  ABCD  be  a  parallelogram,  of 'which  the  duuneter 
is  AC ;  let  EH,  FG  be  the  parallelograms  about  AC, 
that  is,  through  which  AC       .  TT  Tl 

passes,  and  let  BK,  KD  be     ^ — J^ 7 

the  other  parallelograms, 
which  make  up  the  whole  £] 
figure  ABCD,  and  are 
therefore  called'  the  comple- 
ments: The  complement  B£ 
is  equal  to  the  complement 
KD. ^ ^ 

Because  ABCD  is  a  pa-B        ^  ^ 

rallelogram,  And  AC  its  diameter,  the  triangle  ABC  is 
«34. 1.  equal <^  to  the  triangle  ADC:  And,  because  EEHA  is 
a  parallelogram  and  AE  its  diameter,  the  triangle  AEE 
is  equal  to  the  triangle  AHE  :  For  the  same  reason*  the 
triangle  E6C  is  equal  to  the  triangle  KFC.  Then,  be- 
cause the  triangle  AEE  is  equal  to  the  triangle  AHE, 
and  the  triangle  EGC  to  the  triangle  KFC ;  the  tri- 
angle AEE,  together  with  the  triangle  EGC,  is  equal  to 
the  triangle  AHE,  together  with  the  triangle  EFC  :  But 
the  whole  triangle  ABC  is  equal  to  the  whole  ADC^ 
therefore  the  remaining  complement  B{[.is  equal  to  the 
remaining  complement  ED.  Wherefore,  the  comple- 
ments, &c.    Q.  £.  'D. 

PROP.  XLIV.    PROB. 

7b  a  given  straight  line  to  apply  a  parallelo^ 
gram,  which  shall  he  eqtuzl  to  a  given  triangle, 
and  have  one  of  its  angles  equal  to  a  given 
rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  C  the  givea 
triangle,  and  D  the  given  rectilineal  angle.  It  is  re- 
quired to  appl^  to  the  straight  line  AB  a  parallelogram 
equal  to  the  tnangle  C,  and  having  an  angle  equal  to  D. 
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Make  ^  the  parallelogram  BEF6  equal  to  the  triangle   Book  i. 

a  At.  1. 


"C,  having  the  angle  EB6  equal  to  the  angle  D,  and  the 
side  BE  in  the  same  straight  line  with  AB ;  produce  FG 
to  H,  and  through  A  draw  ^  AH  parallel  to  BG  or  EF,  b  31'.  1, 
and  join  HB.     Then,  because  the  strught  line  HF  falls 
upon  the  parallels  AH,  EF,  the  angles  AHF,  HFE,  are 
together  equal  ^    to  two  right   angles ;    wherefore  the  c  29. 1. 
angles  BHF,  HFE  are  less  than  two  right  angles :  But 
straight  lines  which  with  another  straight  line  make  the 
intenor  angles,  upon  the  same  side,  less  than  two  right 
angles,  do  meet  if  produced^:  Therefore  HB,  FE  will  dcor.  29. 
meet,  if  produced ;  let  them  meet  in  K,  and  through  K     ,  l- 
draw  KL  parallel  to  EA  or  FH,  and  produce  HA,  GB 
to  the  points  L,  M :  Then  HLKF  is  a  parallelogram, 
of  which  the  diameter  is  HK,  and  AG,  ME  are  the  pa- 
rallelograms about  HK ;  and  LB,  BF  are  the  comple- 
ments ;  therefore  LB  is  equal  •  to  BF :  But  BF  is  equal  c  43.  l. 
to  the  triangle  C;    wherefore  LB  is  equal  to  the  tri- 
angle C  ;  and  because  the  angle  GBE  is  equal  ^  to  the  f  1&  1* 
angle  ABM,  and  likewise  to  the  angle  D;    the  an^le 
ABM  is  equal  to  the  an^le  D :  Therefore  the  parall^o- 
gram  LB,  which  is  apphed  to  the  straight  line  AB,  is 
equal  to  the  triangle  C,  and  has  the^  angle  ABM  equal 
to  the  angle  D.  ^  Which  was  to  be  done. 

PROP.  XLV.    PROB. 

To  describe  a  parallelogram  equal  to  a  given 
rectilineal  figure i  and  having  an  angle  equal 
to  a  given  rectilineal  angle. 

Let  ABCD  be  the  given  rectilineal  figure,  and  E  the 
given  rectilineal  angle.     It  is  required  to  describe  a  pa- 


do 


eiElilBKTS 


ralldk^gram  equal  to  ABCD^  and  having  ati  at^le  equ&l 
toE. 

tt  4f .  1.  Join  DB,  and  describe  ■  the  parallelogram  FH  equai 
to  the  triangle  ADB,  and  having  the  angle  HKJP  equal 

b  44. 1.  to  the  angle  E ;  and  to  the  straight  line  GH  ^  apply  the 
parallelogram  GM  equal  to  the  triangle  DBC,  having 
the  angle  GHM  equal  to  the  angle  E.  And  bec&se 
the  angle  E  is  equal  to  each  of  the  angles  FKH,  GHM, 
the  angle  FKH  is  equal  to  GHM:  add  to  each  of  these 
the  angle  KHG  ;  therefore  the  angles  FKH,  KHG  are 
equal  to  the  angles  KHG,  GHM ;  but  FKH,  KHG  are 

c  t9.  U   equal  **  to  two  nght  angles ;  therefore  also  KHG^  GHM 


BK 


4f e  equal  to  two  ri^ht  angles  t  Wad  because  at  the  point 
R  in  the  straight  Ene  GH,  the  two  straight  lines  KH5 
BM,  upon  the  opposite  sides  of  GH,  make  the  adjacent 
su^les  equal  to  two  right  angles,  KH  is  in  the  same 

tf  14. 1.  stmight  hn^^  with  HM.  And  because  the  straight  line 
tWr  meets  the  paraHels  KM,  FG,  the  alternate  ao^es 
MHG,  HGF  ate  equal  ^ ;  add  to  each  of  these  the  ai^le 
HGL ;  therefore  the  angles  MHG,  HGL,  are  equal  to 
the  angles  HGf*,  HGL :  But  the  angles  MHG,  HGL, 
are  equal  ^  to  two  right  angles ;  wh^^fore  also  the  aiigles 
HGF,  HGL  are  equal  .to  two  right  angles,  and  FG  is 
therefore  in  the  saine  straight  line  with  GL.  And  be- 
'cause  KF  is  parallel  to  HG,  and  HG  to  ML,  KP  is 

e  do.  1.  parallel  ®  to  ML ;  but  KM,  FL  are  parallels ;  wherefore 
KFLM  is  a  parallelogram.  And  because  the  triangle 
ABD  is  equal  to  the  parallelogram  HP,  and  the  triangle 
i)BC  to  the  parallelogram  &M,  the  whole  rectilineal 
figure  ABCD  is  equal  to  the  whole  parallelo^am 
EPLM  ;  therefore  the  parallelogram  KPLM  has  been 
described  equal  to  the  given  rectilineal  figure  ABCD, 
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having  the  angle  FKM  equal  to  the  given  angle  E. 
Which  was  to  be  done. 

Cor.  From  this  it  is  manifest  how  to  a  given  straight 
line  to  apply  a  parallelogram,  which  shall  have  an  angle 
equal  to  a  given  rectilineal  angle,  ai^d  shall  be  equal  to  a 
given  rectilineal  figure,  viz.  by  applying  ^  to  the  given 
straight  line  a  parallelogram  equal  to  the  first  triangle 
ABD,  and  having  an  angle  equal  to  the  given  angle. 


Book  I. 


b.  44.  1. 


PROP.  XLVI.    PROS. 


To  describe  a  square  upon  a  given  straight  line. 


Let  AB  be  the  given  straight  line ;  it  is  required  to 
describe  a  square  upon  AB. 

From  the  point  A  draw  ^  AC  at  right  angles  to  AB ;  a  li.  1. 
and  make  ^  AD  equal  to  AB,  and^  through  the  point  D  b  3.  i. 
draw  D£  parallel  ^  to  AB,  and  through  B  draw  B£  pa-  c  31. 1. 
rallel  to  AD ;    therefore  ADEB   is  a  peiallelogram : 
Whence  AB  is  equal  *  to   DE,  ^  d  84  i 

and  AD  to  BE :  but  B  A  is  equal  A' 
to  AD  ;  therefore  the  four  straight 
lines  BA,  AD,  DE,  EB  are  equal  ^ 
to  one  another,  and  the  parallelo- 
gram ADEB  is  equilateral :  it  is 
likewise  rectangular ;  for  the 
straight  line  AD  meeting  the  pa- 
rallels  AB,  DE,  makes  the  angles 

BAD,  ADE  equal  ®  to  two  right  e  29.  l. 

angles  ;  but  B AJD  is  a  right  an^e ;  ^ . 
therefore  also  ADE  is  a  right  an- 
gle ;  now  the  <^posite  angles  of  parallelograms  are  equal  ^ 
therefore  each  of  the  opposite  angles  ABE,  BED  is  a 
right  angle ;  wh^efore  the  figure  ADEB  is  rectangular, 
and  it  has  been  demonstrated  that  it  is  equilateral ;  it  is 
therefore  a  square,  and  it  is  described  upon  the  given 
straight  line  AB :  Which  was  to  be  done. 

Coa*  Hence  every  parallelogram  that  has  one  right 
angle  has  sM  its  angles  right  angles. 
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ELEMENTS 


Book  I. 


PROP.  XLVII.    THEOR. 


N.     In  any 


tt46.1. 
b  31. 1. 


e  2.  Ax. 


f4.1. 
g  41.  L 


right  angled  triangle,  the  square  which 
tcnbed  upon  the  si(w  subtending  the  right 


a>  described  upon  the  side  subtending  the  right 
angle,  is  equal  to  the  squares  described  upon 
the  sides  which  contain  the  right  angle. 


^  Let  ABC  be  a  right  angled  triangle,  having  the  right 
atigle'BAC ;  ^the  square  described  upon  the  side  BC  is 
equal  to  the  squares  described  upon  BA,  AC. 

On  BC  describe  *  the  square  BDEC,  and  on  BA, 
AC  the  squares  6B9  HC ;  and  through  A  draw  ^  AL 
parallel  to  BD  or  CE,  and  join  AD,  FC ;  then,  because 
each  of  the  angles  B  AC, 


c  iS.  def.  BAG  is  a  right  anele% 
the  two  straight  lines 
AC,  AG  upon  the  op^  p 
poratesidesof  AB,make  "^^ 
with  it  at  the  point  A 
the  adjacent  angles  e- 
qual  to  two  ri^t  an- 
gles ;  therefore  C  A  is  in 

the  same  stnught  line 
dl4.1.       d  ^i^h  ^Q.    for  the 

same  reason,  AB  and 
AH  are  in  the  same 
straight  line.  Now,  be- 
cause the  angle  DBC  is 
equal  to  the  angle  FB  A, 


he.  Ax. 


D  L     E 

each  of  them  being  a  right  angle,  adding, to  each  the 
angle  ABC,  the  whole  angle  DBA  will  be  equal  ®  to  the 
whole  FBC ;  and  because  the  two  sides  AB,  BD,  are 
equal  to  the  two  FB,  BC,  each  to  each,  and  the  angle 
DBA  equal  to  the  angle  FBC,  therefore  the  base  AD  is 
equal '  to  the  base  FC,  and  the  triangle  ABD  to  the  tri- 
angle FBC.  But  the  parallelogram  BL  is  double  ^  of 
the  triangle  ABD,  because  they  are  upon  the  same  base 
BD,  and  between  the  same  parallels,  BD,  AL;  and  the 
square  GB  is  double  of  the  triangle  BFC,  because  these 
also  are  upon  the  same  base  FB,  and  between  the  same 
parallels  FB,  GC.    Now,  the  doubles  of  equals  are  equal** 


\ 
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to  one  another ;  therefore  the  parallelogram  BL  is  equal  Book  I. 
to  the  square  GB  :  And,  in  the  same  manner,  by  jmning  *^ 
AE,  BK,  it  is  demonstrated  that  the  parallelogram  CL 
is  equal  to  the  square  HC.  Therefore  the  whole  souare 
BDEC  is  equal  to  the  two  squares  GB,  HG  ;  and  the 
square  BDEC  is  described  upon  the  straight  line  BC, 
and  the  squares  GB,  HC  upon  BA,  AC  :  wherefore  the 
iquare  upon  the  side  BC  is  equal  to  the  squares  upon  the 
ffldes  BA,  AC.  Therefore,  in  any  right  angled  triangle, 
&c.     Q.  E.  D. 


PROP.  XLVIII.     THEOR. 

If  the  square  described  upon  one  of  the  sides  of  a 
triangle^  he  equal  to  the  squares  described  upon 
the  other  two  sides  of  it ;  the  angle  contained 
by  these  two  sides  is  a  right  angle. 

If  the  square  described  upon  BC,  one  of  the  sides  of 
the  triangle  ABC,  be  equal  to  the  squares  upon  the  other 
sides  BA,  AC,  the  angle  BAC  is  a  right  angle. 

From  the  point  A  draw*  AD  at  right  angles  to  AC,  a  ii.  i. 
and  make  AD  equal  to  BA,  and  join  DC.  Then,  be- 
cause DA  is  equal  to  AB,  the  square 
of  DA  is  equal  to  the  square  of 
AB  :  To  each  of  these  add  the 
square  of  AC ;  therefore  the  squares 
of  DA,  AC  are  equal  to  the  squares 
of  BA,  AC.     But  the  square  of 

DC  is  equaP  to  the  squares  of  DA,  /  \^  \  b  47. 1. 
AC,  because  DAC  is  a  right  angle; 
and  the  square  of  BC,  by  hypothe-  j/ 
sis,  is  equal  to  the  squares  of  BA, 
AC  ;  therefore,  the  square  of  DC  is  equal  to  the  square 
of  BC ;  and  therefore  also  the  side  DC  is  equal  to  the  side 
BC.  And  because  the  side  DA  is  equal  to  AB,  and 
AC  common  to  the  two  triangles  DAC,  BAC,  and  the 
base  DC  likewise  eoual  to  the  base  BC,  the  angle  DAC 
is  equal  **  to  the  angle  BAC  :  But  DAC  is  a  right  angle ;  c  a  |. 
therefore  also  BAC  is  a  right  angle.  Therefore,  if  the 
square,  &c,    Q.  E.  D. 
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^..'.     .}.     ■ '  i-     ■-•■    ■■■■■■:<  ■• 

Every  right  angled  paralielogram,  or  recian^,  is  Book  IL 
.  s^d  to  be  contaioeJ  by  any  two  of  the  straight  lines  ^-'v^i' 
A'teeh  Me  about  one  of  the  nght  angles. 

"  ThuJ  the  right  angled  parallelogram  AC  •  ts  called 
"  the  rectangle  contained  by  AD  and  DC,  or  by  AD  and 
'*  AB,  &c.     For  the  sake  of  brevity,  instead  of  the  rect- 
«aM*  conlaiiiedhy  AD  and  DC,  we  sliftll  eimply  say  ■'    ■'  ' 
«  the  rectangle  AD.DC,  placing  ft  point  between  the  two        , 
"  rides  of  the  rectangle.     Also,  instead  of  the  square  of 
«  a  lin*,  for  instance  of  AD,  we  shall  occasionally  write   ' 
"AD'i" 

"  The  sign  +  placed  betwfeen  the  namee  of  two  m^Bi- 
^  tudc^  signifies  that  those  magnitudes  are  10  be  added 
"  togettier ;  and  the  sign  —  placed  between  them,  signi- 
"  &es  that  the  latter  is  lo  be  taken  away  from  the  former." 

«  Tke  sign  —  signifies,  that  the  ihiugs  between  which 
**  it  is  placed  arc  equal  lo  one  auolher." 

,  ■  9re  th«.|lg«e  in  M*  Me. 


In  eaerj  pamllebgram,  any  of  the  paijtUelograms  about 
a  diameter,  together  with   '       j  ,  '* 

the  two  complements,  isAj E    ,        •  D 

called  a  Gnomon.  ^  T^Dt  ■ 
"  the  parallelogram  H6, 
"  togethft'  with  the  com- 
"  plements  AF,  FC,  is 
"  the  enomoQ  of  thVpa- 
*<  rall^tgram  AC.  ,  Th* 
"  gnomon  may 'also,  (bir 
"  the  sake  of  brsvity,  be  _ 
called  the  gnomoi»  AGK  or  EHC." 


;  PRQP.  V    .T)aEOR. 

If  there  be  two  straight  lines,  one  of  which  is  di- 
vided into  any  iiiimjer'dfpdrts ;  the  rectangle 
amtained  by  the  two  straight  lines  is  eguafto  , 
the  rectangles  contcUned  by  the  imdivided  line, 
and  (he  several  parts  of.  1m  ^vidfd  line. 

^^^'     '  "''*iet''A"iiia  SiJ  \k  two  sirwgHt  'WWSi- 'SbdileP'BG' be  - 


divided  into  any  pa«B  in'the' pom«  I>;'0;  "(h^i 


laf  t 


JA.BC  is  equal  to  the  severaf  rtctiuM^  A.'BDj'.i.DE 


B-i 


a  11. 1.        From  the  point  B  draW 

i)F  at  right  angles  to  liC, 
bS.1.     and  make  BG   equal ''.-to,' 
cai.  1.    A;  and  through  G  driiw'* '■ 

GH  parallel  to  BC ;  anfl  ' 

through  U,  E,  C,  draw  • 

UK,  EL,  CH  parallel  to  ®  '- 

BG;  thenBH.BK,  OL; 

aiidEH  arc  rectangles,  feha" 

Btt^BK  +  DL  +  EH.';"  ' 

But  BH  =  BG.BC  4'AlBC,-^becauBe  BG  =s-At'  Also 

BK=  BG.BD  =  A.BD,'  bechus^  Bl&ir  A ;  aiid  ©L  ^- 
dSfcl.   IJK13E  =  A.DE;  because^  DR=*G=-A.      In  Uke 

manDer,  EHsAiEC.'    ■.l4erefiM«  A.BC=:  A.BD  + 


-.;1A' 
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A.  0|^  A.EC  ;  that  is,  the  rectangle  A.BC  is  equal  to  Book  U. 
the  several  rectangles  JtBD,  A.DE9  A.EC,  Th^efore,  * 
if  thf re  he  two  straight  Im^s,  &c.     Q*  E.  D. ' 

*  PROP.  II.     THEOR. 

If  a  straight  line  be  divided  into  any  twoparts, 
the  rect&ngles  contained  by  the  whoU  ana  each 
ofthepartSy  are  together  equal  to  thU"  square 
of  me  whoUtline. 

Let  the  strtugibt  line  AB  be  divided  into  any  two  parts 
in  the  poiqt   C ;    the  rectangle  A  PR 

AB.BC,  Jjogether  with  the  rec    "^ ^ 

tangle  AB.AQ  is  equal  to  the 
square  of  AB  ;  or  AB.At!+AB 
BC=AB«.    "  ^ 

On  AB  describe  •  the  square  a  4fi.  1. 

ADEB,  and  throftghC  draw  CF*»    I  I  b3l.  l. 

^rallel  to  AD  or  BE;  then  AP^- 
CErd'AE.    But  AF=AD.AC=:  t\ 
AB.AC,   because  AD  =  AB  ;  • 


« 


F     E 


CE  =  BKBC  =  AB,BC ;  and  AE  =  AB«.  Therefore 
AB.AC+AB.BC  =r  Afi*.  'Therefore,  if  a  straight  line, 
&c.    ft.  E.  D. 


'  PROP.  III.  ^T^EOR. 

If  a  straight  line  be  divided  into^any  iwopdrts^ 
the  rectangle  contained  by  the  whole  and  one 
of  the  partSf  is  equal  to  the  rectangle  contaiii- 
ed  by  the  two  parts,  together  wim  the  square 

of  theforesaid  part. 

I    '  ■ 

Let  the  straight  line  AB  be  divided  into  any  two  parts 
in' the  point  C  ;  the  rectangle  AB.BC  is' equal  to  the  reQtl* 
angle  AC.BC,  together  with  BC*. 

e2 


r     ' 


e» 


.     ELUMElWS 


a46,  L 


BeMciR       Upbti  BC  ae*ribe»  tfaeiA        . 

s^^e  CDEB,  tfdd  ph>^^"**^ 
^  duce  ED  to  F,  ffiid  thMu^ 
bSl.  1.  *A  draw^  AF  parallel  to 

CD  or  BE;  then  A£.= 
.    AD  +  CE.     But*  AE  :^ 

Atf.BE  =  AB.BC/^  be- 

cause  BE  =*BC,     So  also    .     . .  .  .  p 

AD=AGiCD  =  AC.CB ;  F    *     I> 

ai^d  CE=BC*;   the^ore  Afi.BC  =  AC.CB,  ^  B  C*. 

Thar^fore,  if  a  straigbt  line,  &c.     Q.  E.^. 


PROP.  fV.    tHEOlL 


l/^a  straight  line  bedwided  into  arig  f too  parts, 
the  square  of  the  whole  line  is  eqikd  to  (he 
squares  of  the  two^  ptzrtSr  together  with  twic^ 
the  rectangle  contajfued  bff  the  parts. 

Let  the  straight  line  Afi  be  di^cfed  into  any  t^o  pavta 
iti  C ;  the  square  of  AB  is  equal  to^he  squares:  of  AC^  CB> 
atid  to  twice  the  rectangle,  contained  by  AC^  CB,  that  i& 
AB»=:AC«  +  CB«  +  2AC.CB.  ^     •       . 

a  46. 1.       Upon  AB  describe  ^  the  square  ADEB^  and  join  BD^ 

b  Sl.U  and  through  C  draw  ^  CGF  parallel  to  AD  or  BE,  and 
through  6  draw  HK  pai^el  t6  AVot  DE:  ^d  be- 
cause CF  is  parallel  to  AD,  and  a  ■  n 
BD feUs  upon  didhi,  th^  e»teiior'^ '  '''''^'' 

c29. 1.   aQ^i^  B€K3  io  equal''  to  die  m* 

tesiOr  and  opposite  angle  ADB;^. 
but  ADB  is  equal^  to  the  angle*^ 
ABfif,   because  BA  is  equal  to 
AD,  being  sides   of  a  square^ 
wherefore  the  angle  CGB  is  equal 
to  the  mgh  GfBC';  and'  therefore  -^ 
the  rid6  BC  is  equal  •^  to  the  Ade^ 

f  84.  L   CG;  but  CB  is  equal^  also  to  GK,  and  C)6  to  BK; 

wherefore  the  figure  CGKB  is  equilateral.     It  is  likewise 

.  rectangular;  for  the  angle  CBE  being  a  right  angle,  the 

other  angles  of  the  par^Ielogram  CGKB  are  also  right 

fCor.46.1.  angles^.     Wherefore  CGKB  is  a  squarci^  and  it  i»  upon 


d&.l. 


ee.1. 


<m  GEbM£Tt(X« 
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ilie  9ide  C£.    For  the  9ame  JROOflcq,  HF  also  is  a  awasre,  B9»k  U* 
anditiilupcaiithesiideHG,  ybic^U  equal  tp  AC;  tli«r9«  ^'-^'v^ 
fore  Hf',.  CK  are  the  squires  qf  AC,  CB.    And  becauw 
tba  coippleiiieiit  AG  is  equals  to  the  complement  GE ;  h  41 1. 
knd  befwisfi  AG  ^  AC.CG  =  ACCB,  tlterefore  also  GE 
=t  AC-CB,  and  AG  +^E  =  SACXIB.  Now,  HF=d^C«, 
andCK=cCB«;  therefore,  HF+CKil-AG+GE=AC« 
+  CB*  +  2AC.CB.  • 

But  HF  +  CK  +  AG +  GE=;  the  figure  AE,  or  AB»;    ♦ 
therefoi:e  AB«  =  JtC?  +  CBVf  2ACXJB.   Wherefore,  if 
a  straight  line  be  divided,  &&     Q.  E.  D. 

Co]^  From  the  dempflstration,  it  is  manifest  that  the 
Ijaralldograms  about 'fliB  diameter  bf  a  square  are  like, 
wise  squares.  m       r 


P116P-  v.    tHEOR. 

,    ^a  straight  line  be  divided  into  two  equal parts^ 

and  also  into  two  unequal  parts ;  the  rectangle 

«  contained  by  the  unequal  parts,  together  with 

•  the  square  of  the  line  between:  the  points  of 

section^  is  equal  to  the  square  of  half  the  line. 

Let  the  straightlin^  AB  be  divided  fiito'two  equal 

^  ports  m  the  poin^X,  and  into  two  unequal  parts  in  the 

point  D ;  the  r&tangle  AD.DB,  together  with  the  square 

of  Cft>,  is  equal  to  the  square  of  CB,  or  AD.DB  +  CD* 

:^  CB*.  * 

.  Upon  CB  describe  •  the  square  CEFB,  join  BE,  and  a  46.  i. 
through  D  draw*  DHG  parallel  to  CE  or  BF;  andbsi.  1, 
through  H  draw  KLM  -  .  C  J) 

parallel  to  CB  or  EF;^« ' ^ 

and  also  through  Adraw 
AK  parallel  to  CL,  or  K 
'  BM :  And  because  CH 
=UF,  if  DM  be  added 
toboth,CM=^DF.  But 

AL  =  ^ CM),  therefore  E  G-     F   c»i. 

AL=DF,  and  addmg  CH  to  bodi,  AH=gnomon  CMG. 
But  AH  =  AD.DH  =  AD.DB,  because  DH  =  DB  ^  <»  Cor.  4.  l. 
therefore  gnomon  CHG  =  AD.X>B.    To  each  add  LQ 


.* 


fo 


f    I 


itEME^TS.  ^ 


♦. 


*  Biit  CM&  +  JL&  rir  BOf,  tWefoiW  ADinB+CI^=BC«. 
Wherefore, 'if  a  strmght  Bpe,  Jlc. '  Q; K.-l>.     •    ^ 
:   "  Cqe:  Fi^om  ihis^'prbpbrition  it  is  iti^nifc^,  th&t  the^ 
".  ^fferenceof  tlie  aqutrjgaaof  two  unequal  ikies/'AG^  CD, '  \ 
t^  is  equal  to  flie  rectatigle  <»ntain^  by  their  diiii  aBd,dif- 
«  ference,  oT»  ttiat  AG»-£eli)*=  (AC+CD)  (A<}— CD)*'* 


'  \ 


V 


a46. 1. 

bSI.  1. 


,# 


PRQP.  Vli    T«^OR 


v> 


If  a  straight  line  he  bisected^  and  produced  to 
any  point ;  the  rectangle  contaihed  by  thg 
whole  line  thtm  producm^  a'^d  the  part  of  it 
prodiice49  together  with  the  square  (f  half  the 
line  bisected,  is  eqtfql  to  the  squojve  of*  the 

^   straight  line  which  is  made  up  of*  the  JfOtfar^    ' 
the  part  produced.  .  r    / 

liet.tlie  stmght  liiie  AB  be  bisected  in  C,  and  pro- 
duced to  tKfe  point  D;  the  rectangle  AD.DB,  together 
with  the  squam  of  CB,  is  eqftal  t;^  the  soiiare  of  CD. 

Upon  CD  describe  ^  the  square  Gl^FB,  join  i)E,  dnd^ 
through  B.draw**  BAG  parallel  to  CE  pr  Df^,  and  ** 
thrdugh  H  draw  KLM  parallel  to  AD  o^EF,  and  also 
through  A  draw  Afe!  parallel  to  CL  or  liBC.     Ancf  be* 


cause  AC  M  equal  to  . 
'  '"'     CB,  the  rectangle  At  ^ 
qSeJi;    4s  eqiial**  to  CH;  but 
d  48. 1.       CH  IS  ^ual  ^lo  HF  ; 

therefore  also  AL  is  K 
equal  to  HF :  To  each 
01  these  add  CM ;  ifcere- 
.  fore  the  whple  AM  is 
equal  to  the  gnomon 
CMG.  N^w,  AM  = 
^      AD.DM  =  AD.DB,  bpc^use  DM 


t.  .<•• 


r 

.  s;  -DB.  ■  "Therefore 
rijomon  CMG  =  AD.DB,  and  fcMG  +  LG  t:  ADIDB  + 
CB*.  But  CMG  +  LG  =s  CP  =  CD«i  therefore  AD.DB 
+  CB»  =  CD*    Therefore,  if  a  straight  line,  &c.  Q.  E.  D 
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PROP.  VII.    THEOR. 


.'.    "Ml 


ntoHLlh 


'  If  a  straight  Ulikhf^  dimddd  m^  any  two  parts ^ 
the  sqiuires^.qfthe  whQle  Une^  and  of  one  of  the 
partsiarfl^eQtuiltQtwwe  the  rec^aii^  cqmtffi^ 
edhy  th^  miole  and  that  part,  together^,, mt A 
Vie  square  of  the  other  fart   , .        , . .     ^^^  ^ 


\ 


Xiet  the  straight  line  AB  be  Avided  into  any  two  parts 

"in  the  point  C ;  the  squares  of  AB^  BC,  are  equal  to 

twice  4he  rectangle  AB.BC,  together  with  the  square  of 

H  AC^  or  AB« ,+  Bie«  =  «AB.»G  +  AC«.  ^ 

-    '?5[pon  AB  describe* 'the  square  ADEB,  and  cpnstnik  a  46.  i. 

tbenglir^  as  in  the  pricking  proportions :  Because  AG 

.  =  GE,  AG  +  GK  :i±*GB  +  CK,  -.  C        H 

tfiat  iSj^AK  i=  CE,  and  thierefc^e-^p '-^ 'Y"">| 

AK  4-'  GE  ht-aAK.  'But  AH'4- 
CE±tgnbnion  AKF  +  €K;  atadU 
^'ftite^itore',  ^KF^hOK  y:'*AK'=r» 
%\B.^M±dSAB.BC^beckua«fBK<      ' 
r^r^BC.'  Since  then^  AKF  +  CK  ^ 
±*>2A!B.BC,  AEF+  eK^f.  HF 
^-H  aAb.BC  +  HP  V  and  because 
.    AEF'if  HF±=  AE  ==  AB^  A»^I> 
*    4^'OE'it:i«AB.BG  +  HI*4-^^ is;Xsihce  CEif:  CS^J^tid 
HF  =  AC^)^  AB«  +  G3»  ±t«A»Be»+^^l"'Xv«eii- 
fore,  if  a  sfraightiinc;  &c/    6.  E/DJ^^^'  •'  --'^  ''^  ^^'"P^ 


i;; 


J  .U.  K 


b  Cor.  4.  2. 


.1  .?,*  d 


1 1      »     » 


:  J 


>  r        ^  >     /* 


I      •'. 


Othei-wis^, 


<  t 


«    -^   .i    .1    .!.»')  I, 


i     ■•  14 


.«'    •) 


> 


1    { 


«  Bfecause  AB'=AC*+BC*+«AO.Be^  faddini?  BG*  a  4.  8. 
«'  to  both,  AB»  +  BG«  =  AC*  +  SBC*  H-  8AC.B0.    But 
«  BC*  +  AC.BC  =  AB.BC  " ;   and  thei»fore,  «BC»  +  b  3. 2. 
«  «AC.BC =2AB.Be ;  and  therefore  AB»+BC«=:AC* 
«  +  SAB.BC", 


•      •: 


n 


musmsohs. 


M>li«. 


*^  CoH.  Hence,  the  sum  of  the  squares  of  any  two 
*^  lines  is  equal  to  tiiice  the  lectangle  contained  bji^the 
^^  lines  tograier  with  the  eqtiare  df  the  difference  of  the 
"  lines*"  J  *  •  I  / ,  T  . 


v'V   V 


i»B9ip.  viih  tfim^ 


'•»v\ 


». 


U 


.r 


n^d  ihai^ht  Hne  be  dipidect  mp  <^^y  ^V^  parts, 

'  JbwttPnves  the  rpctan^l^  c(mt(]iinedoy  the  xj^tide 

line,  and  one  of  the  parts,  together  with  the 

sgtuire  of  the  other  part,  is  equal  io  thfsqtuire 

,  df^the  ^rmgktlim  rphith  if  made  mythB 

,wh0k  And.  the Jirstnmntiwed  part.    .  - 


«.  1 


K^i. 


.V  ,4  .lo'J  '< 


b43.1. 


Let  the  straight  Hue  A3  h9  divide^.  )nt6  npy  twQ  p^iis 

jt)^r  with  tbe  i^i^9  Qi  AC^  w  ^qfnd  to  ttie  i^uw^qf  the 
i^aight  l^ne  made  up  of  ,A3  a^i  BC  tqgetjb^/ 

'Pj»dt^A&4o~I^,  liQ.  tb^tBDt)Q  equal  li^CB,  aa^ 
upon, AO  describe  tjie  m^fm  ASFD;  9»d  cof^ruc^jtifO 
ireV^ofch  as  in  tlje  J«:/^^edi|ig.   .  'Bl&i^sf^  .GK  is  equal » 
CB,  i^^rCB  tb  m  jw5  »!?*>  KNi.SlSf  is  eqvri  to 
KIN.     Bor  the  same  iiwopjf  PJR,  is  ^qtjal  taJjW? s,  And 
aiiseCBii^equa  to  BP^  amt/GKJSo  KN,  tliQ  p^ct- 
anfirlei^  QK  and^^l^  arerqquiJ^'  |^$  ajsor^^ir^pt^piglesr  GA 
But  CKJis.equ^^  ^'B$^fi.b<^iW  they  are 


cojq)lements  oCId^e;p|G(^lJi^kgrftff^  CQ'i  4her^Qre ' 
irtftP  fiN  J»  »1V4  -^^i^  GBfi^flPi*itJe}fo«trW5t|inglipB  BN,  ^ 

.  eifcv  GR^  ^Ni  w>  .^^refiMfe^  >  * )  -•  -  -/ ;  /^   ^ .  /,- 

equal  to  one  anothep*^  f nd-  sb  •:^|  n>Mi  ^.tu.>^Y>p',, 

CK  +  BN  +  GR  +  RN  = 

4CK.    Agidn^  because  CB  is  M 
A  Car  A.  9  equal  to  BD,  alid  BD  equal  ^ 
^       ^*>  Bt,  that  is,  toCG;  wd.X 

JCB  equdl  to  Gk,  that^  is,  to 

GP ;  therefore  CG  is  equal  to 

GkP ;  and  because  CG  i^  equat 

to  GP,  andP{l  to  KQ,  ths 

}rectil^e;Ai&i8ieqtiaitaMP,  E 

ted  PL  tK>  RW :  But  MP  is  equal  *>  to  PL,  because  they 

are  the  complements  of  the  parallelogram  ML ;  wherribre 


OF  OEOUftTIlV.  IS 

AG  is  equal  also  to  RF :  Therefore  the  four  rectangles    B«*  1. 
AG,  Mr,  PL,  RF,  are  equal  to  one  another,  and  so  ^-^v*^ 
AG  +  MP  +  PL  +  RF  =  4AG.  And  it  was  domonstra- 
ted,  that  CK  +  BN  *f  GR  +  RN  -  4CK  ;  wlierL-forc  add-       ' 
ing  equtds.to  equfdi,  tl)e  whole  gnomon  AOH  =:  4  AK- 
Now  AK=*AB.BK  =  AP.BC,   and    4AK  =  4AB.BC; 
therefore,  gnomon  A0H=:4.An.])C;  and  adding  XH, 
or*  AC*,  to  both,  gnomon  A0H  +  XH  =  4ARBC +*Ci».*.d. 
AC".   ButAOH+XH=AF  =  ADMhereforeAD*^ 
^■AB.BC  +  AG".     Now  AT)  U  ihe  lino  that  is  made  up 
of  AB  and  BC,  added  toggdjer  into  one  line;  Wherc- 
ftire,  if*  straight  line,  &c.     Q.  E.  D.  V 

"^Cos.  1.  H^nce,  because  AQ  is  thd  bum,  and  AC 
"  the  difierenee  bf  the^nes  AB  and  BC,  fouB  times  the  *        * 
"  rectangle  cont^ned  by  any  two  lines  togethw  mth  the 
"  square  of  their  difference,  is  equal  to  the  aquspe  of  the 
**  nkm  <rf  th?  liues.^ 

"  CoK.  i.  From  thtf  demonstratym  it  Is  manifest,  that 
"  nnce  ihe  squwe  of  CD  is  quadruple  of  the  square  of  * 
*'  CB,  the  squac^  of  ahy  line.is  quadruple  dT  the  square 
«  of  half  that  line."  , 

t  Otherwise:  » 

**' Because  AP  is  divided  any  how  in  C%  AD*=    '♦■'■ 
«  AC«  +  CD"  +  8CD.AC.    But  CD  =  2CB :  and  there- 
*  fore  CD*  =  CB»  +  BD»  +  2CB.BD*  =  4CB" ,  and  also 
"  8CD.AC  =  4CaAC ;  therefore,  AD*4  AC*  ^-  iBC 
"+*BC.Aa     Now  BG"  +  BC.AC  =  AB,BC'';  and    b3.n 
""thereftjre  AD*  =  AC»  + 4AB.BC.    Q.  E.  D. 


«t 


k 


I 


• >.<*'...-■•.♦      •.         ,■■■'    .         ,  '.    fi   I'-..    ■•      »  • 
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i)^£i  stftiight  limbe  ^mdeA  inl^twofqimli  and 
*       .  ahtnnto  i^&  vkp^i^t)purU  {  iWimiareicfihe 

.  square  ^hatfjhe  knfi^  and  offM  Jsguarf  of  the 
. : ,  img  between  t^e  jppinU  of  section.  .  .<  ^ ) .     * 

Let  the^aight  lipjB  ABte  diyidi^c^lhe.poiii^  C  m<^ 

'^  \t\fQ.  equals  wad  at  ^  iato  two  i^q^^qpal  parts,:  The 

»        f .  9qwir«?:pJ  AHi  ii?,  are  tog^hir  ^ti^le.^^^tlji^sqjlafes 

.pf  AC,  C0#-   .  ^  .  ......  7  ,  ;..j  .';.:/.  .>  '/.  ••     • /,  ■• 

ft  Jl.  1.      .,    IVqhl  the-point,C  dr^w  *  Cip  at /(right  Angles  to  AB, 

*  and  make  it  eqtial  to  AC  or  CB,  aandjpin  EAjj'EB; 
b SI.  I'      ,tbipi^h  i)  .di^w  !^  DE. parallel  t«^i>E,  'an|ci  througE  F 

•  idraw  FG  pfifRllei  to  ABj  ^px^joinw^F:  Tbeo;^.  because 
c  5. 1.       .^Q  is  eq^4  to.CE,  the  ang)je:EAG.is!.e5[iiaiK^tc>  tbie  ai# 

gle  ^EO ;  and  because  the  angle  ACEf i^  a  rigpt-aij^gle, 
\    the  twa  others  AEC,  EAC   together  malce  one  right 
3  32. 1.      angle  ^ ;  and  they  are  ^ual  to  one  another^  each  of  them 
therefore  is,  half  of  a  right    • 
'  '  *  ande.     For  the  same  reafc 
%  *  ^    ison  each  of  the  angles  G!1$B/ 
*        EPpishalf  a  right  atigje! 
knd;  therefore*  tfie  vrhole 
,AfeB   is   a    rigllt    angle: 
•    "  '^    And  because  the  angle  GEF^  A^  ''♦'"'    C*'     TX  ' 
•         is  half  a  right  kngle,   and    ■     ^*  f    "       •        * 

egfl.  1.       EGF  a  rigfct  aagle^  for  itfts  equal®  to  the  interior  and 
opposite  angle  ECB,  the  remaining  angle  EFG  is  halfta 
*'    right  an^k ;   therefor^  the  angle  GEF  is  equal  to  the^ 
f  6. 1.         angle  EFG%  and  the  sidfe  EG  ejjual^  to>the  side  GF  : 

Again,  because  the  angle  at  B  is  half  a  right  angle.;   ^ 

^  and  FDB^a  right  angle,  for  it  is  equal  ®  to  the  interior 

and  opposi,te  angle  EQB,  the  remaining  angle  BFD  is 

half  a  right  angle  ^  therefore  the  angle  at  B  is  equal  to 

J:he  -angle   BFD,  and  the  side  DF  to '  the  side  DB. 

*  Now,  because  AC  ^  CE,  AC*=  CE»  and  AC«  +  CE«  = 

g  4T.  1.       2AC«.     But  8  AE« •=  AC«  +  CE* ;  therefore  AE«  = 

2ACAC2.  Again, because EG=GF, EG «=.GF«rand 


»  •     ■  # 

> 
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fbfe,  E¥*  =  2GF«,  i  «CD«,  bw»tii|e  **  CD  =  GF.  Ati*  it  ^--v^-^ 
«        y^  *o^¥n  that  AE*:=  «AC* ;' thei'efel'e  AE*  +  BF« ^  iv3*'l'* 
•^      a-Ap^  +  8CD*     But «  AF«  =  AE« -^  EF%  aad  AD«^ 
DF«==:AF^  or  AI>*+liB*  =  AF^    therefore,  also 
AD?  +  IJB»=  ^AC«  -K»CB«. ,  TK^efbre,  if  a  straight 
^    line,  &e»    Q.E.D4  -  ,   ' 

»         -^         •    «    •       . 
I    Otherwise '.-^ 

.♦  '  **  BfecAUs^  AD^  =  »  AC«  +*CD«  +  2ACCJ>,  and  »4.  2, 
'  ^  DB«  +  2BC.CD  =^  BC«  +  Cn^= AC«+  CD*,  by  add-  b  7.  ^' 
"  ing  equals  to  equals,  AD«  +  BD*+  2BC.CD  -  2AC*+^ 
*^  2CD*  +  £AC.uD ;  and  therefore  taking  away  the  equ*al 


rectangles  ^BC.CD  ahd  SACCD^aheiie  remains  AD' 
+*DB«=2AC»  +  2CD«.^  ,  ' 


'  *  .  PBO]^.  X.    .THEOIl.      *  -•  ♦ 

If  d  straight  line  be  bisected,  arid  produced  to 
nny  paint,  the  square^  of  the  whole  line  thus   , 

*  produced^  as^  the  sgiidre  of  the  pari  of  i(  pro-^ 
duced^  are  together  aovkie  of  the  square  of  half 
the  line  bisected,  and  ofth6  Square  of  the  line 
made  -up  ofihe  fialfand  the  part  prod^uced-  ► 

Let  thck.  straight  lyie  .AB  be  "bisfeted  in  C,  and  pfd- 
tluced  to  the  point  D ;  the  squares  of  *.M)5  DB  are  dguble  ^ 

•f  the  squares  of  AC,  CD.  ^      * 

From  the  point  C  d«ai^*  CE  at  fright  angles  to  AB,  ITil.  t 
and  make  it  equal  to  AC  or  CB ;  join  AE,  EB ;  through 
E  draw^  EF  parallel  to  AB,  and  through  D  draw  DF  -b  31. 1. 
parallel^to  CE.    And  because  the  straight  iinp  EF  meets     *       t        " 
the  parallels  EC,  FD,  the  angles  CEP,  EPD  are  equal*'  c  29. 1. 
to  two  right  angles  ^  and  therefore  the  an^l^s  BEF,  EFD 
are  less  than  two  right  angles :  But  straight  lines  :which, 
with  another  straight  line,  make  the  interior  angles  upon 
the.  same  side,  less  than  two  right  angles,  do  meet^  ifdCor.  29. 1. 
produced  far  enough  :  Therefore  EB,  FD  will  meet,  if 
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giB.1. 
t  29.  1, 
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'  AG  J  tliei),  baciHise  ACf  iftfqud  to  CEj  d)e  asgle  CEA 

is  equal''  to.th<?  Mgl^'  £AC;  ftod^the  ^ngle  AC£  is'iA 

risfat#n|;te  ;tth^Before  each  <^  U»e  apg^es  .CEA*  EA<^  »t 

half  sk  right  ajigle  ^:  Fcn:  the  msm  reasop,  e^h  ef  the 

pglfifi  CEB^  £BC  j^half  afiighWanglej  th^^e  ASB 

i^  a  right  angle«*  And  because  EBC  y  half  i  right  ltugle» 

DB6  IS  d$o^  half  a  right  angle,^for  they  are  vertically 

opposite;  but  BD6  fs  a  right^ngle,  because  it' is  equal  ^ 

to  the  altenuite.  angl|  DCE  ;    mevefore  the  xemaiiung 

augle  DGB  is  half  a  ng|;it  angle,  and  is  therefore  equ^^ 

^  to  the  angle  D6G  ;  wherefore  also  Idfo  4de  D3  ia  e^ufd 

^  to  the 'side  DO.     Ag^^  bex^Aise  l&Ql^  i%  Ivfilf  a  light 

angle,  and  the  90gle  at 

)Pa  right  angle,  bmg 

^ual^  to  the  oppo^te 

tingle    JJCD,   the  re^ 

maining  sftigle  !FE6  is 

half  a  right  angle,  and 

g|ual    toi»  the    anjleAf 
GF;  wherefore  alsd 
tborside  GF  is  equal  ^ 
to  tfie  ^de  FE.    And 

because  EC*=  CA,  EC*  ^  CA«  =2  2(JA*.  Noif  AE«  =  * 
AC*  +  CE^ :  thesefore,  Afe*  ;=  « AC,  Again*  hwiusc 
EF  =  FG,  EF«  =:*6^  and  EF*  +  FG*  =  «EF*.  But 
E6«  =  k'  EF«  +  FG^ ;  •therefore  EG*  ==  2EP  ;^  and 
since  EF  =  CD,  EG^  ^  SCD*.  And  fc^was  demonstra. 
ted,  that  AE^=^AC«  ;  therefore,  AE«  +  EG«=  gAC+ 
2CD*.  ^Now,  :AG«^  AE«  +  EG'S  wherefore*  AG"  = 
SACH^CD*,  but  Xg**^  =AD*  +  DG«a=AP*+DBS 
^>ecause  DG=  D»  :-Thepefare,  AD^'  +£»B«  =  SAC*  4^ 
8CD».     Wherefore,  if  a  Straight  line,  &c    Q.B^Jh     ^ 
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flbokll. 


*  PROP.  X|.    PRdB. 


»  • 


> 

# 


To  c/ivi^^  fl  ^'WTJ  straight  linejnto  two  parts ^ 
so  thai  me  re$tangk  contained  oy  the  whole, 
and  one  of  the  parts,  may  he  equat  to  the 
^uare  qfth^  other  part. 


^  Let  AB  be  thtf  ^en  Btwght  line;  it  is  required  to 
divide  it  into  two  parts;  so  that  ^e  rectangle  contained 
by  the  whoIe5  £id  one  of  the  parts,  shall  be  e^ual  to  the  • 
iA]Uflre  of  the  other  port. 

Uporf  AlBf  ckacriW/he  aquate  ABDC  ;  bisect^  AC  a  46. 1. 
•    in  £;  and  joiri  BE ;  ptpduoe  €A  ^  F,  and  make^  £F  b  lo.  i. 
equal  to  EB^  upd  upotf  AF  describe^  the  sqoare  F&H A;  e  3.  l. 
AB  is  divid^  in  H,  so  that  the  rectaagl*  AB,  BH  is 
iecyial  to  the^square^f  AI^. 

Produce  6H  tc^  K  :   Because  the  straight  line  AC  is 
biscQtec^  in  E,  and  produced  to  the  point  F,  the  rect- 
angle (^.FA,  together  with  the  square  of  AE,  is  equal*  d  o.  2. 
to  the  square  of  EF  :  But  EF  is  equal  to  EB  ;  therefore        ' 
the  rectangle  CF.FA^  together  with  the  squane  of  AE,  is 
oquai  to  the  square  of  EB.      And  the  ^uarea  of  BA, 


JtE,  are^aat®  to  the  squ^'of    . 
.,  lEji,  because  the^uigk  EaB  is  ^ 


a  right   angle ;  therefore    the 
rectangle   'CF.FA,     together 
with  the^uare  of  AE,  is'equal 
to .  the  squares  tf  B  A,  AE  : 
take  aiway^the  square  of  AE^  A 
which  is»  common  to  both,  there- 
for^  the  remaining;  rectangle 
"  CF-FA,  is  equal  to  <he -square 
of  AB.    Now,  the  figure  FK  £ 
is. the  rectangle  Ct'.FA,  for 
AF  is  equal  to  F6  f  fuad  AD 
is  the  square  of  AB ;  therefore 
FK  is  equal  to  AD  :  take  a-  q 
way  the  common  part  AK,  and 
the  remainder  FH  is  equal  to  the  remainder  HD  » But 
HD  is  the  rectangle  AB.BH,  for  AB  ih  equal  to  BD ; 


e47. 1. 


%  ^  i#  ,  * 


tt 


Vpok^l.    and  FH-  is  |he  square  of  AH^  «diefefore  the  rectangle 

AB.BH  IS  eqiiial  tx>  the  square  of  AKL:  Wherefore  the       •. 
sfnught  line  AB,  is1lhrided'iiv''H)  so  tnjl  the  rect£hgle 
AB.BH  y  equal  to  the  sqAare  of  AH.    Which  was  to 
be  done,  *  %   *  * 

"       ' .    » ■*    .•   '•'».    •    ■  *• 

.  •  .    ^•,  .  .   .    .«     . 

PROB.  XII.     THEOE.  .  * 

"A 

In  dblhise  aitgltd  triafigles,  ^  ^  perpendicular 

^  \^;Jbe  di^awnfrojri  any  of  the  acutei^n^es  tg  the 

^opposite  side  prmuced,  the  square  of  the  side 

*  SHOtending  the  ci>tuse  OTJi^k  is  gf-eatmr  than 

the  sqv^es.  of  t\e  sides  cgntaimrig  the  ohttM 
.'  cm^,  by  twtce  the  rectar^Ie  €oniktined  by  the 

simvpon  whfchy  when  ^produced,  the  perpen^    . 
^  dicvlar  falhy  arid  the  straigM  line  interested 

between  the  perpendicular  ^and  the  ^otuse 

angle,  '         •      * 


r  J  ', 


%    ^ 


Let/ ABC  be  ^  obtuse  angled  triangle,  having  the 

■     AI)  be 


obtuse  angle  ACB,  imd  from  the  point  A' let 
drawn*  perpendicular  to  BC  produced  :  Tbe^ 
AB  is  greater  than  the  squar^  of  AC,  CB,  by  twice  t^ie  . 


a  12*  L,    drawn*  perpendicular  to  BC  produced  :  Tbe^udreBf 
~      greater  than  the  squar^of 
rect^gle  BC.CD. 


Becaus^  the  straight;  line  BD  is  divided  into  two  parts 
b-  4.  2.      in  the  point   C,  BD*  =  *» 

BC*  +  CD*  +«2BC.CD; 

add  AD*  to  jjoth  :    Tfhen 

BD*  +  ADI  =  BC*  +  CD* 

+  AD*  +  .2BC.CD.     But 
c.47/1.    A»*  =  flD*  +  AD*S  and 

AJC*  =  CD*  +  AD*«;  there* 

fore,  AB*=  BC*  +  AC*  + 

2BC.CD;  that  is,  AB*  is 
•     gileater  than  BC*  +  AC*  by 

^BC.CD.    Therefore,  in  obtu^ :  anded  triandes,  &c. 
Q.  E.  D.*  .  '      ^        :      ^       . 
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PROP.  XIH     T'HEOR. 


Zn  every  irianj^e^  the  square  of  the  side  sub- 

•    tending^any  of  the  acute  angles^  is  less  thun 

the  squares  qffhe  'sides  containing  that  angle, 

hy  twice  the  rectangle  contained  by  either  of 

mese  sides,  and^  the  straight  line  intercepted 

'  between  the  perpendicular,  let  fall  upon  it 

from  the  opposite  angle,  and  th&  acute  angle. 


Let  ABC  be  any^  triangle,  arid  the  angle  at  B  one  of 
it»  acufe  angles^  and  upon  BC,  one* of-  the  sides  contain-  , 

ing  it,  let  fa)l  the  perpendiculac^  AD.fixxn  the  opposite  &  is.  i. 
apgle  :  The  9quare#oi  AC,  opposite  to  the  angle  B,  is 
less  than  t;t>e  squares  of  CB,  BA  bv  twice  the  rectangle 
CB.BD.  f       ■ 

First,  Let  AD  fall  within  the  irifingle  A^C ;  and  be- 
cmis^  the  straight. lii^  CB  is 
divide^  into  two  piM^s  in  the 

poiht  jy\  .  BC?  +  .BD*  =  /     X  b  7.  2. 

2BO.BD+CD2.  Add  to  each 
AJ>^;  then  BC^  +  BW  + 
AD^  =  apC.BD  +  CD*  + 
AD«.  But  BD2  +  AD«  =± 
AB^')mM^   CD?  +  DA«  = 

;^C«^;:  therefore  'BC'  +  AB«  ^ 5 rj    c  47.  l. 

=  2PC.BI>  +  AC^ ;  that  is;  .  : 

AC«  is  less  tihan  J89*  +  AB?  by  2BC.BD. 

' S«cqndlj,  Let  AQ  M  without  the  triangle  ABC *: 
Then  becaqse,  the.  angle  i^t  Dl  i^  |i.  rigbt  adgle,  th^  angle 
ACB  is  greater^*  than  a  right  angle,  and  AB'  =  f  AC  d  16. 1. 
+  BC«  +  2BC.CD.  Add  BC«  to  each ;  then  AB»  +  BC*  *  ^^  *' 
=  AC*  +  2BC*  +  2BC.CD.     But  because  BD  is  divided 
into  two  parts  in  C,  BC*  +'BC.€D  ='  BC.BD,  and  2BC*  ^  ^-  *' 
+  2BC.CD  =  2BC.BD  r  therefore  AB*  +  BC*  =  AC*+      . 
2BC.BD ;  or  AC*  is  less  than  AB*  +  BC*  by  2BD.BC. 


*  .See  figure  of  the  last  Proposition. ' 


•I 


iQ  ^     ELBMElAl'S 

l^cfUt  tt.       Lastly,  Let  the  side  AC  be  pq^ncBou-    0 

^«-^^/*^^  lar  to  BC  ;  then  is  BG  the  straight  Jiap  be'- 

tween  the  perpendicular  ail6  the  acute  aii- 

g  47. 1.    gl#  a^  B ;  and  it  is.  manifest  that  ^  AB^  » 

+   BG«    =    AC«    +    2BC«  =  Ag«  + 

ftBC.BC.      Thel^fol-e,  in  evpry  triangle, 

'Sec.    Q,  j;,  D.  .    V 


J 


-  *         1 


P^OP.»XIV.    P]^OB. 

nth  describe  u -square  that  shtiU  be  equel  to  a 

given  rectiUfieai figure.  \ 

Let  A  hie  the  ^veh  reetilih^I  iigtiiif ;  it  ^^  1*e(^ui^  tx> 
describe  a  square  that  shall  be  equal  to  A. 

a  45. 1.  I^eseribe  ^tli^  reptahgukr  parallelogrkm  B(>DE^ie^ual 
to  the  rectiline^  figure  A.  if,  th^U,  tb^  t^idte  <^  it,  BE 
ED  are  equal  to  one  anofW,  it  ki.a  ^iidhSj  abd  Vhielt  * 
was  required  is  done ;  but  if  they  are  libt  eau^^prd^ude 
dne  of  them,  BE  to  F^and  tattdke  E!F  equal  to  ^b,  and 
bisect  BF  in  6  :  and  from  the  centre  G'.  at  the  distitnee 
GB,  ot  6F,  describe  the  semieircle  BUFj  ahd  pr^aee 
D£  to  H,  and  job  GH.  Therefore,  b^ciEiiise  Ih^  stf^lbt  * 
Uile  BF  is  divided  irito  two  ^udt  p^rt^  11^  6,  ;A6d 
into  *  two  unequal  "parts  iii  %  the  rectangle  BE.E]^^  t^ 

b  5  2  gether  with  the  square  ci  E6$  ii^  e^t^^  ^  td  ^e  isNyiuafe 
of  GF  :  but  GP  is  feqiml  to  OH  }♦  th^iwferfe  th6  rfebt- 
dti^  BEiEF^  tog^thd^  with  the  ^^re  df  t^G,'  is  ferc|«lal  to 
1^  sqiulre  of  GH  :  Bal  t)ie  (^lii^^  df  HE  fttid  EG  ^ 

cr4t..L    e^l*  to  the 

s^ateilfGHt     /     \  J-^*^-"''""*-^!! 

Th€f)f^fdi*e  dso 

i^     teetfl^le 

B]^.£F    toge^ 

^hie  i^lh   the 

square  of  EG,       \/  B 

is  equal  to  the 

squares  of  HE 

and  EG.  Take  C     .  D 
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away  the  square  of  EGf  which  is  common  to  both,  and  the 
remaining  rectangle  BE.EF  is  equal  to  the  square  of 
EH.  But  BD  is  the  rectangle  contained  by  BE  and  £F, 
because  EF  is  equal  to  ED ;  therefore  BD  is  equal  to 
the  square  of  EH  ;  and  BD  is  also  equal  to  the  rectili- 
neal figure  A ;  therefore  the  rectilineal  figure  A  is  eijfxal 
to  the  square  of  EH :  Wherefore  a  square  has  been  made 
equal  to  the  given  rectilineal  figure  A,  viz.  the  square  de- 
scribed upon  EH.     Which  was  to  be  done. 


PEOP.  A.    THEOR. 

If  one  side  of  a  triangle  be  buected,  the  sum  of  the  see  v. 
sqtcares  of  the  other  two  sides  is  double  of  the 
square  of  hjalf  the  side  bisected^  and  qf  tke 
square  of  the  line  drawn  from  the  point  qfbi* 
section  to  the  opposite  angle  of  the  triangle. 

Let  ABC  be  a  triangle,  of  which  the  side  BC  i&  bisect- 
ed in  D  and  PA  drawn  to  the  oppo^te  angle ;  the  squares 
of  B  A  and^  AC  are  together  double  of  the  squares  of  BD 
and  DA 

From  A  draw  A£  perpendicular  to  BC,  and  because 
BEA  18  a  right  angle,  AB'  . 

==  •BE*  +  AE?  and  AC  =  j^  a47. 

CE*  +AE* ;  wherefore  AB* 
+  AC*  =  BE*  +  CE«  + 
2AE*.  But  because  the  line 
BC  is  cut  equally  in  D,  and 
unequally  in  E,  BE*  +  CE* 
=*  2BD*  +  2DE* ;    there-    ,  ,  \     k  o  • 

fore  AB* -h  AC*  =?  8BD* +B^ D E C 

2DE*  +  2AE^ 

Now,  DE«  +  AE*  =  •  AD*,  and  2DE*  +  2AE*  = 
2AD* ;  wherefore  AB*  +  AC*  =  2BD*  +  2AD*.  There- 
fore, &c.     Q.  E.  D. 


S2  SLEJfENTSr 

tbokn.        . 

PROP.  B.     THEOR. 


The  mm  of  the  squares  of  the  diameters  of  any 
paraUeu)gram  is  eqttal  to  the  sum  of  the  squares 
of  the  si&s  of  the  parallelogram. 

Let  ABCD  be  a  parallelogram,  of  which'the  diameters 
are  AC  and  BD ;  the  sum  of  the  squares  of  AC  and  BD 
is  equal  to  the  sum  of  the  squares  of  AB,  BC,  CD,  DA. 
Let  AC  and  BD  intersect  ^one  another  in  E :  and  be< 
a  141.    cause  the  veiucal  angles  AED,  CEB  are  equal  %  and 
b  29.  i.    also  the  alternate  angles  E  AD,  ECB\  the  triangles  ADE, 
CEB  have  two  angles  in  the  one  equal  to  two  angles  in 
the  other,  each  to  each :  but  the  sides  AD  and  BC,  which 
are  opposite  to  equal 
angles  in  these  trian- 
c  34. 1.     gles,  are  also  equal*^; 
therefore    the    other 
sides  which  are  op- 
posite to  the   equak 
angles    are    also    e-? 
4  26. 1.    qual  S  viz.  AE  to  EC,  and  ED  to  EB. 

Since,  therefore,  BD  is  bisected  m  E,  AB*  +  ASy  = 

e  A  2.     ®  2BB*  +  ^AE* ;  and  for  the  same  reason,  CD*  +  BC^ 

=  2BJE*  +  2EC*  =  ^BE*  +  2AE«,  because  EC  =  AE. 

Therefore  AB*  +  AD»  +  DC*  +  BC*  =:  4BE*  +  4AE* 

f 2.cor.8.2.  But'4i8E*  =  BD* ;  and  4AE*  =  AC**,  because  BD  and 

AC  aiie  both  bisected  in  E ;  therefore  AB*  +  AD*  +  CD« 

-  +  BC*  =  BD*  +.  AC*-   Therefore  the  sum  of  the  squares, 

&c.     Q.  E.  D. 

^  V.  •  ■     - 

Cob.  From,  this  demonlstration,  it  is  manifest  dilit  the 
diameters  of  every  parallelogram  bisect  one  another. 
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PROP.  C.    THEOR. 
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Book  U. 


*  If  a  straight  line  be  drawn  from  any  point  in 

*  the  base  of  an  isoceles  trmngle^  or  tfie  base 

*  prodtccedf  to  the  opposite  angle ;  the  rectangle 

*  contained  by  the  segments  between  the  point 

*  and  the  eoctr entities  of  the  base  is  eqtuil  to  the 

*  difference  between  the  square^qf  the  tine  drawn 
'  to  the  opposite  angle ,  and  the  square  of  one 

*  of  the  equal  sides. 

*  Let  ABC  be  an  isosceles  triangle,  and  let  a  straight 

^  line  bj  drawn  from  any  point  D  in  the  base  (fig.  1.^^ 

*  or  in  the  base  produced  (fig.  2.),  to  the  opposite  angle 


Fig.  1. 


Fig.  2. 


A ;  the  rectangle  BD.DC  is  equal  to  the  difference  be^        • 
tween  the  squares  of  AD  and  AB. 

*  Bisect  the  base  BC  in  E  *  and  join  EA ;  then,  be-   a  lo.  l. 
cause  BE  is  equal  to  CE,  and  E A  common  to  the  two 
triangles  BEA,  CEA,  there  are  two  sides  in  the  one 
equal  to  two  sides  in  the  other,  also  the  base  BA  is 
equal  to  the  base  CA,  therefore  the  angle  BE  A  is  equal 

to  the  angle  CEA  ^  and  each  is  a  right  an^Ie^  b  8.  l. 

*  And,  ^rstf  Let  D  be  between  E,  the  middle  of  the  c  7.  Dcf.  l 
base,  and  one  of  its  extremities,  then  BD.DC  +  DE' 

=  *BE'  :  and,  adding  AE*  to  these  equals,  BD  DC  + 
DE*  +  E  A«  =  BE«  +  E  A* ;  but  DE*  +  E  A*  =  DA*  •, 
and  BE«  +  EA«  =  BA*;  therefore  BD.DC  +  DA«  = 
BA',  and  hence,  the  rectangle  BD.DC  is  equal  to  the 
excess  of  BA*  above  DA*. 

F  2 


d5.  2. 
e,  47.  1. 
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Bock  It       <  Secondly y  Xet  D  be  in  BC  produced,  then  BD.DC 

"^"TTT^  *  +  BE*  =:  DE* '  and,  adding  AE*  to  these  equals, 

•  ^     <  BD.DC  +  BE»  +  EA*  =  DE«  +  EA* :  but  BE«  + 

« EA*  =  BA*«  and  DE*  +  EA*  =  DA*;  therefore 

«  BD.DC  +  B  A?  rr  D AV  and  die  roctan^e  BD.DC  is 

<  Uie  exce8»  of  DA*  abovct  BA*. 

<  When  the  D  ism  the  nuddl^of  tbq  base,  the  truth  of 

<  the  proposition  is  manifest, V 


to 


* 


ELEMENTS 


OF 


GEOMETRY. 


BOOK  III. 


DEFINITIONS- 


X  HE  radius  i>f  a  circle  is  the  straight  line  drawn  from  Book  IIL 
the  centre  to  the  circumference. 

I. 

A  straight  line  is  sud  to 
touch  a  circle^  when 
it  meets  the  circle, 
and  b^ng  produced, 
does  not  cut  it. 

11. 

Circles  are  said  to  touch 
one  another,  which 
meet,  but  do  not  cut 
one  another. 

IIL 

Str^ht  lines  are  said  to  be  equally 
distant  from  the  centre  of  a  circle, 
when  the  perpendiculars  drawn 
to  them  irom  the  centre  are  equal. 

IV. 

And  the  straight  Une  on  which  the 
greater  perpendicular  falls,  is  said 
to  be  farther  from  the  centre. 
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«ii 


B 
An  arch  of  a  circle  is  any  part  of  the  circumference. 

V. 

A  segment  of  a  circle  is  the  figure 
contained  by  a  straight  line,  and 
the  arch  which  it  cuts  off. 

VI. 

An  angle  in  a  segment  is  the  angle 
contained  by  two  straight  lines 
drawn  from  any  point  in  the  cir- 
cumference of  tne  segment,  to  the 
extremities  of  the  straight  line 
which  is  the  base  of  the  segment* 

VII. 

And  an  angle  is  said  to  insist  or 
stand  upon  the  arch  intercepted 
'  between  the  straiigbt  Unes  which 
cont^h  the  ^ngle. 

VIII. 

The  sector  of  a  circle  is  the  figure 
contained  by  two. straight  Tines 
drawn  from  the  centre,  and  the 
arch^of  the/circumferenise  ^be- 
tween them,  j    . 


! 


rx. 


Similar  segnients  of  a 
\  circle    are  ^  those    in 
vwhich  theu  angles  are 
^Uld,  eft  which  con- 
tain equal  angles. 


'{, 


PROP.  I.    PROB. 


To  find  tfie  centre  of  a  given  circle. 


Let  ABC.  be  the  given  circle ;  it  is  required  to  find  its 
centre. 
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Draw  within  it  any  straight  line  AB,  and  biflect •  it  in  ^^}^ 
D ;  from  the  point  D  draw**  BC  at  right  andes  to  AB,  ^{f^ 
and  produce  it  to  E,  and  Insect  CE  in  F :  the  pcnnt  F    b  11.  l.' 
is  the  centre  of  the  circle  ABC. 

For,  if  it  be  not,  let,  if  possible,  6  be  the  centre,  and 
join  GA,  GD,  GB  :  Then,  because  DA  is  equal  to  DB, 
and  DG  common  to  the  two  triangles  ADG,  BDG,  the 
two  sides  AD,  DG  are  equal  to  the 
two  BD,  DG,  each  to  each ;  but 
the  base  GA  is  also  equal  to  the  base 
GB,  because  they'are  radii  of  the 
same  circle :  therefore  the  angle 
ADG  is  equal ""  to  the  angle  GDB : 
But  when  a  straight  line,  standing 
upon  another  straight  Une,  makes^ 
the  adjacent  angles  equal  to  one 
another,  each  of  the  angles  is  a 
right  angle'*-  Therefore  the  angle 
GDB  is  a  right  angle:  But  FDB  is  likewise  a  right 
angle ;  wherdTore  the  angle  FDB  is  equal  to  the  angle 
GDB,  the  greater  to  the  less,  which  is  impossible.  There- 
fore G  is  not  the  centre  of  the  circle  ABC :  In  the  same 
manner  it  can  be  shown,  that  no  other  point  but  F  is 
the  centre ;  that  is,  F  is  the  centre  of  the  circle  ABC  • 
Which  was  to  be  found. 


C6.L 


d  7.  Dec  1. 


Cor.  From  this  it  is  manifest,  that  if  in  a  circle  a 
straight  line  bisect  another  at  right  angles,  the  centre  of 
the  circle  is  in  the  line  which  bisects  the  other. 


PROP.  II.     THEOR. 


If  any  two  points  be  taken  in  the  circvmference 
of  a  circle^  the  straight  line  which  joins  them 
willJhU  within  the  circle. 


9»  .  fiLi^MiENT^   .  ; 

Book  Uh     .Let  ASG  be<a  alrde,  dtid  :A,  JB  any  two  ^iata  m^e 
^^"^r^^  cjsscx^v&kr^beeA  Ake  straight  li^e 

drai9p,frQ«li  AitQ  B^iU^ftli 

within  the  circle.  ...  '. 

,Take^t«iBy :  floint  i&  AB.  as  £  i' 

find  D  tbe.teeptrf^^f  the  curdle 

ABC ;  joia AD,  DBand  DE, 

and  let  DE  meet  the  oirci;iin&<- 

renceinJF.     Then  beqause  DA 

is  equal  to  DB,  the  angle  I^B  * 
a&l.      is  equal*  to  the  angle  DBA; 

and  because  A£,  a  ^de  of!  tb^  trifiQg^.PAEy  h  prodjUr* 
b  16.  J.,  ced  to  B,  jhe  angle  QBB^  is  gFe^t^r^  th^iii  .tbe  Wgle 

DAE;  but  DAE  is^e^vid  t^  tbe.imgle  DBE^  iil^^fe&re 

the^ngle-iXEB  is'gcealier  th^n  the  ,«pg^e,DBE :  J^ow  to 
c  19. 1.    the  grjcater  angle  the  ,greater.:ai4Q  is  .opposite^  ;r  DB  is 

therefore  greater  than  DE-:  but  DB  is  eijualto.DP; 

wherefore  DF  is  greater  thm  DE^  aild  the  point  E  i^^ 

therefore  within  the  cirde.    The  same  vbAy  be  dettioo- 

strated  of  any^ptber  pdint  betweeli  A  and  B,  therefoi^ 

AB.ijs^itbiin  the  circle.    Wherefore,  if  any  two  points, 

&c.   ;Q.E,D. 


PROP.  III.    THEOH. 


If  a  straight  Une  drawn  through  the  centre  of 
a  circle  bisect  a  straight  line  in  the  circle^ 
which  does  not  pass  through  the  centre^  it  wiU 
cut  that  line  at  right  angles ;  and,  if  it  cut  it 
at  right  angles,  it  will  bisect  it. 


Let  ABC  be  a  circle,  and  let  CD,  a  straight  line  drawn 
through  the  centre,  bisect  any  straight  line  AB,  which 
does  not  pass  through  the  centre,  in  the  point  F  :  It  also 
cutsit at  right  angles.  .        \' 

a  1. 8.  Take*  E  the  centre  of  the  circle,  and  join  EA,  JEB. 
Then,  because  AF  is  equal  to  FB,  «id  ;F£  commoo  to 
the  two  triangles  AFE,  BFE,  there  are  two  sides  iii  the 
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b&l» 


e.  7.De£l. 


one  equal  to  two  sides  in  tbe'other ;  but  the  baae  £A  is  Book  JU. 

equal  to  the  base  £B  ;  therefore 

the  angle  AF£  is  equal  ^  to  the 

angle  BF£.     And  when  a  straight 

line  standing  upon  another  makes 

the  adjacent  angles  equal  to  one 

another,  each  of  them  is  a  right  ® 

angle :  Therefore  each  of  the  angles 

AFE,  BFE  is  a  right  angle ;  where-   X. 

fore  the  straight  line  CD,  drawn  "^ 

through  the  centre,  bisecting  AB, 

which  does  not  pass  through  the 

centre,  cuts  AB  at  right  angles. 

Again,  let  CD  cut  AB  at  right  angles ;  CD  also  bi- 
sects AB ;  that  is,  AF  is  equal  to  FB. 

The  same  construction  being  made,  because  the  radii 
EA,  £B  are  equal  to  one  another,  the  angle  EAF  is 
equal  *  to  the  angle  EBF ;  and  the  right  angle  AFE  is  d  5. 1. 
equal  to  the  right  angle  BFE :  Therefore,  in  the  two 
triangles  EAF,  EBF,  there  are  two  angles  in  the  one 
equal  to  two  angles  in  the  other;  and  the  side  EF,  which 
is  opposite  to  one  of  the  equal  angles  in  each,  is  common 
to  both ;  therefore  the  other  sides  are  equal  * ;  AF  there-  ^  2^  1. 
fore  is  equal  to  FB.  Wherefore,  if  a  straight  line,  &c. 
Q.  E.  D. 

PROP.  IV.     THEOR. 

If,  in  a  circle,  two  straight  lines  cut  one  another, 
in  a  point  which  is  not  t/ie  centre,  they  cannot 
bisect  each  other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  straight 
lines  in  it,  which  cut -one  another  in  a  point  £,  which  is 
not  the  centre :  AC,  BD  do  not  bisect  one  another. 

For,  if  possible,  let  AE  be  equal  to  EC,  and  BE 
to  £D :  If  one  of  the  lines  pass 
through  the  centre,  it  is  plain 
that  it  cannot  be  bisected  by  the 
other,  which  does  not  pass  thro' 
the  centre.  But  if  neither  of 
them  pass  through  the  centre, 

take  •  F  the  centre  of  the  circle,     »5^^ — ^''^SV  /        a  1.  a 

and  join  EF :  and  because  FE, 
a  strmght  Ime  through  the  cen- 


90  ELBMKNTS 

BoJDk  III.  tre,  bisects  another  AC,  wfaicb  does  not  pass  through  the 
"^J^  centre,  it  must  cut  it  at  riffht**  angles ;  wherefore  FEA 
is  a  right  angle.  Again,  oecause  the  strai^t  line  F£ 
bisects  the  straight  line  BD,  which  does  not  pass  dirou^ 
the 'Centre,  it  must  cut  it  at  right  ^  angles;  wherefore 
FEB  is  a  right  angle :  and  FEA  was  shewn  to  be  a  ri^t 
angle ;  therefore  ^FEA  is  equal  to  the  angle  FEB,  the 
less  to  the  greater,  which  is  impossible ;  therefore  AC^ 
BD  do  not  bisect  one  another.  Wherefore,  if  in  a  circle^ 
&c.     Q.  E.  D. 


PROP.  V.     THEOR. 

If  two  circle^  cut  one  another ^  they  cannot  have 

the  same  centre. 

Let  the  two  circles  ABC,  CDG  cut  one  another  in  the 
points  B,  C  ;  they  have  not  the  same  centre. 

For,  if  it  be  possible,  let  E  be  their  centre ;  join  EC, 
and  draw  any  straight  line 
EFG  meeting  the  cu'cles  in 
F  and  G;  and  because  £ 
is  the  centre  of  the  circle 
ABC,  CE  is  equal  to  EF  : 
Again,  because  E  is  the  cen-  ^i 
tre  of  the  circle  CDG,  CE 
is  equal  to  EG :  but,  CE 
was  shewn  to  be  equal  to 
EF,  therefore  EF  is  equal 
to  EG,  the  less  to  the  great- 
er, which  is  impossible :  therefore  E  is  not  the  centre  of 
the  drcles  ABC,  CDG.  Wherefore,  if  two  circles,  &c. 
Q.  E.  D. 

PROP.  VI.     THEOR. 

If  two  circles  toUch  one  another  internally^  they 
cannjot  have  the  same  centre. 

Let  the  two  circles  ABC,  CDE,  touch  one  another  in« 
ternally  in  the  point  C ;  they  have  tiot  the  same  centre. 
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For,  if  they  have,/let  it  be  F ;  join  FC,  and  draw  any  f^^ 
straight  line  FEB  meeting  the  ^  ' 

circles  in  E  and  B ;  and  because 
F  is  the  centre  of  the  circle  ABC 
CF  is  equal  to  FB;  also,  be- 
cause F  is  the  centre  of  the  cir- 
cle CDE,  CF  is  equal  to  FE  : 
but  CJP  was  shewn  to  be  equal 
to  FB ;  therefore  FE  is  equal  to 
FB,  the  less  to  the  greater^  which 
is  impossible ;  wherefore  F  is  not 

the  centre  of  the  circles  ABC,  CDE.     Therefore  if  two 
circles,  &c.     Q.  E.  D. 


PROP.  VII.     THEOR. 

• 

If  any  point  be  taken  in  the  diameter  of  a  circle^ 
which  is  not  the  centre^  of  all  the  straight  lines 
which  can  be  drawn  from  it  to  the  circumfe- 
rencCy  the  greatest  is  that  in  which  the  ceriire 
is,  and  the  other  part  of  that  diameter  is  the 
least ;  and,  of  any  others ^  that  which  is  nearer 
toilie  line  passing  through  the  centre  is  always 
greater  than  one  more  remote  frwn  it :  And 
from  the  same  point  there  can  be  drawn  only 
two  straight  lines  that  are  equal  to  one  an- 
other ^  one  upon  each  side  of  the  shortest  line. 


Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which 
let  any  point  F  be  taken  which  is  not  the  centre :  let  the 
centre  be  E ;  of  all  the  straight  lines  FB,  FC,  FG,  &c. 
that  can  be  drawn  from  F  to  the  circumference,  FA  is 
the  greatest,  and  FD,  the  other  part  of  the  diameter  AD, 
is  the  least :  and  of  the  others,  FB  is  greater  than  FC, 
and  FC  than  FG. 

Join  BE,  CE,  GE ;  and  because  two  sides  of  a  tri- 
angle are  greater*  than  the  third,  BE,  EF  are  greater    a  20  1, 
than  BF ;  but  AE  is  equal  to  EB ;  therefore  AE  and 
EF,  that  is,  AF  is  greater,  than  BF  :  again,  because  BE 
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^^■>^^°*  h  equal  to  C£,  and  FE  ccosinioii  to  the  triangles  &£F^ 

^"^'"^'"^  CEF,  the  two  sides  BE,  EF  are  equal  to  the  two  GE, 
EF ;  but  the  angle  BEF  is  great- 
er than  the  angle  CEF  ;  there- 

b  24. 1.  fore  the  base  BF  is  greater  ^  than 
the  base  FC ;  for  the  same  reason, 
CF  is  greater  than  GF.  Again, 
because  GF,  FE  are  greater* 
than  EG,  and  EG  is  equal  to 
ED ;  GF,  FE  are  greater  than 
ED :  take  away  the  common  part 
FE,  and  the  remainder  GF  is  ^  ^ 
greater  than  the  remainder  FD :  ^ 

therefore  FA  is  the  greatest,  and  FD  the  least  of  all  the 
straight  lines  from  F  to  the  circumference ;  and  BF  is 
greater  than  CF,  and  CF  than  GF. 
,  Also  there  can  be  drawn  only  two  equal  strsdght  lines 
from  the  point  F  to  the  circumference,  one.  upon  each 
nde  of  the  shortest  line  FD :  at  the  point  E  in  the  straight 

9  »  1.  line  EF,  make  «  the  angle  FEH  equal  to  the  angle  GEP, 
and  join  FH :  Then  because  GE  is  equal  to  EH,  and 
and  EF  common  to  the  two  triangles  GEF,  HEF ;  the 
two  sides  GE,  EF  are  equal  to  the  two  HE,  EF ;  and 
the  angle  GEF  is  equal  to  the  angle  HEF ;  therefore 

d4.1.  the  base  FG  is  equal  ^  to  the  base  FH  :  but  besides  FH, 
no  straight  line  can  be  drawn  from  F  to  the  circumfe- 
rence equal  to  IPG ;  for,  if  there  can,  let  it  be  FK ;  and 
because  FK  is  equal  to  FG,  and  FG  to  FH^  FE  is  equal 
to  FH ;  that  is,  a  line  nearer  to  that  which  passes  through 
the  centre,  is  equal  to  one  more  remote,  which  is  impos- 
sible.   Therefore,  if  any  point  be  taken,  &c; .  Q.  E>  D* 
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PROP.  VIII.    THEOR. 


If  any  point  be  taken  without  a  circle,  and 
straight  lines  be  drawn  froni  it  to  the  circum- 
ferencey  whereof  one  parses  through  the  centre; 
of  those  which  fall  upon  the  concave  circunfe- 
rence,  the  greatest  is  that  which  passes  through 
the  centre ;  and  of  the  rest,  that  which  is  near- 
er  to  that  through  the  centre  is  always  great- 
er than  the  more  remote :  But  of  those  which 
fall  upon  the  convex  circumference,  the  least 
is  that  between  the  point  without  the  circle, 
and  the  didfneter ;  and  of  the  rest,  that  which 
is  nearer  to.  the  least  is  always  less  than  the 
more  remote:  And  only  two  eqiuil  straight 
tines  can  be  drawn  from  the  poirU  into  the 
circumference,  one  upon  ea4:h  siae  of  the  lea^t. 


Let  ABC  be  a  circle,  and  D  any  pcnnt  without  it,  from 
which  let  the  straight  lines  DA,  DE,  DF,  DC  be  drawn 
to  the  circumference,  whereof  DA  passes  through  the 
centre.  Of  those  which  fall  upon  the  concave  part  of 
the  circumference  AEFC,  the  greatest  is  AD,  which 
passes  through  the  centre ;  and  the  line  nearer  to  AD  is 
always  greater  than  the  more  remote,  viz.  DE  than  DF, 
and  DF  than  DC :  but  of  those  which  fall  upon  the 
convex  circumference  HLKG,  the  least  is  DG,  between 
the  point  D  and  the  diameter  AG ;  and  the  nearer  to  it 
is  always  less  than  the  more  remote,  viz.  DK  than  DL, 
and  DL  than  DH. 

Take  *  M  the  centre  of  the  circle  ABC,  and  join  ME,  a  l.  3. 
MF,  MC,  MK,  ML,  MH  :  And  because  AM  is  equal 
to  ME,  if  MD  be  added  to  each,  AD  is  equal  to  EM 
andMD;  but  EM  and  MD  are  greater**  than  ED;  b20.  i, 
therefore  also  AD  is  greater  than  ED.     Again,  because 
ME  is  equal  to  MF,  and  MD  common  to  the  triangle 
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Book  III.  EMD,  FMD;  EM,  MD  are  equal  to  FM,  MD;  but 

'^'^"^'"^^  the  angle  £MD  is  greater 
than  the  angle  FMD ;  there- 

c  24. 1.  fore  the  base  ED  is  greater" 
than  the  base  FD.  In  like 
manner  it  may  be  shewn  that 
FD  is  greater  than  CD. 
Therefore  DA  is  the  great- 
est ;    and  DE   greater  than 

DF,  and  DF  than  DC. 
And  because  MK,  KU  are 

greater^  than  MD,  and  MK 
is  equal  to  MG,  the  remain-  C| 

d  5.  Ax,  der  KD  is  greater*  than  the 
remainder  GD,  that  is  GD 
is  less  than  ED :  And  be- 
cause ME,  DE  are  drawn 
to  the  point  E  within  the 
triangle  MLD  from  M,  D,  the  extremities  of  its  side 

e 81. 1.  MD;  ME,  ED  are  less^  than  ML,  LD,  whereof  ME 
is  equal  to  ML;  therefore  the  remainder  DE  is  less 
than  the  remainder  DL :  In  like  manner,  it  may  be 
shewn  that  DL  is  less  than  DH:  l^herefore  DG  k  the 
least,  and  DE  less  than  DL,  and  DL  than  DH^ 

Also  there  can  be  drawn  only  two  equal  straight  lines 
from  the  point  D  to  the  circumference,  one  upon  each 
Mdeof  the  least:  at  the  point  M,  in  the  straight  line 
MD,  make  the  angle  DMB  equal  to  the  angle  DME, 
and  join  DB ;  and  because  in  the  triangles  EMD,  BMD 
the  side  EM  is  equal  to  the  side  BM,  and  MD  common 
to  both,  and  also  the  angle  EMD  equal  to  the  angle 

f  4. 1.       BMD,  the  base  DE  is  equal '  to  the  base  DB.     But, 

besides  DB,  no  straight  line  can  be  drawn  from  D  to  the 

circumference,  equal  to  DE :  for,  if  there  can,  let  it  be 

'  DN  :  then,  because  DN  is  equal  to  DE,  and  DE  equal 

to  DB,  DB  is  equal  to  DN ;  that  is,  the  line  nearer  to 

DG,  the  least,  equal  to  the  more  remote,  which  has  been 
shewn  to  be  impossible.  If,  therefore,  any  point,  &c. 
Q.  E.  D. 
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PROP.  IX.     THEOR. 


If  a  point  he  taken  within  a  circle^  from  which 
there  fall  more  than  two  equal  straight  lines 
upon  the  circumference^  that  point  is  the  centre 
(fthe  circle. 


Let  the  point  D  be  taken  within  the  circle  ABC,  from 
which  there  fall  on  the  circumference  more  than  two 
equal  straight  lines,  viz.  DA,  DB,  DC,  the  point  D  is 
the  centre  of  the  circle. 

For,  if  not,  let  E  be  the  centre,  join  DE,  and  produce 
it  to  the  circumference  in  F,  G ; 
then  FG  is  a  diameter  of  the 
circle  ABC :  And  because  in 
FG,  the  diameter  of  the  circle 
ABC,  there  is  taken  the  point  F( 
D  which  is  not  the  centre,  DG 
is  the  greatest  line  from  it  to  the 
circumference,  and  DC  greater 

•  than  DB,  and  DB  than  DA  ;  "^";^-— 4cH5  «  7.  3- 

but    they    are    likewise    equal, 

which  is  impossible  :  Therefore  E  is  not  the  centre  of  the 
circle  ABC  :  In  like  manner,  it  may  be  demonstrated, 
that  no  other  point  but  D  is  the  centre.  Wherefore,  if 
a  point  be  taken,  &c.     Q.  E.  D. 


PROP.  X.     THEOR. 

One  circle  cannot  cut  another  in  more  than  two 

points. 

If  it  be  possible,  let  the  circumference  FAB  cut  the 
circumference  DEF  in  more  than  two  points,  viz.  in  B, 
G,  F ;  take  the  centre  K  of  the  circle  ABC,  and  join 
KB,  KG,  KF  :    and  because  within  the  circle   DEF 
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Book  Uh  there  is  taken  the  point  K,  from  which  more  than  two 


a9.  & 


b5.3. 


equal  straight  lines,  viz.  KB, 
KQy  KF,  fall  on  the  circum- 
ference DEF,  the  point  K  is  * 
the  centre  of  the  circle  DEF^; 
but  E  is  also  the  centre  of  the 
circle  ABC ;  therefore  the  same 
point  is  the  centre  of  two  circles 
that  cut  one  another,  which  is 
impossible  ^  Therefore  one  cir- 
cumference of  a  circle  cannot 
cut  another  in  more  than  two  points. 


PROP.  XI.    THEOB. 


If  two  circles  totich  each  otiier  internally ^  the 
straight  line  which  joins  their  centres  oeinff 
produced^  will  pass  'through  the  point  of  con^ 
tact. 


a  20.  1. 


Let  the  two  circles  ABC,  ADE,  touch  eadi  othor  ia. 
temally  in  the  point  A,  and  let  F  be  the  c«itre  of  the 
circle  ABC,  and  G  the  centre  of  j^ 

the  circle  ADE ;  the  straight  Jine 
which  joins  the  centres  F,  G,  be- 
ing produced,  passes  through  the 
point  A. 

For,  if  not,  let  it  fall  otherwise, 
if  possible,  as  FGDH,  and  join 
AF,  AG :  And  because  AG,  GF 
are  greater*  than  FA,  that  is,  than      \^  ^C 

FH,  for  FA  is  equal  to  FH,  be- 
ing radii  of  the  same  circle ;  take 
away  the  common  part  FG,  and  the  remainder  AG  is 
greater  than  the  remainder  GH.  But  AG  is  equal  to 
GD,  therefore  GD  is  greater  than  GH ;  and  it  is  also 
less,  which  is  impossible.  Therdbre,  the  strmffht  line 
whidi  joins  '  tha  points  F'  and  G  xrannot  fall  oSierwise 
than  oi^  the  point  A ;  thai;  is,  it  must  pass  through  A. 
Therefore  if  two  circles,  &c.     Q,  E.  D. 
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Book  III. 

PROP.  XII.     THEOR. 


If  two  circles  t(mch  each  other  exteniaUy^  the 
straight  line  which  joins  their  centres  will 
pass  through  the  point  of  contact. 

Let  the  two  circles  ABC,  ADE  touch  each  other  ex- 
ternally in  the  point  A  ;  and  let  F  be  the  centre  of  the 
circle  ABC,  and  G  the  centre  of  ADE  :  The  stnught 
line  which  joins  the  points  F,  G  must  pass  through  the 
point  of  contact  A. 

For,  if  not,  let  it  pass  otherwise,  if  possible,  as  FCDG, 
and  join  FA,  AG :  and  because  F  is  the  centre  of  the 
circle  ABC,  AF  ^ 
is  equal  to  FC  :  y^ 
Also  because  G 
is  the  centre  of 
the  circle  ADE, 
AG  is  equal  to 
GD.  Therefore 
FA,  AG  are 
equal  to  FC, 
DG ;  wherefore  the  whole  FG  is  greater  than  FA,  AG ; 
but  it  is  also  less  *,  which  is  impossible  :  Therefore  the  a  20.  l. 
straight  line  which  joins  thfe  points  F,  G,  cannot  pass 
otherwise  than  through  the  point  of  contact  A  ;  that  is, 
it  passes  through  A.  Therefore,  if  two  circles,  &c. 
Q.  E.  D. 


PROP.  XIII.     THEOR. 

One  circle  cannot  touch  another  in  more  points 
than  one,  whether  it  tonch  it  on  the  inside  or 
outside. 

For,  if  It  be  possible,  let  the  circle  EBF  touch  the 
circle  ABC  in  more  points  than  one,  and  first  on  the  in- 
side, in  the  points  B,  D ;  join  BD,  and  draw  *  GH,  bisect-  a  lo.  1 1.  i. 
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Book  III   ing  BDat  right  angles:  Therefore,  because  the  points  B,  D 


D  G 


are  in  the  circ>imference  of  each  of  the  circles,  the  straight 
b  2. 3.  Fine  BD  falls  within  each  ^  of  them ;.  and  therefore  their 
0  Cor.  1. 3.  centres  ai-e  ^  in  the  straight  line  GH  which  bisects  BD 

at  right  angles  :  Therefore  GH  passes  through  the  point 
d  11. 8w      of  contact  ^ ;  but  it  does  not  pass  through  it,  because  the 

points  B,  D  are  without  the  straight  line  GH,  which  is 

absurd :    Therefore  one  circle  cannot  touch  another  in 

the  inside  in  more  points  than  one. 

Nor  can  two  circles  touch  one  another  on  the  outside^ 

in  more  than  one  point :    For,  if  it  be  possible,  let  the 

circle  ACK  touch  the  circle  ABC  in  the  points  A,  C,  and 

join  AC:   Therefore,  because  the 

two  points  A,  C  are  in  the  cir^ 

cumference  of  the   circle    ACK, 

the  straight  line  AC  which  joins 

them  falls  within  ^  the  circle  ACK : 

And  the  circle  ACK  is  without 

the  circle  ABC ;  and  therefore  the 

straight  line  AC  is  also  without 

ABC ;  but,  because  the  points  A, 

C  are  in  the  circumference  of  the 

circle  ABC,  the  straight  line  AC 

is  within  ^  the  same  circle,  which 

is  absurd :  Therefore  a  circle  can-       B 

not  touch  another  on  the  outside  in  more  than  one  point ; 

and  it  has  been  shewn,  that  a  circle  cannot  touch  another 

on  the  inside  in  more  than  one  point.     Therefore,  one 

circle,  &c.    Q,  E.  D. 
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PROP.  XIV.    THEOR. 


Equal  straight  lines  in  a  circle  are  equally  dis^ 
tant  from  the  centre;  and  those  which  are 
equally  distant  from  the  centre^  are  equal  to 
one  another. 

Let  the  straight  lines  AB,  CD,  in  the  circle  ABDC, 
be  equal  to  one  another ;  they  are  equally  distant  from 
the  centre.  » : 

Take  E  the  centre  *  of  the  circle  ABDC,  and  from  it  a  I.  3. 
draw  EF,  EG,  perpendiculars  to  AB,  CD  ;  join  AE  and 
EC.    Then,  because  the  strmght  line  EF  passing  through 
the  centre,  cuts  the  straight  line 
AB,  which  does  not  pass  through 
the  centre  at  right  angles,  it  also     ,  . 

bisects  *  it ;    Wherefore  AF  i^fJi ^  _\n  a  3.  S. 

equal  to  FB,  and  AB  double  of 
AF.  Fot"  the  same  reason,  'CD 
is  double  of  CG :  But  AB  is 
equal  to  CD ;  therefore  AF  is 
equal  to  CG :  And  because  AE 
is  equal  to  EC,  the  square  of  AE 
is  equal  to  the  square  of  EC  :  Now,  the  squares  of  AF, 
FE  are  equaP  to  the  square  of  AE,  because  the  angle  b  47.  l. 
AFE  is  a  right  angle;  and,  for  the  like  reason,  the 
squares  of  EG,  GC  are  equal  to  the  square  of  EC : 
Therefore  the  squares  of  AF,  PE  are  equal  to  the 
squares  of  CG,  GE,  of  which  the  square  of  AP  is  equal 
to  the  square  of  CG,  because  AF  is  equal  to  CG ;  there- 
fore the  remaining  square  of  FE  is  equal  to  the  remain- 
ing square  of  EG,  and  the  straight  line  EF  is  therefore 
equal  to  EG :  But  straight  lines  in  a  circle  are  said  to  be 
equally  distant  froth  the  centre,  when  the  perpendiculars 
drawn  to  them  from  the  centre  are  equal  *^ :  Therefore  c  3.  Def,  3. 
AB,  CD  are  equally  distant  from  the  centre. 

Next,  if  the  straight  lines  AB,  CD  be  equally  distant 
from  the  centre,  that  is,  if  FE  be  equal  to  EG,  AB  is 
equal  to  CD.  For,  the  same  construction  being  made, 
it  may,  as  before,  be  demonstrated,  that  AB  is  double  of 
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Book  III.  AF,  and  CD  double  of  CG,  and  that  the  squares  of  EF 
FA  are  equal  to  the  squares  of  EG,  GC ;  of  which  the 
square  of  FE  is  equal  to  the  square, of  EG,  because  FE 
is  equal  to  EG ;  therefore  the  remaining  square  of  AF  is 
equal  to  the  remaining  square  of  CG ;  and  the  straight 
line  AF  is  therefore  equal  to  CG :  But  AB  is  double  of 
AF,  and  CD  double  of  CG;  wherefore  AB  is  equal  to 
CD.     Therefore  equal  straight  lines,  &c.     Q.  E.  D: 


PROP.  XV:     THEOR. 


The  diameter  is  the  greatest  straight  line  in  a 
circle;  and,  of  all  others,  that  which  is  near- 
er to  the  centre  is  always  greater  than  one 
more  remote ;  and  the  greater  is  nearer  to  the 
centre  than  the  less. 

Let  ABCD  be  a  circle,  of  which 
the  diameter  is  AD,  and  the  cen- 
tre E ;  and  let  BC  be  nearer  to 
the  centre  than  FG ;  AD  is  greater 
than  any  straight  line  3C  wnich  is 
not  a  diameter,  and  BC  greater 
than  FG. 

From  the  centre  draw  EH,  EK 

perpendiculars  to  BC,  FG,    and 

join  EB,  EC,  EF ;  and  because  AE 

is  eqiial  to  EB,  and  ED  to  EC,  AD  is  equal  to  EB, 

EC:  But  EB,  EC  are  greater*  than  BC;  wherefore, 

also  AD  is  greater  than  BC. 

And  because  BC  is  nearer  to  the  centrie  than  FG, 
b  4.  Def.  3.  EH  is  les&^  than  EK :  but  as  was  demonstrated  in  the 
preceding,  BC  is  double  of  BH,  and  FG  double  of  FK, 
9,ad  the  squares  of  EH,  HB  are  equal  to  the  squares  of 
E£,  KF,  of  which  the  square  of  EH  is  less  than  the 
square  of  EK,  because  EH  is  less  than  EK ;  therefore 
the  square  of  BH  is  greater  than  the  square  of  FK,  and 
thje  straight  line  BH  greater  than  FK ;  and  therefore  BC 
is  greater  than  FG. 

Next,  let  BC  be  greater  than  FG;  BC  is  nearer  to 
tljie  ceqtre  than  FG ;  that  is,  the  sdme  construction  being 


a  20.  1. 
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made,  EH  is  less  than  EK :  Because  BC  is  greater  than  Book"*- 
FG,  BH  likewise  is  greater  than  KF  ;  but  the  squares 
of  BH,  HE  are  equal  to  the  squares  of  FK,  KE,  of 
which  the  square  of  BH  is  greater  than  the  square  of  FK, 
because  BH  is  greater  than  FK ;  therefore  the  square 
of  EH  is  less  than  the  square  of  EK,  and  the  strcught 
Une  EH  less  than  EK.  Wherefore  the  diameter,  &c. 
Q.  E.  D. 


PROP.  XVI.    THEOR. 


The  straight  line  drawn  at  right  angles  to  the 
diameter  of  a  circle,  from  the  extremity  of  it ; 
fills  without  the  circle ;  and  no  straight  line 
can  be  drawn  between  that  straight  Tins  and 
the  circumference,  from  the  extremity  of  the 
diameter,  so  as  not  to  cut  the  circle. 


Let  ABC  be  a  circle,  the  centre  of  which  is  D,  and 
the  diameter  AB ;  and  let  AE  be  drawn  from  A  perpen- 
dicular to  AB,  AE  shall  fall  without  the  circle. 

In  AE  take  any  point  F,  join  DF,  and  let  DF  meet 
the  circle  in  C.  Because  DAF 
is  a  right  angle,  it  is  greater 
than  the  angle  AFD* ;  but  the 
greater  angle  of  any  triangle  is 
subtended  by  the  greater  side^, 
therefore  DF  is  greater  than 
DA ;  now  DA  is  equal  to  DC,  « 
therefore  DF  is  greater  than 
DC,  and  the  point  F  is  there- 
fore without  the  circle.  '  And  F 
is  any  point  whatever  in  the  line 
AE,  therefore  AE  falls  without  the  circle. 

Again,  between  th^  straight  line  AE  and  the  circum- 
ference, no  straight  line  can  be  drawn  from  the  point  A 
which  does  not  cut  the  circle.     Let  AG  be  draWB 


a  32.  1. 


b  19.  1. 
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BtobW  in(.  /the<ai^le  JPAE/;  foem  D  draw 
^•^^f^*"*^  dDHi  j  atvxight  I  apgles  to:  AG ; 
land  Jbec^iifia  the  aitflle  DHA  is 
at  tighb'iangley .  tana 3 .  the  i  lande 
oDAfH  rless  tfaanrft 'righld  an^e, 
:tlie~iBi€le.LJi>H  of. Ithe.. tnangle 
tDA^Hv^isiJIess :.Jthan<!the<  jside 
DA^     The  point  H,   there- 
fore, is  within  the  circle,  and 
therefore  the  straight  Hne  AG 
cuts  the  circle. 

Cor.  From  this  it  is  manifest,  that  the  straight  line 
which  is  drawn  at  right  angles  to  the  diameter  of  a  circle 
from  the  extremity  o(  it,  touches  the  circle ;  and  that 
it  touches  it  only  in  one  poii>t ;  because,  if  it  did  meet 
c  2. 3,  the  circle  in  two,  it  would  fall  within  it  **.  Also,  it  is  evi- 
dent that  there  ^an  be  but  one  straisbt  line  which  touches 
.  the  cirple  in  the  §an^  point* 


al.  & 


b  11. 1. 


PROP.  Xy II.    PROB. 

'Todtaw  a  straight  line  from  a  given  point, 
either  without  or  in  the  ciixurnfei^ence,  which 
shall  touch  a  given  circle. 

.    /  Eitst^  Leti'A  be  a  given  poiu^  without  the  given  circle 

-  BCD;  X  it  lis  jroquired  to.  draw  a^' straight  line  fh>m  A 
which  sbaU  touqh  the  circle. 

;:  Fitd*)the  centre  E  of  the  circle,  aad  join  AE ;  and 
from  the  centre  E,  at  the  distance. EA,  describe,  the  circle 
AFG ;  from  the  point  D  draw  ^  -  DF .  at  right  angles  to 
EA ;  join  EBF,  and  drew  AB.:  A.B  Xou(iies.tho .circle 
BCD. 

Because  E  is  the  centre  of 
the  circles  BCD,  AFG,  EA 
i&  equd  to-EF,  and  ED  to. 

'  EB  ;  therefore  the  two;  t  sides  G/ 
AE,  EB  are  equal  to  the  two 
FE>  ED,  and   they  contaiii 
the  angle  at  E,  common  to  the 
two   trianffles  .AEB    FED; 

...tbQrefprie.the .base DF  is  e^ual 

.ta.thie  Jbage  AB^;and  the  trian- 
gle BED  to  Ih^  triangle  AEB 
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and  the  other  angles  to  the  other  angles*':  Therefore  Book  III. 
the  angle  EB A  is  equal  to  the  angle  EDF ;  but  EDF  is  ^X^JT*' 
a  right  angle,  wherefore  EBA  is  a  right  angle ;  and  EB 
is  drawn  from  the  centre :  but  a  straight  line  drawn  from 
the  extremity  of  a  diameter,  at  right  angles  to  it,  touches 
the  circle**:   Therefore  AB  touches  the  circle;  and  is d Cor.  16. d. 
drawn  from  the  given  point  A.     Which  was  to  be  done. 
But  if  the  given  point  be  in  the  circumference  of  the 
circle,  as  the  point  D,  draw  D£  to  the  centre  E,  and 
DF  at  right  angles  to  DE ;  Dfr  touches  the  circle^. 


PROP.  XVIII.    THEOR. 

If  a  straight  line  touch  a  circle^  the  straight  line 
drawn  from  the  centre  to  the  point  ofcmitact  is 
perpendicular  to  the  line  touching  the  circle. 

Let  the  straight  line  DE  touch  the  circle  ABC  in  the 
point  C  ;  take  the  centre  F,  and  draw  the  straight  line 
FC  :  FC  is  perpendicular  to  DE. 

For,  if  it  be  not,  from  the  point  F  draw  FBG  perpen- 
dicular to  DE  ;  and  because  FGC  is  a  right  angle,  GCF 
must  be^  an  acute  angle ;  and  a  b  17. 1. 

to  the  greater  angle  the  greater  ^.■^^''""""■"^^n^ 

^  side  is  opposite :  Therefore        /^  ^\  c  1»,  1. 

FC  is  greater  than  FG ;  but 
FC  is  equal  to  FB  ;  therefore 
FB  is  greater  than  FG^  the 
less  than  the  greater,  which  is 
impossible;  wherefore  FG  is 
not  perpendicular  to  DE:  In 

the  same  manner  it   may  be 

shewn,  that  no  other  line  but-D 

FC  can  be  perpendicular  to  DE ;  FC  is  therefore  per- 
pendicular to  DE.  Therefore,  if  a  straight  line,  &c. 
Q.  E.  D. 
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PROP.  XIX.    THEOR. 

If  a  straight  line  touch  a  circle^  and  from  the 
point  of  contact  a  straight  line  he  arawn  at 
right  angles  to  the  touching  line,  the  centre  of 
the  circle  is  in  that  line. 

Let  the  straight  line  DE  touch  the  circle  ABC,  in  C, 
and  from  C  let  C A  be  drawn  at  right  angles  to  DE ;  the 
centre  of  the  circle  is  in  C  A. 

For,  if  not,  let  F  be  the  centre,  if  possible,  and  join 
CF :  Because  DE  touches  the 
circle  ABC,  and  FC  is  drawn 
from  the  centre  to  the  point 
of  contact,  FC  is  perpendicu- 
aiaa  lar*  to  DE;  therefore  FCE 
is  a  right  angle :  But  ACE  is 
also  a  right  an^le;  therefore  ^-d  I 
the  angle  FCE  is  equal  to  the 
angle   ACE,   the  less  to  the 

greater,  which   is  impossible: 

Wherefore  F  is  not  the  cen-])  C  E 

tre  of  the  circle  ABC :  In  the 

same  manner  it  may  be  shewn,  that  no  other  point  which 
is  not  in  CA,  is  the  centre ;  that  is,  the  centre  is  in  CA. 
Therefore,  if  a  straight  line,  &c.     Q.  E.  D. 


PROP.  XX.     THEOR. 

The  angle  at  the  centre  of  a  circle  is  double  of  the 
angle  at  the  circumference,  upon  the  samepase, 
that  is,  upon  the  same  part  of  the  circumference. 

Let  ABC  be  a  circle,  and  BDC  an  angle  at  the  centre, 
and  BAC  an  angle  at  the  circumference,  which  have  the 
same  circumference  BC  for  their  base ;  the  angle  BDC 
is  double  of  the  angle  BAC. 

First,  let  D,  the  centre  of  the  cii:cle,  be  within  the 
angle  BAC,  and  join  AD,  and  produce  it  to  E :  Because 
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a  5.  1. 


b  32.  1. 


N. 


DA  is  equal  to  DB,  the  angle  DAB  is  equal'  to  the   Book  IIL 

angle  DBA ;  therefore  the  angles 

DAB,  DBA  together  are  double 

of  the  angle  DAB ;  but  the  angle 

BDE   is   equal  ^    to    the    angles 

DAB,  DBA ;  therefore  also  .the 

angle  BDE  is  double  of  the  angle 

DAB :  For  the  same  reason,  the 

angle  EDC  is  double  of  the  angle 

DAC :   Therefore  the  whole  an-  JbV    /  /C 

gle  BDC  is  double  of  the  whole 

angle  BAC. 

Again,  let  D,  the  centre  of  the  circle,  be  without  the 
angle  BAC,  and  join  AD  and 
produce  it  to  E.    It  may  be  de- 
monstrated, as  in  the  first  case, 

that  the  angle  EDC  is  double     /  ^^ 

of  the  angle  DAC,  and  that 
£DB  a  part  of  the  first,  is  dou- 
ble of  DAB,  a  part  of  the  other ; 
therefore  the  remaining  angle  *^ 
BDC  is  double  of  the  remaining 
angle  BAC.  Therefore  the  an- 
gle at  the  centre,  &c.     Q.  £.  D. 


PROP.  XXI.    THEOR. 


The  angles  in  the  same  segment  of  a  circle  are 

equal  to  one  another. 

Let  ABCD  be  a  circle,  and  BAD,  BED  angles  in  the 
same  segment  BAED  :    The  an- 
gles BAD,  BED  are  equal  to  one 
another. 

Take  ¥  the  centre  of  the  circle 
ABCD:  Andj  first,  let  the  seg- 
ment BAED  be  greater  than  a  se- 
micircle, and  join  BF,  FD :  And  ^ 
because  the  angle  BFD  is  at  the  B 
centre,  and  the  angle  BAD  at  the 
circumference,   both    having    the 
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a  20.  8. 


Book  IIL  same  part  of  the  circumference,  viz.  .BCD,  for  tb^r  base  ; 
therefore  the  angle  BFD  is  double*  of  the  ^Qgle  BAD  : 
for  the  same  reason,  the  angle  BFI>  is  double  of  the 
angle  BED:  Therefore  the  angle  BAD  is  equal  to. the 
angle  BED. 

But,  if  the  segment  BAED  be  not  greater  than  a 
micircle,  let  BAD,  9ED  be  an* 
gles  in  it ;  these  also  are  equal  to 
one  another.  Draw  AF  to  the 
centre,  and  produce  it  to  C,  and  3, 
join  CE :  Tnerefore  the  segment 
BADC  is  greater  than  a  semicir- 
cle; and  the  angles  in  it,  BAG, 
BEC  are  equal,  by  the  first  case  : 
For  the  same  reason,  because 
CBED  is  greater  than  a  semicir« 
cle,  the  angles  CAD,  CED  are 

equal :  therefore  the  whole  angle  BAD  is  equal  to  the 
whole  angle  BED.  Wherefore  the  angles  in  the  same 
segment,  &c.     Q.  £..  D. 


PROP.  XXII.    THEOR. 


a  21.  3. 


The  opj)osite  angles  of  any  quadrilateral  figure 
described  in  a  circle^  are  together  equal  to  two 
right  angles. 

Let  ABCD  be  a  (^quadrilateral  figure  in  the  circle 
ABCD;  any  two  of  its  opposite  angles  are  together 
equal  to  two  right  angles. 

Join  AC,  BD.  The  angle  CAB  is  equal*  to  the 
angle  CDB,  because  they  are  in 
the  same  8egme^t  BADC,  and 
the  angle  ACB  is  equal  to  the 
angle  ADB,  because  they  are 
in  the  same  segment  ADCB ; 
therefore  the  whole  angle  ADC 
is  equal  to  the  angles  CAB,  ^ 
ACB :  To  each  of  these  equals 
add  the  angle  ABC  ;  and  the 
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angles  ABC,  ADC,  are  equal  to  the  angles  ABC,  CAB,  Baokin. 
BCA.     But  ABC,  CAB,  BCA  are  equal  to  two  right  ^-^v^*^ 
angles^;  therefore  also  the  angles  ABC,  ADC  are  equal  b SS.  1. 
to  two  right  angles :  In  the  same  manner,  the  angles 
BAD,  DCB  may  be  shewn  to  be  equal  to  two  r^t 
angles.     Therefore  the  opposite  angles,  &c.     Q.  E.  D. 


PROP.  XXIII.     THEOR. 

Upon  the  same  straight  line,  and  upon  the  same 
side  of  it,  there  cannot  he  two  similar  segments 
of  circles  not  coinciding  with  one  another. 

If  it  be  possible,  let  the  two  similar  segments  of  circles, 
viz.  ACB,  ADB,  be  upon  the  same  side  of  the  same 
straight  line  AB,  not  coinciding  with  one  anotlier :  then, 
because  the  circles  ACB,  ADB,  cut  one  another  in  the 
two  points  A,  B,  they  cannot  cut 

one  another  in  any  other  point  * :  ^^-'T'^^'*^  *  ^^'  ^ 

one  of  the  segments  must  there- 
fore fall  within  the  other :  let  ACB 
fall  within  ADB,  draw  the  straight 

line  BCD,  and  join  (JA,  DA :  and 

because  the  segment  ACB  is  simi-  ^  -^ 

lar  to  the  segment  ADB,  and  similar  segments  of  circles 
contain  ^  equal  angles,  the  angle  ACB  is  equal  to  the  b  9.  def.  3, 
angle  ADB,  the  exterior  to  the  interior,  whicn  is  impos- 
sible **.     Therefore,  there  cannot  be  two  similar  segments  c  16. 1. 
of  circles  upon  the  same  side  of  the  same  line,  which  do 
not  coincide.     Q.  E.  D. 
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PROP.  XXIV.    THEOR. 

Mmilar  segments  of  circles  upon  equal  straight 
lines  are  equal  to  one  another. 

Let  AEB,  CFD  be  similar  segments  of  drcles  upon 
the  equal  straight  lines  AB,  CD ;  the  segment  AEB  is 
equal  to  the  segment  CFD. 

For,  if  the  segment  AEB  be  applied  to  the  segment 
CFD,  so  as 
the  point  A 
be  on  C,  and 
the  straight 
line  AB  up-  /- 
on  CD,  the  ^ 
pciint  B  will  coincide  with  the  point  D,  because  AB  is 
equal  to  CD :  Therefore  the  straight  line  AB  coinciding 
»  a  23.  3.  with  CD,  the  segment  AEB  must  *  coincide  with  the 
segment  CPD^  and  therefore  is  equal  to  it.  Wherefore, 
similar  segments,  &c.     Q,  E.  D.  .  '     ' 


prop;  XXV.    PROB.       ,        *    * 

.,  :  A  segment  of  a  circle  being  given^  to  describe  the 

circle  of  which  it  is  the  s^ment. 

.:..'•••■ 

Let  ^BC  be  the  given  segment  of  a  circle ;  it  is  re- 
quired to  describe  the  circle  of  which  it  is  a  seement 

a  10. 1.         Bisect  *  AC  in  D,  and  from  the  point  D  draw  ^  DB 

b  11, 1,  at  right  angles  to  AC,  and  join  AB :  First,  let  the 
angles  ABD,  BAD  be  equal  to  one  another ;  then  the 

c  6. 1.  straight  line  BD  is  equal  ^  to  DA,  and  therefore  to  DC ; 
and  because  the  three  straight  Unes  DA,  DB,  DC  are  all 

d  9. 3.  equal ;  D  is  the  centre  of  the  circle  * ;  from  the  centre  D, 
at  the  distance  of  any  of  the  three  DA,  DB,  DC,  describe 
a  circle ;  this  shall  pass  through  the  other  points ;  where- 
fore the  circle  of  which  ABC  is  a  segment  is  described : 
and  because  the  centre  D  is  in  AC,  the  segment  ABC  is 
a  semicircle.     Next,  let  the  angles  ABD,  BAD  be  un- 

e  2a  1.     equal ;  at  the  point  A,  in  the  straight  line  ABj  make  » 


OF  GEOMETRY. 


109 


the  angle  BAE  equal  to  the  angle  ABD,  and  produce  ' 
BD,  if  necessary,  to  E,  and  Join  EC  :  and  because  the 


angle  ABE  is  equal  to  the  angle  BAE,  the  straight  line 
BE  is  equal  ^  to  EA  :  and  because  AD  is  Li|iiitl  U>  DC,  f  6.  1, 
and  DE  common  to  the  triangles  ADE,  CDE,  the  two 
sides  AD,  DE  are  equal  to  llu'  two  CD,  DK,  each  to 
each;  and  the  angle  ADE  U  <.|ii,a  to  the  iingle  CDE, 
for  each  uf  them  is  a  right  aii-k  :  therefore  i1il>  ba^u  AE 
is  equals  to  the  base  EC:  bui  AK  was  shewn  to  be  equal  gt  I. 
to  EB,  wherefore  aim  BE  is  cijtml  to  EC :  and  the  three 
straight  lines  AE,  EB,  EC  are  therefore  equal  to  one 
another ;  wherefore ''  E  is  the  centre  of  the  circle.  From  h  9. 3. 
the  centre  E,  at  the  distance  of  any  of  the  three  AE,  EB, 
EC  describe  a  circle,  this  shall  pass  through  the  other 
points:  and  thus  the  circle  of  which  ABC  is  a  segment 
is  described  :  also,  it  is  eTidcnt,  that  if  the  angle  ABD  be 
greater  than  the  angle  BAD,  tlie  centre  E  falls  without 
the  segment  ABC,  which  therefore  is  less  than  a  setni'- 
circle  :  but  if  the  angle  ABD  be  less  than  BAD,  the  cen- 
tre E  falls  within  the  segment  ABC,  which  is  therefore 
greater  than  a  semicircle :  Wherefore,  a  segment  of  a 
circle  being  given,  the  circle  is  described  of  which  it  is  a 
segment.     Which  was  to  be  done. 


ELBMBNTS 


PROP.  XXVI.    THEOR, 


In  equal  circles^  eqtial  angles  stand  upon  equal 
arches,  whether  they  be  at  the  centres  or  cir- 
cumferences. 


Let  ABC,  DEP  be  equal  circles,  and  the  equal  angles 
BGC,  EHF  at  their  centres,  and  BAC,  EDF  at  their 
circumferences :  the  arch  BKC  is  equal  to  the  arch  ELF. 

Join  BC,  EF ;  and  because  the  circles  ABC,  DEF  are 
equal,  the  straight  lines  drawn  from  their  centres  are 
equal :  therefore  the  two  sides  BQ^,  GC,  are  equal  to  the 


two  EH,  HF  ;  and  the  angle  at  G  is  equal  to  the  angle 

a  4  1.    at  H ;  therefore  the  base  BC  is  equal*  to  the  base  EF : 

and  because  the  angle  at  A  is  equal  to  the  angle  at  D, 

b.  9.  def.  the  segment  BAC  is  similar  ^  to  tne  segment  EDF  ;  and 

^  they  are  upon  equal  straight  lines  BC,  EF  ;  but  similar 

c  24.  a   segments  of  circles  upon  equal  straight  lines  are  equal  ^ 

to  one  another  ;  therefore  the  segment  BAC  is  equal  to 

the  segment  EDF  :  but  the  whole  circle  ABC  is  equal  to 

the  whole  DEF ;  therefore  the  remaining  segipent  BEC 

is  equal  to  the  remaining  segment  ELF,  and  the  arch 

BEC  to  the  arch  ELF.     Wherefore  in  equal  circles,  &c. 

Q.  E*  D. 
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PROP.  XXVII.    THEOH. 


In  equal  circles,  the  angles  which  stand  upon 
equal  arches  are  equal  to  one  another,  whether 
they  be  at  the  centres  or  circumferences. 


Let  the  angles  B6C,  EHF  at  the  centres,  and  BAG 
EDF  at  the  circumferences  of  the  equal  circles  ABC, 
DEF  stand  upon'  the  equal  arches  BC,  EF  :  the  angle 
BGC  is  equal  to  the  anglef  EHF,  and  the  angle  BAG  to 
the  angle  EDF. 

If  the  angle  BOG  be  equal  to  the  angle  EHF,  it  is 
manifest  *  that  the  angle  BAG  is  also  equal  to  EDF.    a  20.  3. 
But,  if  not,  one  of  them  is  the  greater ;  let  BGG  be  the 
greater,  and  at  the  point  G,  m  the  straight  line  BG, 
make  the  angle  ^  BGK  equal  to  the  angle  EHF.     And  b  23.  !• 
because  equcu  angles  stand  upon  equal  arches  %  when  c  26. 3. 
they  are  at  the  centre,  the  arch  BK  is  equal  to  the  arch 
EF :  but  EF  is  equal  to  BG ;  therefore  also  BK  is  equal 
to   BG,   the   less  to  the  greater,  which  is  impossible. 
Therefore  the  angle  BGG  is  not  unequal  to  the  angle 


SJ^;  ♦? *^  '"','^^"^^3"^^  ^  ^^-  ^^  the  angle  at  A  is 

S  ft  D      WK     f  '^^  ^"S'f  ^'  ^^'^  ^"^  to  the 
angle  at  D.     Wherefore,  m  equal  circles,  &c.     Q.  E.  D. 


ELEMSNTS 


bai. 


PROP.  XXVIII.     THEOB. 


In  equal  circles,  equal  straight  lines  cut  off  equal 
arches,  the  greater  equmto  the  greater,  and 
the  less  to  the  less. 


Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal 
straight  lines  in  them,  which  cut  off  the  two  greater 
arches  BAC,  EDF,  and  the  two  less  BGC,  EHF  ;  the 
greater  BAC  is  equal  to  the  greater  EDF,  and  the  less 
BGC  to  the  less  EHF. 
a  1.  3,  Take  *  K,  L,  the  centres  of  the  circled,  and  jwn  BK, 

KC,  EL,  LF :  and  because  the  circles  are  equal,  the 


straight  lines  from  their  centres  ate  equal ;  therefore  BK 
KC  are  equal  to  EL,  LF  ;  but  the  base  BC  is  also  equal 
to  the  base  EF  ;  therefore  the  angle  BKC  is  equal  ^  to 
c  26.  3.  the  angle  ELF  :  and  equal  angles  stand  upon  equal  *^ 
arches,  when  they  are  at  the  centres :  therefore  the  arch 
BGC  is  equal  to  the  arch  EHF.  But  the  whole  circle 
ABC  is  equal  to  the  whole  EDF  :  the  renmininff  part, 
therefore,  of  the  circumference,  viz.  BAC,  is  equal  to  the 
remaining  part  EDF.  Therefore,  in  equal  circles,  8tc. 
Q.  E.  D. 
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PROP.  XXIX.     THEOR. 

In  equal  circles  equal  arches  are  subtended  by 

equal  straight  lines. 

Let  ABC,  DEF  be  equal  drcles,  and  let  the  arches 
BOC,  EHF  also  be  equal ;  and  join  BC,  EF  :  the 
straight  line  BC  is  equal  to  the  straight  line  £F. 

Take  *  K,  L  the  centres  of  the  circles,  and  join  BK,    a  1. 3. 
KCy  EL,  LF  :  and  because  the  arch  BGC  is  equal  to 
the  arch  EHF,  the  angle  BKC  is  equal  ^  to  the  angle    b  *''•  ^ 
ELF  :  also,  because  the  circles  ABC,  DEF  are  equal, 
their  radii  are  equal :  therefore  BE,  KC  are  equal  to 


EL,  LF ;  and  they  contain  equal  angles  :  therefore  the 

base  BC  is  equal  to  the  base  EF.     Therefore,  in  equal    c.  i.  i. 

circles,  &c.     Q.  E«  D. 


PROP.  XXX.     PROB  • 

To  bisect  a  given  arch,  that  is,  to  divide  it  into 

two  eqtcal  parts. 

Let  ADB  be  the  given  arch ;  it  is  required  to  bisect 
it. 

Join  AB,  and  bisect  *  it  in  C ;  from  the  point  C  draw   a  10.  (. 
CD  at  right  angles  to  AB,  and  ioin  AD,  DB  :  the  arch 
ADB  is  bisected  in  the  point  D. 

H 
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Book  III.       Because  AC  is  equal  to  CB,  and  CD  common  to  the 
'^^'^^r^^  triangles  ACD,   BCD,   the    two 

sides  AC,  CD  are  equal  to  the 

two  BC,  CD ;  but  the  angle  ACD 

is  also  equal  to  the  an^e  BCD, 

because  each  of  them  is  a  right 

angle;  therefore  the  base  AD  is 

b  4  1.      equal  ^  to  the  base  BD.     But  equal  straight  lines  cut  off 

28. 3.     equal  ^  arches,  the  greater  equal  to  the  greater,  and  the 

less  to  the  less ;  and  AD,  DB  are  each  of  them  less  than 
Cor.  1.  3.  a  semicircle,  because  DC  passes  through  the  centre  \ 

Wherefore  the  arch  AD  is  equal  to  the  arch  DB  :  and 

therefore  the  given  arch  ADB  is  bisected  in  D.     Wtudi 

was  to  be  done. 


PROP.  XXXI.    THEOR. 


In  a  circle^  the  angle  in  a  semcircle  is  a  right 
angle ;  but  the  angle  in  a  segment  greater 
than  a  semicircle  is  less  than  a  right  angle  ; 
and  the  angle  in  a  segment  less  than  a  semi- 
circle is  greater  than  a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC, 
and  centre  E  ;  draw  CA  dividing  the  circle  into  the  seg^- 
ments  ABC,  ADC,  and  join  BA,  AD,  DC ;  the  angle 
in  the  semicircle  BAC,  is  a  right  angle,  and  the  angle 
in  the  segment  ABC,  which  is  greater  than  a  semicir- 
cle, is  less  than  a  right  angle ;  and  the  angle  in  the  seg- 
ment ADC,  which  is  less  than  a  semicircle,  is  greater 
than  a  right  angle. 

Join  AE,  aifd  produce  B  A  to  F  ;  and  because  BE  is 

a  5. 1.  equal  to  EA,  the  angle  EAB  y^ 
is  equal  ^  to  EBA ;  also,  be- 
cause AE  is  equal  to  EC,  the 
angle  E AC  is  equal  to  ECA ; 
wherefore  the  whole  angle  BAC 
is  equal  to  the  two  angles  ABC, 
ACB.    But  FAC,  the  exterior  bH ^ 1C 

sr  1.  angle  of  the  triangle  ABC,  is 
also  equd  ^  to  the  two  angles 
ABC,  ACB  ;  therefore  the  an- 
gle BAC  is  equal  to  the  angle 


OF  GEOMETRY.  115 

FAC,  and  each  of  them  is  therefore  a  r^kl  ^  angle  :  Bdok  ill. 
wherefore  the  angle  B  AC  in  a  semidrcle  is  a  right  an^e.  ^^"^5^ 

And  because  Uie  two  angles  ABC,  B AC  of  the  tri-  *^  ' 
angle  ABC  are  together  less^  than  two  right  angles,  and  d  17.  l: 
BAC  is  a  right  angle,  ABC  mast  be  less  than  a  right 
angle ;  and  therefore  the  angle  in  a  segment  ABC,  greal^ 
er  than  a  semicircle,  is  less  than  a  right  angle. 

Also  because  ABCD  is  a  quadrilateral  figure  in  a  cir- 
cle, any  two  of  its  opposite  angles  are  equal  *  to  two  e  22.  3. 
right  angles;  therefore  the  angles  ABC,  ADC  are  equal 
to  two  right  angles ;  and  ABC  is  less  than  a  right  angle; 
wherefore  the  other  ADC  is  greater:  than  ai^  right  angle 
Therefore,  in  a  circle,  &c.     Q.  E.  D. 

CoR.  From  this  it  is  manifest,  that  if  one  angle  of  a 
triangle  be  equal  to  the  other  two,  it  is  a  right  angle,  be- 
cause the  angle  adjacent  to  it  is  equal  to  die  same  two; 
and  when  the  adjacent  angles  are  equal,  they  are  right 
angles. 


PROP.  XXXII.     THEOR, 


If  a  straight  line  touch  a  circle^  and  from  the  point 
of  contact  a  straight  line  he  arawn  cutting 
the  circle^  the  angles  made  by  this  line  with 
the  line  which  touches  the  circle,  are  equal  to 
the  angles  in  the  alternate  segments  of  the  cir- 
cle. 


Let  the  straight  line  EF  touch  the  circle  ABCD  in  B, 
and  from  the  point  B  let  the  straight  line  BD  be  drawn 
cutting  the  circle  :  The  angles  which  BD  makes  with 
the  touching  line  EF  are  equal  to  the  angles  in  the  al- 
ternate segments  of  the  circle :  that  is,  the  angle  FBD 
is  equal  to  the  angle  which  is  in  the  segment  DAB,  and 
the  angle  DBE  to  the  angle  in  the  segment  BCD. 

From  the  point  B,  draw  *  BA  at  right  angles  to  EF,  a  11. 1, 
and  take  any  point  C  in  the  arch  BD,  and  join  AD, 
DC,  CB ;  and  because  the  straight  line  EF  touches  the 

h2 
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Book  J^.  circle  ABCD  in  the  point  B,  and  BA  is  drawn  atrigfat 

^"^y^  angles  to  it,  from  the  point  of 

^  ^  contact  B,  the  centre  of  the 
circle  is  ^  in  BA ;  therefore  the 
angle  ADB,  in  a  semidrde,  is 

cSi.s.  a  right  ®  angle,  and  conse- 
quently the  other  two  angles 

d  32. 1.  BAD,  ABD  are  equal  "^  to  a 
right  angle :  but  ABF  is  like^ 
wise  a  right  ansle ;  therefore 

the  angle  ABF  is  equal  to  thf  "^ — ^^^ ^ 

angles  BAD, ABD:  take  from-B  -^  F 

these  equals  the  common  angle  ABD ;  and  there  will  re^ 
main  the  angle  DBF  equal  to  the  ansle  BAD,  which  is 
in  the  alternate  segment  of  the  cirde.  And  because 
ABCD  is  a  quadrimteral  figure  in  a  drcle,  the  c^poate 

e  22. 3.     angles  B  AD,BCD  are  equal  ^  to  two  right  angles ;  there- 

f  13.  i.     fore  the  angles  DBF,DBE,  being  likewise  equal  ^  to  two 

right  angles,  are  equal  to  the  angles  BAD,BCD ;  and 

DBF  has  been  proved  equal  to  BAD  :  therefore  the  re- 

*  msdning  angle  DB£  is  equal  to  the  angle  BCD  in  the  al-> 

ternate  segment  of  the  drde. 

Wherefore,  if  a  straight  line,  &c.     Q.  E.  D. 


PROP.  XXX^I.    PROB. 


tTpow  a  given  straight  line  to  describe  a  segment 
of  a  circle^  containing  an  angle  equal  to  a  gi- 
ven rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  the  angle  at  C 
the  given  rectilineal  angle ;  it  is  required  to  describe  up- 
on the  given  straight  line  AB  a  segment  of  a  cirde,  con- 
taining an  angle  equal  to  the  angle  C. 
a  10. 1.  First,  let  the  angle  at  C  be  a  right  angle ;  bisect  •  AB 
in  F,  and  from  the  centre  F,  at  the  distance  FB,  describe 
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Book  III. 


bSl.  3. 


d  11. 1. 


the  semicircle  AHB ;  the 
angle  AHB  being  in  a  se- 
micircle is  ^  equal  to  the 
right  angle  at  C. 

But  if  the  angle  C  be 
not  a  right  angle^  at  the 

point  A,  in  the  straight  line  AB,  make  ®  the  angle  BAD  c  23. 1. 
equal  to  the  angle  C, 
and  from  the  point  A 
draw^  AE  at  right 
angles  to  AD  ;  bisect  * 
aS  in  F,  and  from  F 
draw*  FG  at  right 
angles  to  AB,  and  join  rt 
GB :  Then  because  AF 
is  equal  to  FB,  and  FG 
common  to  the  trian- 
gles AFG,  BFG,  the 
two  sides  AF,  FG  are 
equal  to  the  two  BF,  FG ;  but  the  angle  AFG  is  al- 
so equal  to  the  ai^le  BFG  ;  therefore  the  base  AG  is 
equal  ®  to  the  base  GB  ;  and  the  circle  described  from  e  4.  l. 
the  centre  G,  at  the  distance  GA,  will  pass  through  the 
point  B ;  let  this  be  the  circle  AHB  :  And  because  from 
the  point  A,  the  extremity  of  the  diameter  A£,  AD  is 
drawn  at  right  angles  to  AE,  therefore  AD  '  touches  the  f  cor.  id.  3. 
circle :  and  because  AB,  drawn  from  the  point  of  con- 
tact A,  cuts  the  circle, 
the  angle  DAB  is  equal 
to  the  angle  in  the  alter- 
nate segment  AHB  <  ; 
but  the  angle  DAB  is 
equal  to  the  angle  C, 
therefore  also  the  angle 
C  is  equal  to  the  angle 
in  the  segment  AHB  : 
Wherefore,  upon  the  ^- 

ven  straight  hne  AB  a  segment,  AHB,  of  a  circle  is  de- 
scribed  which  contains  an  angle  equal  to  the  given  angle 
at  C.    Which  was  to  be  done. 
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PROP.  XXXIV.    paoB. 


JV?  cut  off  a  .segment  JroTfi  agivin  circle  which 
shaU  contain  an  angle  eqiuil  to  a  given  rectU 
lineal  angle. 

r 

Let  ABC  be  the  given  circle,  and  D  the  given  rectili- 

neal  angle ;  it  is  required  to  cut  oS,  a  segment  from  the 

circle  ABC  which  shall  contain  £^n  angle  equal  to  the 

angle  D. 
a  17.  a  I>raw  •  the  straight  line  EF  touching  the  cirde  ABC 

in  the  point  B,  and  at 

the    pomt    B,    in    the 

straight  line  13F  make 
b  23. 1.     ^  the  angle  FBC  equal 

to  the  aiigle  D ;  there-r  [      \  ^^C 

fore,  becaus^tbe  straight 

line    EF    liouches.  the 

cirple^ABC,  and  BC  is  __ 

draw^  from  the  point!)  

*  of  contact  ^,  the  ai^le        '  ^  .  -^  .    .  .     ^ 

c  32.  3.     FBC  is.  equal  ^  ^  the  angle  in  the  alternate  segment 

BAC  :  but  the  angle  FBC  is  equal  to  the  angle  D; 

therefore  the  angle  in  the  segment  BA(J  is  equal  to  the 

angle  D :    wherefore  the  segment  B AC  is^  cut  off  from 

the  given  circle  ABC,  containing  an,  angle  equal  to  the 

given  angle  D.     Which  was  to  be  done. 
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PROP.  XXXV.     THEOR. 


If  two  straight  lines  within  a  circle  cut  one  an- 
other^ the  rectangle  contained  by  the  segments 
of  one  of  them  is  equal  to  th^  rectangle  contain- 
ed by  the  segments  of  the  other. 


Let  the  two  straight  lines  AC,  BD,  within  the  circle 
ABCD,  cut  one  another  in  the  jpobt  E :  the  rectangle 
contained  by  AE,  EC  is  equal  to  the        . 
rectangle  contained  by  BE,  ED.  -^ 

If  AC,  WD  pass  each  of  them 
through  the  centre,  so  that  E  is  the 
centre,  it  is  evident,  that  AE,  EC,  Bl 
BE,  ED,  being  all  equal,  the  rect- 
angle AE.EC  IS  equal  to  the  rect- 
angle BE.ED, 

But  let  one  of  them  BD  pass  through  the  centre,  and 
cut  the  other  AC,  which  does  not  pass  through  the  centre, 
at  right  angles  in  the  point  E  :  then,  if  BD  be  bisected  in 
F,  F  is  the  centre  of  the  circle  ABCD ;  join  AF  :  and 
because  BD,  which  passes  through  the  centre,  cuts  the 
straight  line  AC,  which  does  not  "^ 

pass  through  the  centre  at  right 

angles  in  E,  AE,  EC  are  equal  ■        /  \       a  3.  S 

to  one  another  ;  and  because  the 
straight  line  BD  is  cut  into  two 
equal  parts  in  the  point  F,  and 

into  two  unequal,  in  the  point  E, 

BE.ED »» +  EF«  =  FB«  =  AF*.     i'V^T  ^      70     b5.2 

But  AF«  =  AE*  +  *^EF^  there-         ^^^ —   ll^         c47.l. 

fore  BE.ED  +  EF*  =  AE*  + 

EF*,  and  taking  EF*  from  each,  BE.ED  =  AE*  = 

AE.EC. 
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Book  III.       Next,  Let  BD,  which  passes  through  the  centre,  cut 
^^-'''v^*-^  the  other  AC,  which  does  not  pass 

through  the  centre,  in  E,  but  not 

at  right  angles ;  then,  as  before, 

if  BD  be  bisected  in  F,  F  is  the 

centre  of  the  circle.     Join  AF, 
d  12. 1.   and  from  F  draw  *  FG  perpendi- 
cular to  AC:   therefore  AG  is 

equal  *  to  GC  ;  wherefore  AE.EC 

+  'EG«  =  AG«,  and  adding  GF* 

to  both,  AE.EC  +  EG*  +  GF* 

=  AG«  +  GF*.    Now  EG«  +  GF*  =  EF«,  and  AG«  + 

GF«  =  AF* ;  therefore  AE.EC  +  EF*  =  AF*  =  FB* 

Bui  FB*  =  BE.ED  +  ^  EF*,  therefore  AE.EC+EF*  = 

BE.ED  +  EF*,  and  taking  EF*  from  both,  AE.EC  = 

BE.ED. 

Lastly,  Let  neither  of  the  straight  lines  AC,  BD  pass 

through   the  centre:   take  the 

centre  F,  and  through  E,  the 

intersection  of  the  straight  lines 

AC,   DB,    draw   the  diameter 

GEFH :   and  because,  as  has 

been  shown,  AE.EC  =r6E.EH, 

and  BE.ED  =  GE.EH  ;  there- 
fore AE.  EC=BE  ED.  Where 

fore  if  two  straight  lines,  &c. 

Q.  E.  D. 


PBOB.  XXXVI.     THEOR. 


If  from  any  point  without  a  circle  two  straight 
lines  he  arawn^  one  of  which  cuts  the  circte, 
and  the  other  totiches  it ;  the  rectangle  con-- 
tained  by  the  whole  line  which  cuts  the  circle^ 
,  and  the  part  of  it  without  the  circle^  is  equal 
to  the  square  of  the  line  which  touches  it. 

Let  D  be  any  point  without  the  circle  ABC,  and  DCA, 
DB  two  straight  lines  drawn  from  it,  of  which  DC  A  cuts 
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a  18. 


b6.  2. 


c  i7.  1. 


the  circle,  and  DB  touches  it :  the  rectangle  AD.DC  is  J*oo*^  w^- 
equal  to  the  square  of  DB. 

Either  DCA  passes  through  the 
centre,  or  it  does  not ;  first,  Let  it 
pass  through  the  centre  £,  and  join 
£B  ;  therefore  the  angle  EBD 
is  a  right  *  angle :  and  because  the 
straight  line  AC  is  bisected  in  £, 
and  produced  to  the  point  D,  By 
AD.DC+EC«;=''ED«.  But  EC= 
EB,  therefore  AD.DC +EB*  = 
ED«  Now  ED*=«^  EB*+BD*  be. 
cause  EBD  is  a  right  angle  ;  there- 
fore AD.DC+EB'  =  EB«+,  BD*, 
and  taking  EB*  from  each,  AD.DC 
=  BD«. 

But  if  DCA  do  not  pass  through  the  centre  of  the 
circle  ABC,  take  ^  the  centre  E,  and 
draw  EF  perpendicular  •  to  AC,  and 
join  EB,  EC,  ED :  and  because  the 
straightline  EF,  which  passesthrough 
the  centre,  cuts  the  straight  line  AC, 
which  does   not  pass  through  the 
centre  at  right  angles,  it  likewise  bi-  ^ 
sects  '  it ;  therefore  AF  is  equal  to 
FC  ;  and  because  the  straight  line 
AC  is  bisected  in  F,  and  produced 
to  D^  AD.DC+FC«=FD« ;  add 
FE*  to  both,  then  AD.DC+FC*+ 
FE*=FD*+FE*.     But«  EC«=FC« 
+FE«,  and  ED«=:FD«+FE*,  because  DFE  is  a  right 
angle;  therefore  AD.DC+EC'=:ED*.      Now,  because 
EBD   is  a  right  angle,    ED«=EB«+BD«=EC«+BD* 
and  therefore  AD.DC+EC*=EC*+BD«  and  AD.DC= 
BD*.     Wherefore,  if  from  any  point,  &c.  Q.  E.  D. 


dl.  3. 
e  12.  1. 


f  3,3, 
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^^  Cor.  If  from  any  point  with- 
out a  circle,  there  be  drawn  two 
straight  lines  cutting  it,  as  AB, 
AC,  the  rectangles  contained  by 
the  whole  lines  and  the  parts  of 
them  without  the  circle,  are  equal 
to  one  another,  viz.  BA.AE=:CA. 
AF ;  for  each  of  these  rectangles 
is  equal  to  the  square  of  the  straight 
line  AD,  which  touches  the  circle. 


PROP.  XXXVII.     THEOR. 


If  from  a  point  without  a  circle  there  he  draxvn 
two  straight  lines,  one  of  which  cuts  the  circle, 
and  the  other  meets  it ;  if  the  rectangle  con- 
tained by  the  whole  line,  which  cuts  the  circle, 
and  the  part  of  it  without  the  circle,  be  eqtud 
to  the  square  of  the  line  which  meets  it,  the 
line  which  meets  also  touches  the  circle. 


Let  any  pcnnt  D  be  taken  without  the  circle  ABC,  and 
from  it  let  two  straight  lines  DCA  and  DB  be  drawn,  of 
which  DCA  cuts  the  circle,  and  DB  meets  it ;  if  the  rect- 
angle AD.DC  be  equal  to  the  square  of  DB,  DB  touches 
the  circle, 
a  ]  7. 3,      Draw  *  the  straight  line  D£  touching  the  circle  ABC  ; 
find  the  centre  F,  and  join  FE,  FB,  FD ;  then  FED  is 
b  18. 3.  a  right  ^  angle ;  and  because  DE  touches  the  circle  ABC, 
c  36,  a    and  DCA  cuts  it,  the  rectangle  AD.DC  is  equal  *^  to  the 
square  of  DE  ;  but  the  rectangle  AD.DC  is,  by  hypothe- 
sis, equal  to  the  square  of  DB  ;  therefore  the  square  of 
DE  is  equal  to  the  square  of  DB,  and  the  straight  line 
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DE  equal  to  the  straight  line  DB;  but  FE  is  equal  to  B«>1^  '"• 

FB,  wherefore  DE,  EF  are  equal 

to  DB,  BF  ;  and  the  base  FD  is 

common  to  the  two  triangles  DEF, 

DBF  ;  therefore  the  angle  DEF  is 

equal  ^  to  the  angle  DBF ;   and 

DEF  is  a  right  angle,  therefore 

also  DBF  is  a  right  angle :  but  FB,    B 

if  produced,  is  a  diameter,  and  the 

straight  line  which   is  drawn  at 

right  angles  to  a  diameter,  from 

the  extremity  of  it,  touches  *  the 

circle :  therefore  DB  touches  the 

circle  ABC.     Wherefore,  if  frdta 

a  point,  &c.     Q.  E.  D. 


e  16.  3. 


ELEMENTS 


OF 


GEOMETRY. 


BOOK  IV. 


DEFINITIONS. 


I. 


A 


EECTiLiNEAL  figure  is  said  to  be  inscribed  in  an-  b^^  |y, 
other  rectilineal  figure,  when  all  the  angles  of  the  in- 
scribed figure  are  upon  the  sides  of  the 
figure  in  which  it  is  inscribed,  each 
upon  each. 


II. 

In  like  manner,  a  figure  is  said  to  be  de- 
scribed about  another  figure  when  all 
the  sides  of  the  circumscribed  figure  pass  through  the 
angular  points  of  the  figure  about  which  it  is  described, 
each  through  each. 

III. 

A  rectilineal  figure  is  sidd  to  be  in- 
scribed in  a  circle,  when  all  the 
angles  of  the  inscribed  figure  are 
upon  the  circumference  of  the 
circle. 
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A  rectilineal  figure  is  said  to  he  descsibed  about  a  circle, 
when  each  side  of  the  circumscrib- 
ed figure  touches  the  circumference 
of  the  clt-cle. 

V. 

In  like  manner,  a  circle  is  said  to  be 
inscribed  in  a  rectilineal  figure, 
when  the  circumference  oF  the 
circle  touches  each  side  of  the  fi- 
gure. 

VI. 

A  circle  is  said  to  be  described  about 
a  rectilineal  figure,  when  the  cir- 
cumference of  the  circle  passes 
through  all  the  angular  points  of 
the  figure  about  which  it  is  de- 
scribed. 

VII. 

A  straight  line  is  said  to  be  placed  in  a  circle,  when  the 
extremities  of  it  are  in  the  circumference  of  the  circle. 

PROP.  I.     PROB. 

r 

In  a  given  circle  to  place  a  straight  Une^  equal 
to  a  given  straight  line^  not  greater  than  the 
diameter  of  the  circle. 


a  3.  1. 


Let  ABC  be  the  given  circle,  and  D  the  given  straight 
line,  not  greater  than  the  diameter  of  the  drcle. 

Draw  Be  the  diameter 
of  the  circle  ABC  ;  then, 
if  BC  be  equal  to  D,  the 
thing  required  is  done ; 
for  m  the  circle  A9C  a 
straight  line  BC  is  placed 
equ£u  to  D  :  But,  if.BC  be 
not  equal  ^  to  D,  it  must  be 
greater ;  cut  off  from  it  CE 
equal  to  D,  and  from  the  D— — — 
centre  C,  at  the  distance  CE,  describe  the  circle  AEF, 
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and  join  CA :  Therefore,  because  C  is  the  centre  of  the  Book  IV. 
circle  AEF,  C  A  is  equal  to  CE  ;  but  D  is  equal  to  CE  ; 
therefore  D  is  equal  to  CA  :  Wherefore,  in  the  circle 
ABC,  a  straight  line  is  placed,  equal  to  the  ^ven  straight 
line  D,  which  is  not  greater  than  the  diameter  of  the 
circle.     Which  was  to  be  done. 


PROP.  II.     PROB. 


In  a  given  circle  to  inscribe  a  triangle  equian- 

gular  to  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  tri- 
angle ;  it  is  required  to  inscribe  in  the  circle  ABC  a  tri- 
angle equiangular  to  the  triangle  DEF. 

Draw*  the  straight  line  GAH,  touching  the  circle  in    a  n.  3. 
the  point  A,  and  at  the  point  A,  in  the  straight  line  AH, 
make^  the  angle  HAC  equal  to  the  angle  DEF ;  and  at   b  rx  i. 
the  point  A,  in  ^ 

the  straight  line  """--^^^  A 

AG,  make  the  ^-^^^^^A'^^^v:-^^ H 

angle  GAB  e- 
qual  to  the  angle 
DFE,  and  join 
BC.  Therefore, 
because  HAG 
touches  the  cir-  g 
cleABCandAC 
is  drawn  from 
the  point  of  contact,  the  angle  HAC  is  equal  '^  to  the  c  32.  3. 
angle  ABC  in  the  alternate  segment  of  the  circle  :  But 
HAC  is  equal  to  the  angle  DEF ;  therefore  also  the 
angle  ABC  is  equal  to  DEF ;  for  the  same  reason  the 
angle  ACB  is  equal  to  the  angle  DFE ;  therefore  the  re- 
maining angle  BAC  is  equm*^  to  the  remaining  angle  d  3?.  i. 
EDF  :  Wherefore  the  triangle  ABC  is  equiangular  to 
the  triangle  DEF,  and  it  is  inscribed  in  the  circle  ABC. 
Which  was  to  be  done. 
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PROP.  III.      PROB. 


About  a  given  circle  to  describe  a  triangle  equu 
angular  to  a  given  triangle. 


]Let  ABC  be  the  given  circle,  and  DEF  the  given  tri- 
angle ;  it  is  required  to  describe  a  triangle  about  the 
circle  ABC  equiangular  to  the  triangle  DEF. 

Produce  EF  boSi  ways  to  the  points  G«  H,  and  find 
the  centre  K  of  the-  circle  ABC,  and  from  it  draw  any 
strfught  line  KB ;  at  the  point  K  in  the  straight  line  KB^ 

a  23. 1,  make  *  the  angle  BKA  equal  to  the  angle  DEG,  and  the 
an^le  Bl^C  equal  to  the  angle  DFH ;  and  through  the 
points  A,  B,  C,  draw  the  straight  lines  LAM,  MBN, 

b  17.3.  rfCL  touching ^  the  circle  ABC  :  Therefore,  because 
LM,  MN,  NL  touch  the  circle  ABC  in  the  points  A^ 
B,  C,  to  which  from  the  centre  are  drawn  KA,  KB,  KC, 

c  18. 3.  the  angles  at  the  points  A,  B,  C,  are  right  ^  angles.  And 
because  the  four  angles  of  the  quadrilateral  figure  AMBK 
are  equal  to  four  right  angles,  for  it  can  be  divided  into 
two  triangles ;  ai^d  because  two  of  them,  K AM,  KBM 


F   H 


MB  Tsr 

are  right  angles,  the  other  two  AKB,  AM6  are  equal  to 
two  right  angles :  But  the  angles  DEG,  DEF,  are  like- 
d  13.*  1.  wise  equal  ^  to  two  ri^ht  angles ;  therefore  the  angles 
AKB,  AMB  are  equal  to  the  angles  DEG,  DEF,  of 
which  AKB  is  equal  to  DEG ;  whereibre  the  remaining 
angle  AMB  is  equal  to  the  remaining  angle  DEF.  In 
like  manner,  the  angle  LNM  may  be  demonstrated  to  be 
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equal  to  DFE  ;  an^l  therefore  the  remaining  angle  MLN  Book  IV. 
is  equal  "^  to  the  remaining  angle  EDF  :   Wherefore  the  ^^^gflT^ 
triangle  LMN  is  equiangular  to  the  triangle  DEF  :  And 
it  is  described  about  the  circle  ABC.     Which  was  to  be 
done. 


0. 1. 


PROP.  IV.    PROB. 
To  inscribe  a  circle  in  a  given  triangle. 

Let  the  pven  triangle  be  ABC  ;  it  is  required  to  in- 
scribe  a  circle  in  ABC. 

Bisect »  the  angles  ABC,  BC A,  by  the  straight  lines  * 
BD,  CD  meeting  one  another  in  tne  point  D,   fixim 
which  draw  ^  DE,  DF,  DG  ^  ^  ^^'  *• 

perpendiculars,  to  AB,  BC, 
C  A.  Then  because  the  angle 
EBDisequaltotheangleFBD, 
the  angle  ABC  being  bisected 
by  BD ;  and  because  the  right 
angle  BED  is  equal  to  the 
ri^t  angle,  BFD,  the  two  tri- 
angles EBD,  FBD  have  two 
angles  of  the  one  equal  to  two  ^ 
angles  of  the  other ;  and  the  " 
side  BD,  which  is  opposite  to  one  of  the  equal  angles  in 
each,  is  common  to  both ;  therefore  their  other  sides  are 
equal « ;  wherefore  DE  is  equal  to  DF.  For  the  same  c  26. 1. 
reason  DG  is  equal  to  DF ;  therefore  the  three  straight 
lines-DE,  DF,  DG  are  equal  to  one  another,  and  the  circle 
described  from  the  centre  D,  at  the  distance  of  any  of 
th^n,  will  pass  through  the  extremities  of  the  other  two, 
and  will  touch  the  straight  Hues  AB,'  BC,  CA,  because 
the  angles  at  the  points  E,  F,  G  are  right  angles,  and 
the  straight  line  which  is  drawn  from  the  extremity  of  a 
diameter  at  right  angles  to  it,  touches  ^  the  circle :  There-  d  Cor.  16.  S. 
fore  the  straight  lines  AB,  BC,  CA,  do  each  of  them 
touch  the  circle,  and  the  circle  ]EFG  is  inscribed  in  the 
triangle  ABC.    Which  was  to  be  done. 


ELEMENTS 


PROP.  V.    PROB. 


To  describe  a  circle  about  a  given  triangle. 


aiai. 

b  11. 1. 


Let  the  given  triangle  be  ABC  ;  it  is  required  to  de- 
scribe a  circle  about  ABC. 

Bisect '  AB9  AC  in.  the  points  D,  E,  and  from  these 
points  draw  DF,  EF  at  right  angles  ^  to  AB,  AC ;  DF, 


EF  produced  will  meet  one  another ;  for^  if  th^  do  fiot 
meet,  they  are  parallel,  wherefore  AB>  AC  which  are 
at  right  angles  to  them  are  parallel,  which  is  absurd  i 
Let  thetii  m^f  in  F,  and  join  FA ;  also,  if  the  point  F 
be  not  iii  BC,  Join  Bl?,  CF  :  then,  becatisie  AD  is  equal 
to  DB,  and  DF  common,  and  at  right  Angles  to  AB, 
c  4 1.  the  base  AF  is  equal  ^  to  the  base  FB.  In  like  manlier^ 
it  may  be  shewn  that  CF  is  equal  to  FA ;  and  theiefore 
BF  is  equdl  to  FC  ;  and  FA,  FB>  FC  are  equal  to  one 
another ;  wherefore  the  (nrcle  descrtbed  frmii.  the  centre 
F,  at  the  dist&nc^  of  one  cf  them,  wall  pitos. through  the 
extremities  of  th&  other  two,  and  be  described  Jdbbiit  the 
triangle  ABC,  which  was  to  bedcme^ 

CoR.  When  the  centre  of  the  circle  faHs  Vitlna  Ae 
triangle,  each' of  its  angles  is  less  thanm  right  angle,  eadi 
of  them  being  iti  a  segpnent  grieator  thanksemcircb; 
but  when  the  centre  is  in  one  of  the  sides  of  the  tri- 
angle, the  angle  opposite  to  this  side,  b^g  in  aidemi- 
circle,  is  a  right  afa^e;  and  if  the  centre  falls  witfaotit' the 
triangle,  the  angle  oppoate  to  thb  lAde.beyotid  -which,  it  is, 
beinff  in  a  segment  Iceis  than  a  semiciixsle,  is  {^tertikm 
*  a  right  angle.  Whei^fore,  if  the  given  trian^^e  be  acnte 
angled,  the  centre  of  the  circle  faUs  within  it ;  if  it  be  a 
right  angled  triangle,  the  centre  is  in  the  ade  opposite 
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to  the  right  angle ;  and  if  \t  be  an  obtuse  angled  triangle,  J^^^JJ^" 
the  centre  falls  without  the  triangle,  beyond  the  side  op- 
posite to  the  obtuse  angle* 


PROP.  VI.    PROB. 
To  inscribe  a  square  in  a  given  circle. 

Let  ABGD  be  the  given  circle ;  it  is  required  to  in- 
scribe a  square  in  ABCD. 

,Draw  tne  diameters  AC,  BD  at  right  angles  to  one 
another,  and  joia  AB,  BC,  CD,  DA;  because  BE  is 
eqpal  to  ED,  E  being  the  centre,, 
and  because  E  A  is  at  right  angles 
to  BD,  and  common  to  the  tri- 
angles ABE,  ADE;  the  base  BA 

is  equal  *  to  the  base  AD  ;  and  fy/^  ^  \,\  r  i- 1. 
for  the  same  reason,  BC,  CD  are  13 1 
each  of  them  equal  to  B  A  or  AD ; 
there£(>re  the  quadrilateral  figure 
ABCD  is  equilateral.  It  is  also 
rectangular ;  for  the  straight  line 
BD,  being  a  diameter  of  the  cir- 
cle ABCD,  BAD  is  a  semicircle ;  wherefore  the  angle 
BAD  is  a  right  ^  angle ;  for  the  same  reason,  each  of  the  ^  Si.  S. 
angles  ABC,  BCD,  CDA  is  a  right  angle ;  therefore  the 
quadrilateral  figure  ABCD  is  rectangular,  and  it  has 
been  shewn  to  be  equilateral ;  therefore  it  is  a  square ; 
and  it  is  inscribed  in  the  circle  ABCD.  Which  was  to 
be  Aow, 

PROP.YII.    PROB. 

To  (fejicribe  a  squcire  about  a  given  circle. 

Xet  ABCD  be  the  ^ven  circle ;  it  .is  required  to  de- 
^cKfl)e  a  sq^are  about  it. 

Draw. two  diameters  AC,  BD  of  the  drcle  ABCD, 
jit  right  ^tigles  to  one  another,  and  through  thepoinlB 
A,  B,  C,  D  draw*  FG,  GH,  HK,  KF  touching  the    alT.S 

i2 
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ELEMENTS 


bl8.S. 


e  28.  1. 


BoQklV.  circle;  and  because  PG  touches  the  circle  ABCD,  and 
EA  is  drawn  from  the  centre  £  to  the  point  of  contact 
A,  the  angles  at  A  are  right  ^  angles ;  for  the  same  rea- 
son, the  angles  at  the  points  B,  C,  D  are  right  angles ; 
and  because  the  angle  AEB  is  a  right  angle,  as  likewise 

is  EBG,  GH  is  parallel  no  AC ;  q. ^ p 

for  the  same  reason,  AC  is  paral- 
lel to  FE,  and  in  like  manner 
GF,  HK  may  each  of  them  be 
demonstrated  to  >be  parallel  to  n 
BED;  therefore  the  figures  GK,  ^ 
GC,  AK,  FB,  BK,  are  paralle- 
lograms ;  and  GF  is  therefore 
d  84. 1.   equal^  to  HK,  and  GH  to  FK ; 

and  because  AC  is  equal  to  BD,  H 
and  also  to  each  of  the  two  GH,  FK ;  and  BD  to  each  of 
the  two  GF,  HK :  GH,  FK  are  each  of  them  equal  to 
GF  or  HK ;  therefore  the  quadrilateral  figure  FGHKis 
equilateral.  It  is  also  rectangular ;  for'  GBEA  being  a 
parallelogram,  and  AEB  a  right  angle,  AGB  ^  is  like- 
wise a  right  angle :  In  the  same  manner,  it  may  be  shewn, 
that  the  angles  at  H,  E!,  F  are  right  angles  r  therefore 
the  quadrilateral  figure  FGHK  is  rectangular ;  and  it 
was  demonstrated  to  be  equilateral;  therefore  it  is  a 
square;  and  it  is  described  about  the  circle  ABCD. 
Which  was  to  be  done. 


PROP.  Vni.    PROB. 


To  inscribe  a  circle  in  a  given  square. 


a  10.  1. 
b  31.  !• 


Let  ABCD  be  the  given  square ;  it  is  required  to  in- 
scribe a  circle  in  ABCD. 

Bisect  *  each  of  the  sides  AB,  AD,  in  the  points  F,  E, 
and  through  E  draw  ^  EH  parallel  to  AB  or  1)C,  and 
through  F  draw  FK  parallel  to  AD  or  BC  ;  therefore 
each  of  the  figures  AK,  KB,  AH^  HD,  AG,  GC,  B6, 
GD  is  a  parallelogram,  and  their  opposite  ^des  are 
e  34. 1.  equal  ^;  and  because  that  AD  is  equal  to  AB,  anid  that 
AE  is  the  half  of  AD,  and  AF  the  half  of  AB,  AE  is 
equal  to  AF ;  wherefore  the  ddes  opposite  to  these  are 


OF  GEOMETKY. 


133 


equal,  Yiz,  FG  to  G£  ;  in  the  same  manner,  it  may  be  J^ook  iv. 
demonstrated,  that  GH,  GK  are  a 
each  of  them  equal  to  FG  or  GE ; 
therefore  the  four  straight  lines 
GE,  GF,  GH,  GK,  are  equal  to 
one  another ;  and  the  circle  de- 
scribed from  the  centre  G,  at  the 
distance  of  one  of  them,  will  pass 
through  the  extremities  of  the 

other  three ;  and  will  also  touch      

the  straight  lines  AB,  BC,  CD,  B  H  C 

DA,  because  the  angles  at  the  points  E,  F,  H,  E  are 
right  ^  angles,  and  because  the  straight  line  which  is  d  29.  l. 
drawn  from  the  extremity  of  a  diameter,  at  right  angles 
to  it  touches  the  cbcle  * ;  therefore  each  of  the  straight  •  16. 3. 
lines  AB,  BC,  CD,  DA  touches  the  circle,  which  is 
therefore  inscribed  in  the  square  ABCD.  Which  was 
to  be  done.  '* 


PROP.  IX.    PROB. 


To  desmbe  a  circle  about  a  given  square. 


Let  ABCD  be  the  given  square ;  it  is  required  to  de- 
scribe a  circle  about  it. 

Join  AC,  BD  cutting  one  another  in  £  ;  and  because 
DA  is  equal  to  AB,  and  AC  common  to  the  triangles 
DAC,  BAC,  the  two  sides  DA,  AC  are  equal  to  the  two 
BA,  AC,  and  the  base  DC  is  equal 
to  the  base  BC  ;  wherefore  the  an- 
gle DAC  is  equal  *  to  the  angle  /(\  /|\  ^  g^  i, 
BAC,  and  the  angle  DAB  is  bisect- 
ed by  the  straight  line  AC.  In  the 
same  manner  it  may  be  .demonstra- 
ted, that  the  angles  ABC,  BCD, 
CD  A  are  severally  bisected  by  the 
'Straight  lines  BD,  AC :  therefore 
because  the  angle  DAB  is  equal  to  the  angle  ABC,  and 
the  angle  EAB  is  the  half  oi  DAB,  and  EBA  the  half 
of  ABC  ;  the  angle  EAB  is  equal  to  the  angle  EBA  : 
and  the  side  EA^  to  the  side  EB.    In  the  same  manner,  /b  6.  i. 
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Fdok  IV.  it  may  be  demonstrated,  tba(t  the  straight  lines  £C,  £I> 
'are  each  of  them  equal  to  EA,  or  EB;  therefore  the 
four  straight  lines  E A,  EB,  EC,  ED  are  equal  to  one 
another ;  and  the  circle  described  from  the  centre  E,  at 
the  distance  of  one  of  them,  must  pass  through  the  ex^ 
tremities  dt  the  other  three,  and  be  described  about  the 
squareABCD.     Whiqh  ^Tds  to  be  done. 


PROP.  X.    PROS. 


To  desctihe  an  isosceles  triangle,  hd'oirtg  eadk  of 
the  angles  at  the  base  double  of  the  third  angte. 

R  11. «.        Take  any  stKught  line  AB,  and  divide  *  it  in  the  point 
,  C,  so  that  the  rectangle  AB,  BC  may  be  equal  to  the 

square  of  AC  ;  and  from  the  centre  A,  at  me  distance 
b  L  i.      ^B,  describe  the  circle  BDE,  in  which  placeb  the  straight 

line  BD  equal  to  AC,  which  is  not  greater  than  the  diia- 

meter  of  the  circle  BDE  ;  join  DA,  DC,  and  about  the 
c***-      triangle  ADC  describe  ®  the  circlj^  ACD,;  the  triangle 

ABD  is  such  as  is  required,  that  is,  each  of  the  angles 

ABD,  ADB  is  double  dfthe  angle  BAD. 

Because  the  rectangle  AB.BC  ii»  equal  io  the  square 

ofAC,andACequaltoBD,  ^^.-^^--.^.^ 

tiie  reciangld  AB.BC  is  equal 

to  the  square  of  BD;  imd^ 

because,  from  the  point  B 

^thoat  the  circle  ACD  two 

straight  lines  BCA,  BD  Hre 

drawn  to  the  circumference, 

bne  of  which  cuts,  and  the 

Dtber  meets  the  ^circle,  and 

the  rectangle  AB.BC  con- 

tmhed  by  the  ^whole  of  the 

cutting  line,   and  the  part 

of  it  ^thout  the  drde,  is  ]B 

eqiial  to  the  square  of  BD  which  trieets  it ;  thfe  fetftught 
d  ST.  3.     line  BD  touches  *  the  cif  cle  ACD.     And  because  BD 

touches  the  circle^  and  DC  ii^  drawn  from  the  point 
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« 

x}{  contact  D,  the  angle  BDC  is  equal*  to  the  angle  ^^^^^^J^ 
DAC  in  the  alternate  segment  of  the  circle ;  to  each  ^^jfj; 
of  these  add  the  angle-  CD  A,  then   the  whole  angle 
BDA  is  equal  to  the  two  angles  CD  A,  DAC ;  but  the 
exterior  angle   BCD   is  equal'  to  the  angles   CD  A,     f32-U 
DAC ;  therefore  also  BDA  is  equal  to  BCD ;  but  BDA 
is  equal «  to  CBD,  because  the  side  AD  is  equal  to  the     8  5-  ^' 
side  AB ;  therefore  CBD,  or  DBA  is  equal  to  BCD ; 
and  consequently  the  three  angles  BDA,  DBA,  BCD, 
are  equal  to  one  another.     And  because  the  angle  DBC 
is  equal  to  the  angle  BCD,  the  side  BD  is  equ«d  ^  to  the    h  6.  i- 
side  DC  ;  but  BD  was  made  equal  to  C  A ;  therefore  also 
CA  is  equal  to  CD,  and  the  angle  CDA  equal «  to  the 
angle  DAC  ;  therefore,  the  angles  CDA,  DAC  together, 
are  double  of  the  angle  DAC  ;  but  BCD  is  equal  to  the 
angles  CDA,  DAC°;  therefore  also  BCD  is  double  of 
DAC.     But  BCD  is  equal  to  each  of  the  angles  BDA, 
DBA,  and  therefore  each  of  the  angles  BDA,  DBA  is 
double  of  the  angle  DAB ;  wherefore  an  isosceles  tri- 
ai^le  ABD  is  de^ribed,  having  each  of  the  angles  at  the 
base  double  of  the  third  angle.    Which  was  to  be  done. 


"  Co».  1 .  The  angle  BAD  is  the  fifth  part  of  two 
right  angles.  For  since  each  of  the  angles  ABD  and 
ADB  is  equal  to  twice  the  angle  BAD,  they  are  toge- 
<^  ther  e^ual  to  four  times  BAD,  and  therefore  all  Uie 
^'  three  angles  ABD,  ADB,  BAI),  taken  together,  are 
^^  equfil  to  five  times  the  angle  BAD.  But  the  three 
^^  angles  ABD,  ADB,  BAD  are  equal  to  two  right  angles, 
*^  therefore  five  times  the  angle  J3AD,  is  equal  to  two 
"right  angles;  or  BAD  is  the  fifth  part  of  two  right 
•  **  angles. 

"  Cor.  2.  Because  BAD  is  the  fifth  part  of  two,  or 
<^  the  tenth  part  of  four  right  angles,  all  the  angles  about 
**  the  centre  A  are  together  equal  to  ten  times  the  angle 
*'  BAJD,  and  may  therefore  be  divided  into  ten  parts 
<^  each  equal  to  BAD.  And  as  these  ten  equal  angles  at 
<<  the  centre  must  stand  on  ten  equal  arches,  therefore 
^^  the  arch  BD  is  one-tenth  of  the  circumference ;  and 
"  the  straight  Tme  BD,  that  is  AC,  is  therefore  equal  to 
<^  the  ade  of  an  equilateral  decagon  inscribed  m  the 
"  circle'  BDE." 
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PROP.  XI.     PROB. 


To  inscribe  an  equilateral  and  equiangular 
pentagon  in  a  given  circle. 


a  10.  4. 


b2.4. 


c  0.  1. 


d  26*  3* 


fi  29,  3. 


Let  ABCDE  be  the  given  circle,  it  is  required  to  in- 
scribe an  equilateral  and  equiangular  pentagon  in  the 
cirple  ABCDE. 

Describe  "  an  isosceles  triangle  FGH,  having  each  of 
the  angles  at  G,  H,  double  of  the  angle  at  F ;  and  in 
the  circle  ABCDE  inscribe^  the  triangle  ACD  equi- 
angular to  the  triangle  FGH,  so  that  the  angle  CAD  be 
equal  to  the  angle  at  F,  and  each  of  the  angles  ACD, 
CDA  equal  to  the  an- 
gle at  G  or  H  ;  where- 
fore each  of  the  angles 
ACD,  CDA  is  double 
of  the  angle  CAD.  Bi- 
sect*' the  angles  ACD, 


CDA  by  the  straight 
lines  CE,   DB ;    and 
joinAB,BC,DE,EA. 
ABCDE  is  the  penta-  ^ 
gon  required. 

,  Because  the  angles  ACD, CDA  are  each  of  them 
double  of  CAD,  and  are  bisected  by  the  straight  lines 
CE,  DB,  thp  five  angles  DAC,  ACE,  ECD,  CDB, 
BDA  are  equal  to  one  another ;  but  equal  angles  stand 
upon  equal  ^  arches ;  therefore  the  five  arches  AB,  BC, 
CD,  DE,  EA  are  equal  to  one  another:  and  equid 
arches  are  subtended  by  equal  ®  straight  lines  ;  therefore 
the  five  straight  lines  AB,  BC,  CD,  DE,  EA  are  equal 
to  one  another.  Wherefore  the  pentagon  ABCDE  is 
equilateral.  It  is  also  equiangular ;  becau*se  the  a^ch  AB 
is  equal  to  the  arch  DE ;  if  to  each  be  added  BCD, 
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the  whole  ABCD  is  equal  to  the  whole  EDCB:  and  Book  IV. 
the  angle  A£D  stands  on  the  arch  ABCD,  and  the  ^•^'v-^*^ 
angle  BAE  on  the  arch  EDCB:  therefore  the  angle 
BAE  is  equal 'to  the  angle  AED:  for  the  same  rea-    f27. 3. 
son,  each  of  the  angles  ABC,  BCD,  CDE  is  equal  to 
the  angle   BAE,   or  AED:    therefore,  the    pentagon 
ABCDE  is  equiangular ;  and  it  has  been  shown  that  it 
is  equilateral.     Wherefore,  in  the  given  circle,  an  equi- 
lateral and  equiangular  pentagon   has   been  inscribed. 
Which  was  to  be  done. 


Otherwise, 


Divide  the  radius  of  the  given  circle,  so  that  the 
rectangle  contained  by  the  whole  and  one  of  the  parts 
**  may  be  equal  to  the  square  of  the  other  ».     Apply  in    a  n.  2. 
*'  the  circle,  on  each  side  of  a  ^ven  point,  a  line  equal 
"  to  the  greater  of  these  parts ;  then  ^  each  of  the  arches  J  b  2.  Cor. 
**  cut  off  will  be  one-tenth  of  the  circumference,  and  i  ^^'  *• 
**  therefore  the  arch  made  up  of  both  will  be  one-fifth  of 
*^  the  circumference ;  and  if  the  straight  line  subtending 
**  this  arch  be  drawn,  it  will  be  the  side  of  an  equilateral 
^*  pentagon  inscribed  in  the  circle." 


PROP.  XII.     PROB. 

To  describe  an  equilateral  and  equiangular 
pentagon  about  a  given  circle. 

Let|ABCDE  be  the  given  circle,  it  is  required  to  de- 
scribe an  equilateral  and  equiangular  pentagon  about  the 
circle  ABCDE. 

Let  the  angles  of  a  penta^n,  inscribed  in  the  circle,  by 
the  last  proposition,  be  in  the  points  A,  B,  C,  D,  E,  so 
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Book  IV.  that  the  arches  AB,  BC,  CD,  BE,  £  A  are  iequal  • ;  and 

^^{^  through  the  points  A,  B,  C,  I^  E  draw  GH,  HK,  KL, 

*    * «     LM,  MO,  touching  ^  the  drcle ;  take  the  centre  F,  awl 

^^^'^*    ioin  PB,  FK,  FC,  FL,  FD,    And  because  the  stwght 

line  KL,  touches  the  circle  ABODE  in  the  point  C,  to 

which  FC  is  drawn  from  the  c^tre  F,  FC  is  perpendlcn-f 

c  18. 3,    lar  ^  to  KL ;  therefore  each  of  the  angles  at  C  is  a  right 

angle :  for  the  same  leason,  the  angles  at  the  points  B, 

D  are  right  angles ;  and  because  FC£  is  a  ^^t  angle* 

d  47. 1.     the  square  of  FK  is  equal  ^  to  the  squares  of  FC,  CK. 

For  the  same  reason,  uie  square  of  FK  is  equal  to  the 

squares  of  FB,  BK:  therefore  the  squares  of  FC,  CK, 

are  equal  to  the  squares  of  FB,  BK,  of  which  the  square 

of  FC  is  equal  to  the  square  of  FB;  the  remaining  square 

of  CK  is  therefore  equal  to  the  remaining  square  of  BK, 

and  the  strsdght  line  CK  equal  to  BK :  and  because  FB 

is  equal  to  FC,  and  FK  common  to  the  triangles  BFK, 

CFK,  Hie  tivo  BF,  FB!  are  equal  to  the  two  CF,  FK  ; 

and  the  base  BK  is  equal  to  the  base  KC ;  therefore  the 

e 8. 1.      angle  BFK  is  equal®  to, the  angle  KFC,  and  the  angle 

BKF  to  FKC  :  wherefore,  the  angle  BFC  is  double  of 

the  angle  KFC,  and  BKC  double  of  FKC  :  for  the  same 

reason,  the  angle  CFD  is  double  of  the  angle  CFL,  and 

CLD  double  Sf  CLF  :  a»d  because  the  arch  BC  is  equal 

f  27*  S.     to  the  arch  CD,  the  angle  BFC  is  equal'  to  the  angle 

CFD ;  and  BFC  is  double  of  the  angle  KFC,  and  CFD 

double  of  CFL  ;  therefore 

the  angle  KFC  is  equal  to 

the  angle  CFL  :  now  the 

•      right  angle  FCK  is  equal 

to  the  right  angle  FCL  : 

and  therefore  in  the  two 

trianglesFKC,  FLC,  there 

are  two  angles  of  one  equal 

to  two  angles  of  the  other, 

each  to  each,  and  the  side 

FC,  which  is  adjacent  to 

the  equal  angles  in  each,  ^ 

$  26, 1,    is  common  to  both ;  therefore  the  other  sides  are  equal  ^ 

to  the  other  sides,  and  the  thurd  angle  to  the  third  an^le  - 

therefore  the  straight  line  KC  is  equal  to  CL,  ana  die 

angle  FKC  to  the  angle  FLC  :  and  because  KC  is  equal 
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to  CL,  EL  is  double  of  EC :  in  the  lanie  manner,  it  B<^  1^- 
may  be  shown  that  HE  is  double  of  BE :  and  because 
BE  is  equal  to  EC,  as  was  demonstrated,  and  EL ,  is 
double  of  EC,  and  HE  double  of  BE,  HE  is  equal  to 
EL  :  in  like  manner  ^  may  be  shewn  that  GH,  GM, 
ML  are  each  of  them  equal  to  HE  or  EL  :  therefore 
the  pentagon  GHELM  is  equilateral*  It  is  also  equi- 
angular ;  for,  since  the  angle  FEC  is  equal  to  the  angle 
FLC,  and  the  angle  HEL  double  of  the  angle  FEC, 
and  ELM  double  of  FLC,  as  was  before  demonstrated, 
the  ande  HEL  is  equal  to  ELM  :  and  in  like  manner, 
it  may  1)6  shown,  that  each  of  the  angles  EHG,  HGM, 
GML  is  equal  to  the  angle  HEL  or  ELM  :  therefore 
the  five  angles  GHE,  HEL,  ELM,  LMG,  MGH,  be- 
iilg  equal  to  one  another,  the  pentagon  GHELM  is  equi- 
angular: and  it  is  equilateral,  as  was  demonstrated ;  and 
it  is  described  about  the  ciitle  ABCDE.  Which  was 
to  be  done. 


PROP.  XIIL    PROB. 


To  inscribe  a  circle  in  a  given  equilateral  and 

equiangular  pentagon. 


Let  ABCDE  be  the  given  equilateral  and  equiangular 
pentagon  *  it  is  required  to  inscribe  a  circle  in  the  pen- 
tagon ABCDE. 

Bisect  *  the  angles  BCD,  CDE  by  the  straight  Ibes  a  9.  i. 
CF,  DF,  and  from  the  point  F,  in  which  they  meet, 
draw  the  straight  lines  FB,  FA,  FE  :  therefore,  since 
BC  is  equal  to  CD,  and  CF  common  to  the  triangles 
BCF,  DCF,  the  two  ades  BC,  CF  are  equal  to  the  two 
DC,  CF;  and  the  angle  BCF  is  equal  to  the  angle  DCF; 
therefore  the  base  BF  is  equal  ^  to  the  base  FD,  and  the  b  i,  I* 
other  angles  to  the  other  angles,  to  which  the  equal  sides 
are  opposite ;  therefore  the  angle  CBF  is  equal  to  the 
angle  CDF :  and  because  the  angle  CDE  is  double  of 
CDF,  and  CDE  equal  to  CBA,  and  CDF  to  CBF ; 
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Book  IV.  CBA  is  also  double  of  the 
^^-'v^^  angle  CBF;  therefore  the 
angle  ABF  is  equal  to  the 
angle  CBF ;  wherefcA*e  the 
angle  ABC  is  bisected  by  n 
the  straight  line  BF:  In 
the  same,  manner,  it  may 
be  demonstrated,  that  the 
angles  BAE,  AED,  are 
bisected  by  the  straight 
lines  AF,  EF:   from  the  ^^  -|^  -p. 

clM.    point  F  draw«  FG,  FH,         ^  . 

FK,  FL,  FM  perpendiculars  to  the  straight  lines  AB, 
BC,  CD,  DE,  EA :  and  because  the  angle  HCF  is  equal 
to  KCF,  and  the  right  angle  FHC  equal  to  the  right 
angle  FKC,  in  the  triangles  FHC,  FKC  two  angles  of 
the  one  are  equal  to  two  angles  of  the  other,  and  the 
side  FC,  which  is  opposite  to  one  of  the  equal  angles  in 
each,  is  common  to  both ;  therefore,  the  other  sides  are 

d  26. 1.  equal  ^,  each  to  each ;  that  is,  the  perpendicular  FH  is 
equal  to  the  perpendicular  FK.  In  the  same  manner  it 
may  be  demonstrated,  that  FL,  FM,  FG  are  each  of 
them  equal  to  FH  or  FK:  therefore  the  five  straight 
lines  FG,  FH,  FK,  FL,  FM  are  equal  to  one  another ; 
wherefore  the  circle  described  from  the  centre  F,  at  the 
distance  of  one  of  these  five,  will  pass  through  the  extre- 
mities of  the  other  four,  and  touch  the  straight  lines  AB, 
BC,  CD,  DE,  EA,  because  that  the  angles  at  the  points 
G,  H,  K,  L,  M  are  right  angles,  and  that  a  straight  line 
drawn  from  the  extremity  of  the  diameter  of  a  arcle  at 
t  Cor.  16. 3.  right  angles  to  it  touches  ^  the  circle :  therefore  each  of 
the  straight  lines  AB,  BC,  CD,  DE,  EA  touches  the 
circle ;  wherefore  the  circle  is  inscribed  in  the  pentagon 
ABCDE.     Which  was  to  be  done. 
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PROP.  XIV.    PROB.  ^^!t3' 

To  describe  a  circle  about  a  given  equilateral 
and  equiapgular  pentagon. 

Let  ABCDE  be  the  given  equilateral  and  equiangular 
pentagon ;  it  is  required  to  describe  a  circle  about  it. 

Bisect*  the  angles  BCD,  CDE  by  the  straight  lines     a  9. 1. 
CF,  FD,  and  Yrom  the  point  F,  in  which  they  meet, 
draw  the  straight  lines  FB,  FA, 
FE  to  the  points  B,  A,  E.     It 
may  be  demonstrated,  in  the 
same  manner  as  in  the  preced- 
ing proportion,  that  the  angles  n ; 
CBA,  BAE,  AED  are  bisect- 
ed  by  the  straight  lines  FB, 
FA,  FE :  and  b^use  that  the 
angle   BCD    is  equal    to  the 
angle  CDE,  and  that  FCD  is 
the  half  of  the  angle  BCD,  and 

CDF  the  half  of  CDE ;  the  angle  FCD  is  equal  to  FDC ; 
wherefore  the  side  CF  is  equal  ^  to  the  side  FD :  In  like  b  &  1. 
manner  it  may  be  demonstrated,  that  FB,  FA,  FE  are 
each  of  them  equal  to  FC  or  FD:  therefore  the  five 
straight  lines  FA,  FB,  FC,  FD,  FE  are  equal  to  one 
another ;  and  the  circle  described  from  the  centre  F,  at 
the  distance  of  on^  of  them,  will  pass  through  the  extre- 
mities of  the  other  four,  and  be  described  about  the 
equilateral  and  equiangular  pentagon  ABCDE.  Which 
was  to  be  done. 


PROP-  XV.     PROB. 

To  inscribe  an  equilateral  and  equiangular  hexa^ 

gon  in  a  given  circle. 

Let  ABCDEF  be  the  given  circle ;  it  is  required  to 
inscribe  an  equilateral  and  equiangular  hexagon  in  it. 


us 
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Book  IV.  Find  the  centre  6  of  the  circle  ABCDEP,  and  draw 
^'^■^'v^*-^  the  diameter  AGD ;  and  from  D  as  a  centre,  at  the  dis- 
tance D6,  describe  the  circle  EGCH,  join  EG,  CG, 
and  produce  them  to  the  points  B,  F ;  and  join  AB9  BC» 
CD,  D£,  EF,  FA :  the  hexagon  ABCDEF  is  equilate- 
ral and  equiangular. 

Because  G  is  the  centre  of  the  circle  ABCDEF,  GE 
is  equal  to  GD :  and  because  D  is  the  csentre  of  the  circle 
EGCH,  DE  is  e^ual  to  DG ;  wherefore  GE  is  equal 
to  ED,  and  the  triangle  EGD  is  equilateral ;  and  t}iere- 
fore  its  three  angles  EGD,  GDE,  DEG  are  equal  to  on^ 
has'i*  ^*  another*;  and  the  three  ang}es  of  a-  triangle  afe  equal  ^ 
'  '  '  to  two  right  angles ;  therefore  the  angle  £G£>  is  the  third 
part  of  two  right  angles ;  In  the  same  manner  il;  aiay 
be  demonstrated  that  the  ai3^ 
BGC  is  also  the  third  part  of 
two  right  angles:  a.nd  because 
the  straight  line  GC  makes  with 
EB  the  adjacent  angles  EGC, 
CGB  equal  '^  to  two  right  antgles : 
the  remaining  «ngle  CGB  is  the 
third  part  of  two  right  angles; 
therefore  the  angles  EGD,  DGC, 
CGB,  are  equ^  to.  one  another : 
and  -also  the  angles  vertical  lio 
them,  BGA,  .AGF,  F^E*; 
therefore  the  »x  angles  EGD, 
DGC,  CGB,  JBGA,  AGF,  FGE 
are  equal  lOrione  aaQther.  Bttt 
equal  aisles  at  the  centsre  stand  upon  equate  arebea; 
therefore  the  six  arches  AB,  BC,  CD,  DE,  EF,  FA  are 
equal  to  one  another :  and  equal  arches  are  aibtended 
by  equal f  straight  lines;  therefore  the  six  straight  lines 
are  equal  to  one  another,  and  the  hexagon  ABCDEF  is 
equilateral.  It  is  also  equiangular ;  for,  since  the  arch 
AF  is  equal  to  ED,  to  each  of  these  a^d  the  arch  ABCD ; 
therefore  the  whole  arch  FABCD  shall  be  equal  to  the 
wholeEPCBA:  and  the  jai^e  FED  stands  upm  the 
arch  FABCD,  and  the  an^e  AFE  upon  EDCBA ; 
therefore  the  angle  AFE  is  equal  to  FED :  in  the  same 
manner  it  may  be  demonstrate,  that  the  oth^  angles  of 
the  hex^on  ABCDEF  are  ^ch  of  them.^qual  to  the 
angle  AFE  or  FED;  therefore  the  hexagon  is  equi- 
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angular;  it  is  also  equilateral,  as  was  shown:  and  it  is  ud-  Book  I  v. 
scnbed  in  the  given  circle  ABCDEF.     Whidi  was  to  ^-^^^^— 

be  done. 

Cob.  Prom  this  it  is  manifest,  that  the  side  of  the 
hexagon  is  equal  to  the  i^aight  line  from  the  centre,  that 
is,  to  the  radius  of  the  circle. 

And  if  through  the  pdnte  A,  B,  C,  D,  E,  F,  there  be 
drawn  strmght  lines  touching  the  circle,  an  equilat^al 
and  equiangular  hexagon  shall  be  described  about  it, 
which  may  be  demonstrated  from  what  has  been  said  of 
the  pentagon  ;  and  likewise  a  circle  may  be  inscribed  in 
a  given  equilateral  and  equiangular  hexagon,  and  cir^ 
cumscribed  about  it,  by  a  method  like  to  that  used  for 
the  pentagon. 


.      PROP.  XVI.     PROB. 

To  inscribe  an  equilateral  and  equiangular 
quindecagon  in  a  given  circle. 

Let  ABCD  be  the  given  circle  ;  it  is  required  to  in- 
scribe an  equilateral  and  equiangular  quindecagon  in  the 

dircle  ABCD.       ^ 

Let  AC  be  the  side  of  an  equilateral  triangle  inscribed  * 
in  th6  circle,  and  AB  the  side 
of  an  equilateral  and  equian-  ^-^s=57T^*'*«h^ 

gular  pentagon  inscribed  ^  in  ,^^/^^^S.  b  11.  4. 

the  same ;   therefore,  of  such 
equal  parts  as  the  whole  cir-  g 
cumference  ABCDf"  contains  ^ 
fifteen,  the  arch  ABC,  being  E' 
the  third  part  of  the  whole,     A 
contains  five ;  and  the  arch  AB, 
which  is  the  fifth  part  of  the 
whole,  contains  three ;  there- 
fore BC  their  diflFerence  contmns  two  of  the  same  parts,  «  80. 3. 
bisect  ^  BC  in  E ;  therefore  BE,  EC  are,  each  of  them 
the  fifteenth  part  of  the  whole  circumference  ABCD: 
thereforeif  thestraight  lines  BE,EC  be  drawn,  and  straight 
lines  equal  to  them  be  placed*  around  in  the  whole    dl.  4. 
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Boot  I V.^  circle,  an  equilateral  and  equiangular  quindecagon  will 
~  be  inscribed  in  it.     Which  was  to  be  done. 

And  in  the  same  manner  as  was  done  in  the  pentagon, 
if  through  the  points  of  division  made  by  inscribing  the 
quindecagon,  straight  lines  be  drawn  touching  the  cuxle, 
an  equilateral  and  equiangular  quindecagon  may  be  de- 
scribed about  it :  And  likewise,  as  in  tne  pentagon,  a 
circle  may  be  inscribed  in  a  given  equilateral  and  equi- 
angular quindecagon,  and  circumscribed  about  it. 


ELEMENTS 


OF 


GEOMETRY- 


BOOK  V. 

IN  tlie  demonstrations  of  this  book  there  are  certain  Book  v. 
signs  or  characters  which  it  has  been  found  conve- 
nient to  employ.  f 


^^  1.  The  letters  A,  B,  C^  &c  are  used  to  denote  mag- 
*^  nitudes  of  any  kind.  The  letters  my  n,  p,  q^  are  used 
*^  to  denote  numbers  only. 

"  2.  The  sign  +  (plus),  written  between  two  letters, 
^'  that  denote  magnitudes  or  numbers,  signifies  the  sum 
^'  of  those  magnitudes  or  numbers.  Thus,  A  +  B  is  the 
^^  sum  of  the  two  mt^nitudes  denoted  by  the  letters  A 
'^  and  B ;  m  +  ^  is  the  sum  of  the  numbers  denoted  by 
'^  m  and  n.         , 

"  3.  Thesi^  —  (minus),  written  between  two  letters, 
^'  Unifies  the  excess  of  the  magnitude  denoted  by  the 
^^  first  of  these  letters,  which  is  supposed  the  greatest, 
"  above  that  which  is  denoted  by  the  other.  Thus, 
"A  —  B  signifies  the  excess  of  the  magnitude  A  above 
''  the  magnitude  B. 

"  4.  When  a  number,  or  a  letter  denoting  a  number, 
"  is  written  close  to  another  letter  denoting  a  magnitude 
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Bo^  y.  ^  "  of  any  kind,  it  signifies  that  the  magnitude  is  muld- 
"  plied  by  the  number.  Thus,  ^  A  signifies  three  times 
"  A ;  wiB,  m  times  B,  or  a  multiple  of  B  by  m.  When 
*'  the  number  is  intended  to  multiply  two  or  more  mag- 
'*  nitudes  that  follow,  it  is  written  thus,  w  (A  +  B) 
^'  which  signifies  the  sum  of  A  and  B  taken  m  times ; 
**  m  (A — B)  is  m  times  the  excess  of  A  above  B. 

**  Also,   when  two  letters  that  denote  numbers  are 

*^  written  close  to  one  another,  they  denote  the  product 

"  of  those  numbers,  when  multiplied  into  one  another. 

Thus,  mn  is  the  product  of  m  into  n ;  and  mn  A  is  A 

multiplied  by  the  product  of  m  into  n^ 


4( 

a 


"  6.  The  sign  =:  signifies  the  equality  of  the  magni- 
tudes denoted  by  the  letters  that  stand  on  the  oppo- 
site  sides  of  it ;  A  =  B  signifies  that  A  is  equal  to  B, 
A  4-  B  =  C  —  D  signifies  that  the  sum  of  A  and  B  is 
'*  equal  to  the  excess  of  C  above  D. 

"  6.  The  sign  -^^  is  used  to  signify  that  the  magni- 
^'  tudes  between  which  it  is  placed  are  unequal,  and  chat 
"  the  magnitude  to  which  the  opening  of  the  lines  is 
"  turned  is  greater  than  the  other.  Thus  A'^^'R  signt- 
^^  fies  that  A  is  greater  than  B  ;  and  A  .^  B  signifies 
"  that  A  is  less  than  B.'' 


DEFINITIONS. 

I. 

A  less  magnitude  is  said  to  be  a  part  of  a  greater  mag- 
nitude, when  the  less  measures  the  greater,  that  isj 
when  the  less  is  contained  a  certain  mimber  of  times 
exactly  in  the  greater. 

II. 

A  greater  magnitude  is  said  to  be  a  multiple  of  a  less, 
when  the  greater  is  measured  by  the  less,  that  is,  when 
the  greater  contains  the  less  a  certain  number  of  times 
exactly. 

IIL 

Ratio  is  a  mutual  relation  of  two  magnitudes,  of  the  same 
kind,  to  one  another  in  respect  of  quantity. 
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IV.  BookV. 

Magnitudes  are  said  to  be  of  the  same  kind,  when  the 
less  can  be  multiplied  so  as  to  exceed  the  greater ;  and 
it  is  only  such  magnitudes  that  are  said  to  have  a  ratio 
to  one  another. 

V. 

If  there  be  four  magnitudes,  and  if  any  equimultiples  See  N. 
whatsoever  be  taken  of  the  first  and  third,  and  any 
equimultiples  whatsoever  of  the  second  and  fourth,  and 
if,  accordmg  as  the  multiple  of  the  first  is  greater  than 
the  multiple  of  the  second,  equal  to  it,  or  less,  the 
multiple  of  the  third  is  also  greater  than  the  multiple 
ot  the  fourth,  equal  to  it,  or  less ;  then  the  first  of  the 
magnitudes  is  said  to  have  to  the  second  the  same  ra- 
tio that  the  third  has  to  the  fourth. 

VI. 

Magnitudes  are  said  to  be  proportionals,  when  the  first 
has  the  same  ratio  to  the  second  that  the  third  has  to 
the  fourth ;  and  the  third  to  the  fourth  the  same  ratio 
which  the  fifth  has  to  the  sixth,  and  so  on,  whatever 
be  their  number. 

"  When  four  magnitudes.  A,  B,  C,  D  are  proportion- 
^^  als,  it  is  usual  to  say  that  A  is  to  B  as  C  to  D,  and 
"  to  wTite  them  thus,  A :  B  : :  C  :  D,  or  thus,  A  :  B 
"  =  C  :  D." 

VII. 

When  of  the  equimultiples  of  four  magnitudes,  taken  as 
in  the  fifth  definition,  the  multiple  of  the  first  is  greater 
than  that  of  the  second,  but  the  multiple  of  the  third 
is  not  greater  than  the  multiple  of  the  fourth ;  then 
the  first  is  said  to  have  to  the  second  a  greater  ratio 
than  the  third  magnitude  has  to  the  fourth ;  and,  on 
the  contrary,  the  third  is  said  to^have  to  the  fourth  a 
less  ratio  thafi  the  first  has  to  the  second. 

VIII. 

When  there  is  any  number  of  magnitudes  greater  than 
two,  of  which  the  first  has  to  the  second  the  same  ra- 
tio that  the  second  has  to  the  third,  and  the  second  to 

K  2 
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,^$epk  V.  the  third  the  same  ratio  which  the  third  has  to  tbe 
fourth,  wd  so  on,  the  magnitudes  are  said  to  be  ooo- 
tinual  p*opQrtional8. 

IX. 

When  three  ma^itudes  are  continual  proportionals,  the 
second  is  said  to  be  a  mean  proportional  between  the 
other  two. 

X. 

^,  When  there  is  any  number  of  magnitudes  of  tbe  same 
kind,  the  first  is  said  to  have  to  the  last  the  ratio  com- 
pounded of  the  ratio  which  tbe  first  has  to  the  second, 
and  of  tbe  r^tio  which  the  second  has  to  the  third,  and 
of  tbe  ratio  which  the  third  has  to  the  fourth,  and  so 
on  unto  the  last  magnitude. 

For  example,  if  A,  B,  C,  D  be  four  magnitudes  cf  the 
same  kind,  the  first  A  is  said  to  have  to  the  last  D, 
the  ratio  compounded  of  the  ratio  of  A  to  B,  and  of 
the  ratio  of  B  to  C>  and  of  the  ratio  of  C  to  D ;  or, 
the  ratio  of  A  to  D  is  said  to  be  compounded  of  the 
ratios  of  A  to  B,  B  to  C,  and  C  to  D. 

And  if  A:  B : :  E :  F ;  and  B :  C : :  G :  H;  and  C :  D : : 
K :  L,  then,  since  by  this  definition,  A  has  to  D  the 
ratio  compounded  of  the  ratios  c^  A  to  B,  B  to  C,  C 
to  D ;  A  may  also  be  said  to  have  to  D  the  ratio  com- 
ppunded  of  the  ratios  which  are  the  same  with  the 
ratio  of  E  to  F,  G  to  H,  and  K  to  L. 

In  like  manner,  the  same  things  being  supposed,  if  M 
has  to  N  the  same  ratio  which  A  has  to  D,  then,  for 
shortness^  sake,  M  is  said  to  have  to  N  a  ratio  eom-- 
pounded  of  the  same  ratios,  which  oorapouiid  the  ratio 
of  A  to  D ;  that  is,  a  ratio  compounded  of  the  ration 
of  IS  to  F,  G  to  H,  and  X  to  L. 

If  three  magnitudea  are  eantinual  proportionals,  tbe  ratio 
of  the  first  to  the  tiuid  is  said  to  be  duplicate  of  tbe 
ratio  of  the  first  to  the  second. 

«  Thus,  ifAbetoB  asBtoC,  the  ratio  of  A  to  C  is 
'^  said  to  be  dtiptkate  of  the  ratio  of  A  to  &  Hcnoe, 
*^  smce  by.  the  last  definhipn,  the  ratio  of  A  to  C  is 
*• '*'^~'"*'led  of  the  ratios  of  A  to  B,  a»d  B  to  C,  a 
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'^  ratio,  which  is  compounded  of  two  equal  ratios,  is  Book  V. 
"  duplicate  of  either  of  these  ratios.'" 

XII. 

If  four  magnitudes  are  continual  proportionals,  the  rado 
of  the  first  to  the  fourth  is  said  to  be  triplicate  of  the 
ratio  of  the  first  to  the  second,  or  of  the  ratio  of  the 
second  to  the  third,  &c. 
*^  So  also,  if  there  are  five  continual  proportionals;  the 
**  ratio  of  the  first  to  the  fifth  is  caJled  quadruplicate 
'^  of  the  ratio  of  the  first  to  the  second ;  and  so  on, 
according  to  the  number  of  ratios.  Hence,  a  ratio 
compounded  of  three  equal  ratios  is  triplicate  of  any 
^'  one  of  those  ratios ;  a  ratio  compounded  of  four 
equal  ratios  quadruplicate,^  &c. 


4C 


<( 


XIII. 

In  proportionals,  the  antecedent  terms  are  called  homo- 
logous to  one  another,  as  also  the  consequents  to  one 
another. 


Geometers  make  use  of  the  following  technical  words  to 
signify  certmn  ways  of  changing  either  the  ord^  or 
magnitude  of  proportionals^  so  as  that  they  continue 
still  to  be  proportionals. 

XIV. 

Pefmutando,  or  altemando,  by  permutation,  or  alter- 
nately ;  this  word  is  used  when  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  first  has  the  same 
ratio  to  the  third  which  the  second  has  to  the  fourth ; 
or  that  the  first  is  to  the  third  as  the  second  to  the 
fourth  :    See  Prop.  16.  of  this  Book. 

XV. 

Invertendo,  by  inversion :  When  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  second  is  to  tne  first 
as  the  fourth  to  the  third.     Prop.  A.  Book  5. 
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XVI. 

Componendo,  by  composition:  When  there  are  four 
proportionals,  and  it  is  inferred,  that  the  first,  together 
with  the  second,  is  to  the  second,  as  the  third,  together 
with  the  fourth,  is  to  the  fourth.     18th  Prop.  Book  5. 

XVII. 

Dividendo,  by  division :  When  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  excess  of  the  first 
above  the  second,  is  to  the  second,  as  the  excess  of  the 
third  above  the  fourth,  is  to  the  fourth.  17th  Prop. 
Book  5. 

XVIII. 

Convertendo,  by  conversion :  W^hen  there  are  four  pro- 
portionals, and  it  is  inferred,  that  the  first  is  to  its  ex- 
cess above  the  second,  as  the  third  to  its  excess  above 
the  fourth.     Prop.  D,  Book  5. 

XIX. 

Ex  aequali  (sc.  distantia),  or  ex  aequo,  from  equality  of 
distance;  when  there  is  any  number  of  magnitudes 
more  than  two,  and  as  many  others,  so  that  they  are 
proportionals  when  taken  two  and  two  of  each  rank, 
and  it  is  inferred,  that  the  first  is  to  the.  last  of  the 
first  rank  of  magnitudes,  as  the  first  is  to  the  last  of  the 
others.  Of  this  there  are  the  two  following  kinds, 
which  arise  from  the  different  order  in  which  uie  mag- 
nitudes are  taken  two  imd  two. 

XX. 

Ex  aequali,  from  equality;  this  term  is  used  simply  by 
itself,  when  the  first  magnitude  is  to  the  second  of  the 
first  rank,  as  the  first  to  the  second  of  the  other  rank ; 
and  as  the  second  is  to  the  third  of  the  first  rank,  so  is 
the  second  to  the  third  of  the  other ;  and  so  on  in  or- 
der, and  the  inference  is  as  mentioned  in  the  preceding 
definition ;  whence  this  is  called  ordinate  proportion. 
It  is  demonstrated  in  the  S2d  Prop.  Book.  5. 
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XXI. 


£x  aequali,  in  proportione  perturbata,  seu  inordinate; 
from  equality,  in  perturl?ale,  or  disorderly  proportion ; 
this  term  is  used  when  the  first  magnitude  is  to  the 
second  of  the  first  rank,  as  the  last  but  one  is  to  the  last 
of  the  second  rank ;  and  as  the  second  is  to  the  third  of 
the  first  rank,  so  is  the  last  but  two  to  the  last  but  one 
of  the  second  rank  ;  and  as  the  third  is  to  the  fourth  of 
the  first  rank,  so  is  the  third  from  the  last,  to  the  last 
but  two,  of  the  second  rank ;  and  so  on  in  a  cross,  or 
inverse^  order ;  and  the  inference  is  as  in  the  19th 
definition.  It  is  demonstrated  in  the  ^3d  Prop,  of 
Book  V. 


AXIOMS. 


I. 


Equimultiples  of  the  same,  or  of  equal  magnitudes,  are 
equal  to  one  another. ' 

II. 

Those  magnitudes  of  which  the  same,  or  equal  magni- 
tudes, are  equimultiples,  are  equal  to  one  another. 

III. 

A  multiple  of  a  greater  magnitude  is  greater  than  the 
same  multiple  of  a  less. 

IV. 

The  magnitude  of  which  a  multiple  is  greater  than  the 
same  multiple  of  another,  is  greater  than  that  other 
magnitude. 


w^ 
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''■p^"^  PROP.  I.     THEOR. 

If  any  number  of  magnitudes  be  equimultiples  of 
as  many  othersy  each  of  each,  what  muUipte 
soever  any  one  of  the  first  is  of  its  part,  the 
same  Multiple  is  the  sum  of  all  the  first  of  the 
sum  qfaU  the  rest 

liCt  any  number  of  magnitudes  A,  B,  and  C  be  equi- 
multiples of  as  many  others,  D,  £,  F,  each  of  each ; 
A  +  B  +  C  is  the  same  multiple  of  I)  +  £  +  F,  that  A 
is  of  D. 

Let  A  contain  D,  B  contain  £,  and  C  contain  F,  each 
the  same  number  of  times,  as,  for  instance,  three  times, 
^hen,  because  A  contains  D  three  times,  A=D  +D+D. 

For  the  same  reason,        B  =  E +E +E; 

And  also,  C=F+F+F. 

Az.  2. 1.       Therefore,  adding  equjals  to  e^uals^  A + B  +  C  is  equal 

to  D  +  E  +  F,  taken  uiree  times.     In  the  same  manner, 

if  A,  B,  and  C  were  each  any  other  equimultiple  of  D, 

E,  and  F,  it  would  be  shewn  that  A  +  B  +  C  was  the 

same  multiple  of  D  +  £  +  F.     Therefore,  &c.    Q.  E.  D. 

Cor.    Henee,  if  tn  be  any  Quoaber^  mO  +  «»£  +  mF  s 

w  (D  +  E  +  F).    For  mD,  «iE,  and  «?F  are  multiples  of 

D,  E,  and  F  by  i»,  therefore  their  sum  is  also  a  multiple 

ofD  +  E  +  Fbyiw. 


PROP.  II.    THEOR. 

If  to  a  multiple  of  a  magnittule  bv  any  number, 
a  multiple  of  the  same  magnitude  by  any  num- 
ber be  added,  the  si^m  mube  the  same  mtUtiple 
of  that  mxignitvde  that  the  sum  if  the  two  mm- 
bers  is  of  unity. 

^    Let  A  =  mC,  and  B  — wC;  A  +  B  =  (m  +  n)C. 

For,  since  A  =  mC,  A  =  C  +  C+  C  +  &c.  C  bring 
repeated  m  times.  For  the  same  reason,  B  ==  C  +  C  «f  &c. 
C  being  repeated  n  times.  •  Therefore,  adding  equals  to 
equals,  A  +  B  is  equal  to  C  taken  m  +  n  times ;  thaj^  is 
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A4-B=:(ni  +  n)C.     Therefore  A  +  B  conuins  C  as  oft  Book  v. 
as  there  are  units  m  m  +  n,    Q.  £.  D. 

Cos.  1.  In  the  same  way,  if  there  be  anj  number  of 
multiples  whatsoever,  as  A  =  mE,  B  =  n£,  C  =r  pE,  it  is 
shewn,  that  A  +  B  +  C=±  (m  +  n+p)E. 

Con.lS.  Hencealso,dnoeA  +  B+ C=(7ii  +  n+p)£, 
and  since  A  =  mE,  B  =  nE,  and  C  rr  pE,  mE  +  nE 
+  pE  =  (m  +  n  +  p)  E. 


PROP.  III.    THEOB. 

Ifthejirst  of  three  magnitudes  contain  the  second 
as  aft  a^  there  are  units  in  a  certain  number^ 
ana  if  the  second  contain  the  third  also^  as  often 
as  there  are  units  in  a  certain  number^  the  first 
will  contain  the  third  asq/i  as  there  are  units 
in  the  product  of  these  two  numbers. 

Let  A  =  mB,  and  B  =  nC ;  then  A  =  mnC. 

Since  B  =  nC,  mB^  =nC + wC  +  &c.  repeated  m  times. 
But  nC  +  nC  &c.  repeated  m  times  is  equal  to  CS  multi-  *  2  Cor.  t. 
plied  hy  n  +  n  +  &c.  n  being  added  to  itself  m  times ;  but  *' 
n  added  to  itself  m  times,  is  n  multiplied  by  m,  or  mn. 
Therefore  nC  +  nC  +  &c.  repeated  m  times  =  mnC  ; 
whence  also  mB  =  mwC,  and  by  hypothesis  A  =  mB, 
therefore  A  —  mnC,     Therefore,  &c.     Q.  E.  D. 


PROP.  IV.     THEOR. 

Ifthejirst  of  Jour  magnitudes  has  the  same  ratio 
to  the  second  which  the  third  has  to  the  fourth, 
and  if  any  equimultiples  whatever  he  taken  of 
the  first  ana  third,  and  any  whatever  of  the 
secmd  and  fourth;  the  multiple  of  the  first  shall 
have  the  same  ratio  to  the  multiple  of  the  second, 
that  the  multiple  tfthe  third  has  to  the  multiple 
ofthefimrth, 

Liet  A  :  B : :  C  :  D,  and  let  m  and  n  be  any  two  num- 
bers ;  mA  :  wB  :  :  mC  :  nD. 
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^^•^^>r^  and  of  nB  and  wD  equimultiples  by  any  numb^  q.   Then 

the  equimultiples  of  mA  and  mC  by  p^  are  equimultiples 

ako  of  A  and  C,  for  they  contain  A  and  C  as  (rft  as  there 

a  3.  5.     are  units  in  pm%  and  are  equal  to. pm  A  and  pmC.     For 

the  same  reason,  the  multiples,  of  nB  and  nj)  by  9,  are 

qnBf  qnD,     Since,  therefore,  A  :  B  :  :  C  :  D,  and  of  A 

and  C  there  are  taken  any  equimultiples,  viz.  pmA  and 

pmCf  and  of  B  and  D,  any  equimultiples  ynB,  gnD,  if 

pmA  be  greater  than  jwB,  pmC  must  be  greater  than 

b  dcf.  5.  5.  gwD** ;  if  equal,  equal ;  and  if  less,  less.     But  pmA,  pmC 

are  also  equimultiples  of  mA  and  mC,  and  qnB,  qnl)  are 

equimultiples  of  nB  and  nD,  therefore^,  mA  :nB  : :  mC  : 

fiD,     Therefore,  &c.     Q.  E.  D. 

Cor.  In  the  same  manner,  it  may  be  demonstrated, 
that  if  A  :  B  :  :  C  :  D,  and  of  A  and  C  equimultiples  be 
taken  by  any  number  m,  viz.  m  A  and  mC ;  mA  :  B  :  : 
mC  :  D.  This  may  also  be  considered  as  included  in  the 
proposition,  and  as  being  the  case  when  n  =  1. 


PROP.  V.    THEOR. 


If  one  magnitude  he  the  same  multiple  of  another  ^ 
which  a  magnitude  taken  from  thejirst  is  of  a 
magnitude  taken  from  the  other;  the  remainder 
is  the  same  multivle  of  the  remxiinder,  that  the 
whole  is  of  the  wnole. 

Let  mA  and  mB  be  any  equimultiples  of  the  two  mag- 
nitudes A  and  B,  of  which  A  is  greater  than  B ;  mA— 
mB  is  the  same  multiple  of  A — B  that  mA  is  of  A;  that 
is  mA— mB  ±r  m(A — B). 

Let  D  be  the  excess  of  A  above  B,  then  A— B  =  D, 

a  1. 4.     and,  adding  B  to  both,  A  =  D  +  B..    Therefore  •  mA 

=  ^D  +  mB;  take  mB  from  both,  andmA — mB  =  mD; 

but  D  =  A — B,  therefore  mA — mB  =  m(A — B.)  There- 

fore,  &c.     Q.  E.  D. 
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PROP.  VI.     THEOR. 


If  from  a  multiple  of  a  magnitiuie  by  any  number 
a  m,ultiple  of  the  same  magnitude  oy  a  less 
number  be  taken  away,  the  remainder  will  be 
the  same  multiple  of  that  magnitude  that  the 
difference  of  the  numbers  is  of  unity. 


Let  mA  and  n  A  be  mulUples  of  the  magnitude  A,  by 
the  numbers  m  and  n,  and  let  m  be  greater  than  n ; 
mA — nA  contains  A  as  oft  as  wi — n  contains  unity,  or 
mA — wA  =  (m — n)A. 

Let   m — n=:g ;  then  m=n+q.    Therefore*  mA=nA+  a  «.  S. 
gA ;  take  7tA  from  both,  and  mA — wA=jA.     Therefore 
wA — nA  contains  A  as  oft  as  there  are  units  in  g,  that 
is,  in  m — w,  or   mA — nA=(m — n)A.      Therefore,   &c. 
Q.  E.  D. 

CoE.     When  the  difiTerence  of  the  two  numbers  is  . 
equal  to  unity,  or  wA— n~l,  then  mA — wA=:A. 


VROP.  A.     THEOR.    , 

If  four  magnitudes  be  proportionals,  they  are 
proportionals  also  when  taken  inversely. 

If  A :  B  : :  C  :  D,  then  also  B  :  A  : :  D  :  C. 

Let  mA  and  mC  be  any  equimultiples  of  A  and  C  ; 
nB  and  nD  any  equimultiples  of  B  and  D.  Then,  be- 
cause A  :  B  : :  C  :  D,  if  mA  be  less  than  wB,  mC  will  be 
less  than  nD  *,  that  is,  if  wB  be  greater  than  m A,  nD  a  def.  5.  5, 
will  be  greater  than  mC.  For  the  same  reason,  if  wB=: 
wA,  nD=rriC,  and  if  nB^^mA,  nD^^mC.  But  wB,  nD 
are  any  equimultiples  of  B  and  D,  and  niA,  wiC  any  equi- 
multiples  of  A  and  C,  therefore  %  B  :  A  : :  D  :  C.  There- 
fore, &c.  Q.  E.  D. 


£L£M£HTS 


PROP.  B.    THEOR. 


If  the  first  he  the  same  multiple  of  the  second,  or 
the  same  part  of  it,  that  the  third  is  of  the 
fourth ;  the  first  is  to  the  second  as  the  third 
to  the  fourth. 

First,  if  viA,  mB  be  equimultiples  of  the  nu^nitudes 
A  and  B ;  m  A  :  A  : :  mB  :  B^ 

Take  of  mA  and  mB  equimultiples  by  any  number  n ; 
and  of  A  and  B  equimultiples  by  any  number  p ;  these 
will  be  nmA  %  pA,  »mB  %  ;?B.  Now,  if  nmA  be  greater 
than  pAj  nm  is  also  greater  than  p ;  and  if  nm  be  greater 
than  p,  nmB  is  greater  than  pB  ;  therefore,,  when  nmA 
is  greater  than'  pA,  nmB  is  greater  than  «?B.  In  the 
same  manner,  if  nmA=pA,  wmBi^B,  ana  if  nmA-^ 
pA,  nmB^^^pB.  Now,  nmA,  nniB  are  any  equimulti- 
ples of  mA  and  mB ;  and  pA,  pB  are  any  equimultij^es 

b.dcf.  5.  &.of  A  and  B,  therefore,  mA  :  A: :  mB  :  B^ 

Next,  let  C  be  the  same  part  of  A  that  D  is  of  B ; 
then  A  is  the  same  multiple  of  C  that  B  is  of  D,  and 
therefore,  as  has  been  demonstrated,  A  :  C  : :  B  :  D,  and 

«  A.  5.       inversely  «  C  :  A  : :  D  :  B.     Therefore,  Q.  E.  D. 


a  &5. 


PROP.  C.     THEOR. 

If  the  first  be  to  the  second  as  the  third  to  the 
fou7'th ;  and  if  the  first  be  a  multiple  or  apart 
of  the  second,  the  third  is  the  same  mtdtip%  or 
the  same  part  of  the  fimrtL 

Let  A  :  B  :  :  C  :  D,  and  first  let  A  be  a  multiple 
of  B  ;  C  is  the  same  multiple  of  I>;  that  is,  if  A=wiB, 
C=mD. 

Take  of  A  mA  C  equimultiplesr  by  any  number  as  £, 
viz.  2A  and  2C ;  and  of  B  and  D,  tEtte  equhnultiples  by 
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the  number  Sm,  viz.  9.mB,  2mD*;  then,  because  Ar=   BookV; 


mBy  2A=27nB ;   and  ^nce  A  :  B  : :  C  :  D,  and  since    ^ 
jeA=:«wB,  therefore  2C=2mD  \  and  C=±«iD,  that  is,  J  deff  5.  s. 
C  contuns  D  m  times,  or  as  often  as  A  contains  B. 

Next,  Let  A  be  a  part  of  B,  C  is  the  same  part  of  D. 
For,  since  A  :  B  : :  C  :  D,  inversely  %  B  :  A  : :  D  :  C.  c  A,  5. 
But  A  being^  a  part  of  B,  B  is  a  multiple  of  A,  alid 
therefore,  as  is  shewn  above,  D  is  the  same  multiple  of 
C,  and  therefore  C  is  the  same  part  of  D  that  A  is  of  B. 
Therefore,  &c.     Q.  E.  D. 


PROP.  VIL     THEOR. 

Equal  magnitudes  have  the  same  ratio  to  the 
saws  magnitude ;  and  the  same  has  the  same 
ratio  to  equal  magnitudes. 

Let  A  and  B  be  equal  magnitudes  and  C  any  other ; 
A  :  C  :  :  B  :  C. 

Let  mA  mB  be  any  equimultiples  of  A  and  B  ;  and 
nC  any  multiple  of  C. 

Because  A=B,   mA=mB^\    wherefore,   if    mA   be»Ai.  1.  s. 
greater  than  nC,  mB  is  greater  than  nC  ;  and  if  mA=; 
nC,  wiB=:»>C  ;  or,  if  f^iAl^nC,  mB^^nC.     But  mA  and 
mB  are  any  equimultiples  of  A  and  B,  and  nC  is  any 
multiple  of  C,  therefore  *»  A  :  C  : :  B  :  C*  b  def.  5,  5u 

Agiun,   if  A=B ;  C  :  A  : :  C  :  B ;  for,  as  has  been 
proved,  A :  C  :  :  B  :  C,  and  inversely  %  C  :  A  : :  C  :  B.  c  A.  5. 
Therefore,  &c.     Q.  E.  D. 

PROP.  VIII.    THEOR. 

Of  unequal  magnitudes,  the  greater  ha^  a  greats 
er  ratio  to  tJie  same  than  the  less  has ;  and  the 
same  magnitude  has.  a  greater  ratio  to  the  less 
than  it  has  to  the  greater. 

Let  A  +  B  be  a  magnitude  greater  than  A9  apd  C 
a  third  magnitude ;  A  +  B  has  to  C  a  greater  ratio  than 
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""^ry"^  to  A  +  B. 

Let  971  be  such  a  number  that  mA  and  mB  are  each  of 
them  izreater  than  C  ;  md  let  nC  be  the  least  multiple  of 


C  that  exceeds  mA+mB ;  then  nC— C,  that  is,  (n — 1)C' 
will  be  less  than  mA  +  triB,  or  mA  +  mBy  that  is, 
fn(A  +  B)  is  greater  than  (n — 1)C.  But  because  nC  is 
greater  than  mA  +  mB,  and  C  less  than  tnB,  nC — C  is 
greater  than  mA,  or  mA  is  less  than  7iC-^C,  that  is,  than 
(n — 1)C.  Therefore  the  multiple  of  A+B  by  m  exceeds 
Uie  multiple  of  C  by  n — 1;  but  the  multiple  of  A  by  wi 
does  not  exceed  the  multiple  of  C  by  n — 1 ;  therefore 
b  def.  7.  5.  A  +  B  has  a  greater  ratio  to  C  than  A  has  to  C  ''. 

Again,  because  the  multiple  of  C  by  n — 1,  exceeds 
the  multiple  of  A  by  m,  but  does  not  exceed  the  mul- 
tiple of  A  +  B  by  m,  C  has  a  greater  ratio  to  A  tlum  it 
has  to  A  +  B  ^     Therefore,  &c.     Q.  E.  D. 


PROP.  IX.     THEOR. 


Magnitudes  which  have  the  same  ratio  to  the 
same  magnitude  are  equal  to  one  another ;  and 
those  to  which  the  same  magnitude  has  the 
Same  ratio  are  equal  to  one  another. 

■  •  '  •    •  • 

If  A:  C  ::  B:  C;  A=B. 

For,  if  not,  let  A  be  greater  than  B ;  then,  because  A 
is  ^eater  than  B,  two  numbers,  m  and  n^  may  be  found, 
as  in  the  last  proposition,  such  that  mA  shall  exceed  nC. 
while  mB  does  not  exceed  nC,  But  because  A  :  C  : :  B : 

add:  5.  &  C;  if  mA  exceed  nC,  mB  miist  also  exceed  nC*;  and  it 
is  also  shewn  that  mB  does  not  exceed  tiC,  which  is  im- 
possible. Therefore  A  is  not  greater  than  B ;  and  in  the 
same  way  it  is  demonstrated  that  B  is  not  greater  than 
A ;  therefore  A  is  equal  to  B. 

b  A  5.  .Next,  let  C  :  A : :  C  :  B ;  A=B.     For  by  invendon  ^ 

A  :  C  : :  B  :  C ;  and  therefore  by  the  first  case,  A=B. 


OF  GEOMETB Y.  1 59 

BookV. 

PROP.  X.     THEOR.  ^"-^vw 

That  magnitude^  which  has  a  greater  ratio  than 
another  has  to  the  same  magnitude^  is  the 
greatest  of  the  two  :  And  tfiat  magnitude^  to 
which  the  same  has  a  greater  ratio  than  it  has 
to  another  magnitvde^  is  the  lea^t  of  the  two. 

If  the  ratio  of  A  to  C  be  greater  than  that  of  B  to  C ; 
A  is  greater  than  B. 

Because  A  :  C:::^B  :  C,  two  numbers  m  and  n  may  be 
found,  such  that  fTi  Arp'-nC,  and  fnB-^nC  *.  Therefore, 
also  mA^mB,  and  A:^B  ^  *  ^^  ^'  ^' 

Again,  let  C :  B^^-C  :  A ;  then,  B-s^ A.    For  two  nura-  ^  ^*-  *•  ^ 
bers,  m  and  n  may  be  found,  such  that  mC^^^^B,  and 
wC-^nA  *.     Therefore,  since  wB  is  less,  and  «A  greater 
than  the  same  magnitude  ttsC,  nB.^nA,  and  Bz^A, 
Therefore,  &c.     Q.  E.  D. 


PROP.  XI.    THEOR. 

Ratios  that  are  equal  to  the  same  ratio  are  equal 

to  one  another. 

If  A  :  B  :  :  C  :  D ;   and  also  C  :  D  :  :  E  :  F^  then 
A  :  B  :  :  E  :  F. 

Take  m A,  wC,  mE,  any  ec^uimultiples  of  A,  •  C,  and 
E ;  and  wB,  wD,  7*F,  any  equimultiples  of  B,  D,  and  F. 
Because  A  :  B  :  :  C  :  D,  if  mAz^mB^  mCT^nD  • ;  but  ^  ^^f  5  5^ 
if  7nC:;^nT),  mE::^nhF  *,  because  C  :  D  : :  E  :  F  ;  there- 
fore if  wA:::^wB,  7»E:::^nF.  In  the  same  manner,  if 
mA=:?iB,  ?wE=wF ;  and  if  wA-^wB,  mE-<^wF.  Now, 
mA,  mE  are  any  equimultiples  whatever  of  A  and  E ; 
and  wB,  nF  any  whatever  of  B  and  F;  therefore 
A  :  B  :  :  E  :  F  *.     Therefore,  &c.     Q.  E.  D. 
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PROP.  XII.     THEOir. 

If  any  number  of  magnitudes  he  praportkmah, 
as  one  of  the  antecedents  is  to  its  consequent^ 
so  are  aU  the  antecedents,  taken  togetker,  to 
aU  the  consequents. 

If  A  :  B  : :  C  :  D,  and  C  :  D  :  :  £  :  F ;  then  ako, 

A  :  B  : :  A+C+E  :  B+D+F. 
Take  mA»  mC,  mE  any  ef^uimultiples  of  A9  C,  and  £ ; 

aod  nB»  nDy  nF^  any  eqtumultiples  of  B>  D,  and  F. 
a def.  5.  5.  Then,  because  A :  B : :  C :  D,  if  mAp^^B,  mC::^nD*^ 

and  when  i»C::^:'^D,  m£;7^F,  because  C  i.D  :  :  E  :  F. 

Therefixre,  if  fl»A:?^B,  fnA+iitC+mE::F'9iB+9iD+9tF. 

In  the  same  manner,  if  tTiAs^mB,  mA+mC+niEzsmB^- 

nD+nF  ;  and  if  fnA^raB,  mA+mC+mEJ:::nB+nD+ 
b  Cor.  1. 5.  ^F.    Now,  mA+mC+mE=m  (A+C+E)  *,  bo  that  fnA 

and  mA+mC+mE  are  any  equimultiples  of  A,  and  q£ 

A+C+E.     And  for  the  same  reason  nB,  and  nB+ 

nD+nF  are  any  equimultiples  of  B»  and  of  B+D+F ; 

therefore*  A  :  B  :  :  A+C+E  :  B+l)+F.     Therrfore, 

&c.     Q.  E.  D. 

PROP.  XIII.     THEOR. 

If  the  first  hdve  to  the  second  the  same  ratio 
which  the  third  has  to  the  fourth,  hut  the  third 
to  the  fourth,  a  greater  ratio  than  the  fifth 
has  to  the  siooth ;  the  first  has  also  to  the 
second  a  greater  ratio  than  the^h  has  to  the 
sixth. 

If  A  :  B  :  :  C  :  D;   but  C  :  Dps'E  :  F ;  then  also, 
A  :  B:p^£  :  P. 

Because  C  :  Th^E :  P,  tb^«  are  two  numbers  m  and 
»  det  T.  5.  „^  such  that  mC:?=-nD,  but  iwR^nP*.    Now,  if  mC:^^ 
nD,  mA:pm'By  because  A :  B : :  C  :  D.  Therefore  niA;?*^ 
nB,  and  mE:::?^F,  wherefore,  A :  B::^E  :  F*.     There- 
fore, &c.     Q.  E.  D. 


OF   GEOMETBY,  l6l 

Book  V. 

PROP.  XIV.    THEOR.  "-^^^^ 

If  the  Jirst  have  to  the  second  the  same  ratio 

which  the  third  has  to  the  fourth,  and  if  the 

first  he  greater  than  the  third,   the  second 

shall  be  greater  than  tJie  fimrth ;  if  equal, 

equal;  and  if  less,  less. 

If  A  ;  B  : :  C  ;  D  ;  then  if  A^C,  B:p-T}  ;   if  A=C, 
B=D  ;  and  if  A^C,  B^D. 

First,  let  Azp^C  ;  then  A  :  Bt^C  :  B  %  but  A  :  B  : :    a  8,  5. 
C  :  D,  therefore  C  :  J^t^C  :  B  ^  and  therefore  B:;5-D  «.   b  13.  5. 

In  the  same  manner,  it  is  proved,  that  if  A=C,  B=D ;  c  la  5. 
and  if  A-c^C,  B^D.     Therefore,  &c.     Q.  E.  D. 


PROP.  XV.    THEOR. 


Magnitudes  have  the  same  ratio  to  one  another 
which  their  equimultiples  have. 


If  A  and  B  be  two  magnitudes,  and  m  any  number  ; 
A  :  B : :  mA  :  wB. 

Because  A  :  B  : :  A  :  B  » ;   A  :  B  : :  A+A  :  B+B  ^   a  7.  5. 
or  A  :  B  : :  2A  :  2B.     And  in  the  same  manner,  since 
A  :  B  : :  2A  :  2B,  A  :  B  :  :  A+2A  :  :  B+2B »»,  cm-  A :  b  12.  5. 
B  :  :  3A  :  3B  ;  and  so  on,  for  all  the  equimultiples  of  A 
and  B.     Therefore,  &c.  Q.  E.  D. 


PROP.  XVI.     THEOR. 

If  four  magnitudes  of  the  same  kind  be  propor- 
tionals, they  will  also  he  proportionals  when 
taken  alternately. 

If  A  :  B  :  :  C  :  D,  then  alternately,  A  :  C  : :  B  :  D. 


16S  ELEMENTS 

Book  V.        Take  mA,  mB  any  equimultiples  of  A,  and  B,  and  nC, 

'  nD  any  equimultipfeB  of  C.and  D.     Then*  A:B:  : 

mA  :  ffiB  ;  now  A  :  B  : :  C  :  D,  therefore  **  C :  D  : :  mA : 

mB.     But  C :  D  : :  wC  :  «D  ■;  therefore  twA ;  mB : :  wC  ; 

C14.5.    nD^;  wherefore  if  twA::5^nC,  twB:p^7<D*^;  if  mAzmC, 

a  def.  &.  5.  ,nB=^D,  or  if  mA^^nC,  mB^^nB ;  therefore  %  A :  C : : 

B :  D.     Therefore,  &c.  Q.  E.  D. 


PROP.  XVII.    THEOR. 

If  nUagnitudeSf  taken  jointly ^  be  proportionaU, 
they  will  also  he  proportionals  when  taken  se- 
parately ;  that  iv,  ij^thejirst,  together  with  the 
second^  have  to  the  second  the  same  ratio  which 
the  thirds  together  with  ihejtmrih,  has  to  the 
Jburthf  the  Jirst  will  have  to  the  second  the 
same  ratio  which  the  third  has  to  the  fourth 

If  A+B  :  B  :  :  C+D :  D,  then  by  division  A  :  B  :  : 
C:D. 

Take  mA  and  nB  any  multiples  of  A  and  B,  by  the 

numbers  m  and  n ;  and  first  let  mAz^nB  :  to  each  of 

,  them  add  mB,  then  mA+mB^?^mB+nB.     But  mA+ 

aCor.  1.5.^B=m(A+B)%  and  7/iB  +  wB  =  (m+7i)B  ^  therefore 

b8.Cor.2.6.  iw(A+B):^(m+n)B. 

And  because  A  +  B  :  B  : :  C+D  :  Dj  if  m(A+B):^ 
(m+w)B,m(C+D):p^(m+w)D,  or  mC+mDzx^mD+wD, 
that  is,  taking  mD  from  both,  mC-p^riD.  Therefore,  when 
mA  is  greater  than  nB,  mC  is  greater  than  riD.  In  like 
manner  it  is  demonstrated,  that  if  mA=.7iB,  mC=7iD, 
and  if  mA.^7iB,  that  mC^nJ} ;  therefore  A :  B  :  :  C : 
c  def.  5. 5,  D  «.     Therefore  &c.     Q.  E.  D. 
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BdokV, 

PROP.  XVIII.     THEOR.  ^-^v^ 

If  magnitudes^  taken  separately,  he  proportioTi- 
alsy  they  tvill  also  be  proportionals,  when  taken 
Jointly y  that  is,  if  the  first  be  to  the  second  as 
the  third  to  the  fourth,  the  first  and  second  to- 
gether will  be  to  the  second,  as  the  third  and 
fourth  together  to  the  fourth. 

If  A :  B  : :  C  :  D,  then,  by  composition,  A  +  B  :  B : : 
C  +  D:D. 

Take  w  (A  +  B)  and  n  B  any  multiples  whatever  of 
A  +  B  and  B  :  and  first,  let  m  be  greater  than  n.  Then, 
because  A  +  B  is  also  greater  than  B,  m(A  +  B)^^n  B. 
For  the  same  reason,  fw(C  +  D):::^nD.  In  this  case, 
therefore,  that  is,  when  m-p^n,  77i(A+B)  is  greater  than 
nB,  and  9re(CH-D)  is  greater  than  nD.  And  in  the  same 
manner  it  may  be  proved,  that  when  m=n,  m(A  +  B)  b 
greater  than  nB,  and  wi(C  +  D)  greater  than  rrD. 

Next,  let  m^^i^Ln^  or  nz^^m^  then  wi(A  +  B)  may  be 
greater  than  nB,  or  may  be  equal  to  it,  or  may  be  less ; 
first,  let  m(A  +  B)  be  greater  than  nB  ;  then  also, 
mA  +  mB:pniB  ;  take  mB,  which  is  less  than  nB,  from 
both,  and  mA:^^nB — mB,  or  inA7^(n — ni)B*.  But  if  » <J»  «• 
mAz^(n — m)  B,  mC:p^{n — m)V>,  because  A :  B  : :  C  :  D. 
Now,  (n — m)  D=n  D — mD*,  therefore,  mCz^iiD — wiD, 
and  adding  mD  to  both,  mC  +  mD:p^nD,  that  is**,  bl.  5» 
fn(C+D)^n.D,  If  therefore,  t»(A+B):::=-nB,,  m(C+D) 
:prnD. 

In  the  same  manner  it  may  be  proved,  thatif  ni(A+B) 
=nB,  m(C+D)=nD;  and  if  ni(A+B)^nB,  w(C+D) 
-^»D ;  therefore%   A  +  B:B::C  +  D:D.     There-c  d«fc  &  S. 
fore,  &c.     Q.  E.  D. 


l2 
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^^"^^'^^  PROP.  XI?:.    THEOE. 

If  a  whole  magnitude  be  to  a  whole,  as  a  mag- 
nitude  taken  from  the  first,  is  to  a  magnitude 
taken  from  the  other ;  the  remainder  will  be 
,  to  the  remainder  as  the  whole  to  the  whole. 

If  A :  B  : :  C  :  D9  and  if  C  be  less  than  A, 
A— C  :  B— D : :  A :  B. 
a  16.  5.         Because  A  :  B  : :  C  :  D,  alternately  %  A :  C : :  B :  D ; 
b  17.  5.    and    therefore    by    division**  A — C  :  C  :  :  B — D  :  D. 
Wherefore,  again,  alternately,  A — C  :  B — D  :  :  C  :  D ; 
c  11.  5.    but  A  :  B  :  :  C  :  D,  therefore*^  A— C  :  B— D  :  :  A :  B. 
Therefore,  &c.     Q.  E.  D. 
Cob.  A— C  :  B— D  :  :  C  :  D. 


PROP.  D.    THEOR. 

« 

If  four  magnitudes  be  proportionals,  they  are 
also  proportionals  by  conversion,  that  is,  the 
first  is  to  its  eoccess  above  the  second,  as  the 
third  to  its  excess  above  the  fourth. 

If  A  :  B  :  :  C  :  D,  by  conversion, 
A  :  A— B  :  :  C  :  C— D. 
a  17.  5.     '   ^r,  Since  A  :  B  : :  C  :  D,  by  division  %  A^ — B  :  B  :  : 
bi  A.  5.     C— D  :  D,  and   inversely  ^  B  :  A— B  :  :  D  :  C— D ; 
c  1&  5.     therefore,  by  composition  %  A  :  A — B  :  :  G  :  C — ^D. 
Therefore,  &c.     Q.  E.  D. 

Cob.  In  the  same  way,  it  may  be  proved  that  A :  A-f  B 
:  :  C:C+D. 


OF  GEOMETRY. 
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PROP.  XX.    THEOR. 

If  there  he  three  magnitudes^  and  other  three^ 

whichy  taken  two  and  two^  have  the  same  ra- 

tio;  ifthejirst  he  greater  than  the  third,  the 

fourth  is  greater  than  the  sixth :  if  equal, 

equal;  and  ifless^  less. 

If  there  be  three  magnitudes,  A,  B,  and  C,  and  other 

three  D,  E,  and  F ;  and  if  A  :  B  : ;       — ■ > 

D:  E;  and  also  B  :  C  ::  E  :  F,  A,      B,      C, 

then  if  A:^C,  D:^F ;  if  A=C,  D,     E,     F, 

D=F  ;  and  if  A^C,  D-.-:F. 


BookV. 


First,  let  A::^C  ;  then  A  :  Bzp^C  :  B».    But  A  :  B  : :   » g.  5. 
D  :  Ei>  therefore  also  D  :  Ezp^C  :  B  ^      Now  B  :  C : :   b  13.  5. 
E  :  F,  and  inversely  s  C  :  B  :  :  F  :  E  ;  and  it  has  been  c  A.  5. 
shewn  that  D  :  E:p^C  :  B,  therefore  D  :  E:;:^F  :  E  ^ 
and  consequently  Drp'-F  *^  d  10.  & 

Next,  let  A=C  r  then  A  :  B  :  :  C  :  B%  but  A  :  B  : :  «  7.  5. 
D  :  E  ;  therefore,  C  :  B  :  :  D  :  E,  but  C  :  B  :  :  F  :  E, 
therefore  D  :  E  :  :  F  :  E ',  and  Dr=F«.  Lastly,  let  f^^ 
A-^C,  Then  Cz^A,  and  because,  as  was  already  shewn, 
C  :  B  :  :  F  :  E,  and  B  :  A  :  :  E  :  D ;  therefore,  by  the 
first  case,  if  C;;^A,  F^By  that  is,  if  A^Cy  H^Y, 
Therefore,  &c.     Q.  E.  D. ' 


g9.  5. 


PROP.  XXI.    THEOR. 

If  there  he  three  magnitudes,  and  other  three, 
which  have  the  same  ratio  taken  two  and  two, 
hut  in  a  cross  order ;  if  Vie  first  magnitude 
he  greater  than  the  third,  the  fourth  is  great- 
er  than  the  sixth :  if  equal,  equal;  and  if 
less,  less. 

If  jthere  be  three  magnitudes.  A,  B,  C,  and  other 
three,  D,  E,  and  F,  such  that  A  :  B  :  :  E :  F,  and  B :  C 
:  :  D  :  E ;  if  A:::=-C,  B^F ;  if  A=C,  D=F,  and  if 
A-t^rC,  D-^F. 
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BookV*  Fim,  let  A^a  Then 
A :  B::p^C  :  B%  but  A :  B : :  E :  t, 
therefore  E  :  Ft^C  :  B  ^  Now, 
B  :  C  :  :  D  :  E,  and  intersely, 

clOS.     C:B::E:D;   therefore    E  :  Fp^E  :  D^  where- 
fore D::^F  ^ 

d  7.  S.  Next,  let  A=C.  Then**  A :  B : :  C  :  B ;  but  A  :  B  :  : 

•  11  6.      E  :  F,  therefore,  C  :  B  :  E  :  F«;  but  B  :  C  :  :  D  :  E, 
and  inversely,  C  :  B  : :  E  :  D,  therefore  %  £ :  F  : :  £ :  D, 

t9.6.      and,  consequently,  D=F  '. 

Lastly,  let  A-^:^.  Then  C::^A,  and,  as  was  already 
proved,  C  :  B  : :  E  :  D  ;  and  B  t  A : :  F  :  E,  therefore, 
by  the  first  case,  ance  C^^-A,  F:?^D,  that  is,  D.«!^F. 
Therefore,  &a    Q.  E.  D. 


PROP.  XXII.    THEOR. 

If  there  be  any  number  of  magnitvdes,  and  as 
many  others,  which,  taken  two  and  two  in  or- 
der,  have  the  same  ratio ;  the  first  will  have 
to  the  last  of  the  first  m^xgnitudes,  the  same 
ratio  which  the  first  of  the  others  has  to  the 
last.* 

First,  let  there  be  three  magnitudes,  A,  B,  C,  and 
other  three,  D,  E,  F,  which,  tiu(en  two  and  two  in  or- 
der,  have  the  same  ratio,  viz.  A  :  B  :  :  D  :  E,  and  B :  C 
: :  E :  F  ;  then  A :  C  : :  D :  F. 

Take  of  A  and  D  any  eouimultijples  whatever,  mA, 
mD ;  and  of  B  and  E  any  whatever,  nB,  n£ ;  and  of  C 
and  P  any  whatever^  gC,  gF.     Be- 


A,    B,    C, 

D,  £>  F, 
fnA,  71B9  jC, 
inD,  n%  gF. 


cause  A  :  B  : :  D  :  E,  mA  :  nB  :: 

a 4. 5.      ^D  '  ^E*  ;  and  for  the  same  rea- 
son, nBigC  :  :  nE  :  gF.    There- 

b  to.  5.    fore  ^  according  as  mA  is  greater 
than  9C,  equal  to  it,  or  less,  tnD  is 
greater  than  9F,  equal  to  it>  or  less ;  but  mA,  tnD  are 
aijiy  equimuhi^s  of  A  and  P ;  and  gC,  gF  are  any  equi- 

»4tt  6.  S.  Qiu^fiples  of  C  and  F  ;  therefore*,  A  :  C  :  :  B  :  F". 

•N.  B.    Thto  proposition  is  nsaaUydtcdbftlie  words  ^^.ttcqaaU,* 
or  **  cs  seqao." 
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Again,  let  there  be  four  magnitudes,  and  other  four  ^^^ 
whidi,  taken  two  and  two  in  order,  have  the  same  ratio, 
viz.  A:  B  : :  E  :  F  ;  B :  C  :  :F  :  G  ;  C:  D : :  G :  H,  then 
A :  D : :  E  :  H. 

For  since  A,  B,  C,  are  three 
magtiitudes,  and  E,  F,  G  other 
three,  which,  taken  two  and  two, 
have  the  same  ratio,  by  the  fore- 
going case,  A !  C  : :  E  :  G.     And  because  also  C  :  D  : : 
G :  II,  by  that  same  case,  A :  D  : :  E  :  H.     In  the  same 
manner  is  the  demonstration  extended  to  any  number  of 
magnitudes.     Therefore,  &c.    Q.  E.  D. 


A,     B,     C, 
E,    F,    G, 


H, 


PROP.  XXIII.    THEOR. 

If  there  be  any  number  of  moffnitudes,  and  OiS 
many  others,  which,  taken  two  and  two,  in  a 
cross  order,  have  the  same  ratio :  the  first  will 
have  to  the  last  of  the  first  magnitudes  the 
same  ratio  which  the  first  of  tJie  ot/iers  lias  to 
the  last  '^. 


First,  let  there  be  three  magnitudes,  A,  B,  G,  and 
other  three,  D,  E,  and  F,  which,  taken  two  and  two  in  a 
cross  order,  have  the  same  ratio,  viz.  A :  B : :  £  :  F,  and 
B :  C  : :  D  :  E,  then  A :  C : :  D :  F. 

Take  of  A,  B,  and  D,  apy  equimultiples  mA,  mB^ 
f9iD  ;  and  of  C,  E,  ¥,  any  equimultiples  nC,  nE,  nh\ 

Because  A  :  B  :  :  E  :  F,  and  because  also  A  :  B  : : 
i»A :  wB%  and  E :  F  : :  wE  :  wF  ;  therefore,  mA :  mB  ::  a  15,  & 


A,    B,    C, 

D,    E,    F, 

97zA,  tnB,  nC, 

mD,  nE,  nF, 


bll.& 
C4.5. 


dSl.S. 


nE :  nF**.     Again,  because   B  :  C  : : 

D  :  E,  mB  :  nC : :  mD :  nE  *^ ;  and  it 

has  been  just  shewn  that  mA :  mB  :  * 

nE  :  nF ;    therefore,  if  mA  z::^  nC, 

wD:p^nF  * ;  if  mA=nC,  7nD=nF  ; 

andif  twA-^nC,  wiD-^nF.  Now,mA 

and  mD  are  any  equimultiples  of  A  and  D,  and  nC,  nF, 

any  equimultiples  of  C  and  F ;  therefore,  A:  C:  :D:  F^  ed6&5.$' 


•  K.  B.— This  proposition  is  usually  cited  by  the  words  "-ex  aequali  in 
*<  proportione  perturbata  ;*'  or,  ^  ex  «quo  inversely.*' 


168  £LinM[£NTS 

Book  V.       Next,  let  there  be  four  magnitudes,  A,  B,  C,  and  D, 
'  '  and  other  four,  E,^  F,  G,  and  H,  which,  taken  two  and 

two,  in  a  cross  order,  have  the  same 


A,    B,    C,    D, 
E,    F,    G,    H, 


ratio,  viz.  A:B::G:H;  B;C:: 
F :  G,  and  C  :  D  : :  E  :  F,  then 
A :  D : :  E ;  H.  For,  since  A,  B,  C 
are  three  magnitudes,  and  F,  G,  H  other  three,  which, 
taken  two  and  two,  in  a  cross  order,  have  the  same  ra- 
tio, by  the  first  case,  A :  C  : :  F  :  H.  But  G :  D  : :  E  :  F, 
therefore,  again,  by  the  first  case,  A :  D : :  E  :  H.  In 
the.same  manner  may  the  demonstration  be  extended  to 
any  number  of  magnitudes.     Therefore,  &c.     Q.  E.  D. 


PROP.  XXIV.    THEOR. 

If  the  first  has  to  the  second  the  same  ratio  which 
the  third  has  to  thefi)urth ;  and  the  fifth  to  the 
second,  the  same  ratio  which  the  sixth  has  to 
the  fourth;  the  first  and  fifth,  together,  shall 
have  to  the  second,  the  same  ratio  which  the 
third  and  sixth  together,  have  to  the  fourth. 

Let  A :  B  : :  C :  D,  and  also  E  :  B  :  :  F  :  D,   then 
A  +  E :  B : :  C  +  F :  D. 

Because  E  :*B  :  :  F  :  D,  by  inversion,  B  :  E : :  D:  F. 

a  22. 5.     But  by  hypothesis,  A  :  B  : :  C  :  *D,  therefore,  ex  sequati  *, 

b  la  5.     A :  E  : :  C  :  F,  and  by  composition  ^  A  +  £  :  £  : :  C  + 

F  :  F.     And  a^ain,  by  hypothesis,  £  :  B : :  F  :  D,  tbere- 

,  fore,  ex  aequali  %  A  +  E :  B  : :  C  +  F  :  D-     Therefore, 

&c.     Q.  £.  D. .  . 
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PROP.  E.     THEOR. 


If  four  magnitudes  he  proportionals^  the  sum  of 
the  first  two  is  to  their  avfference  as  the  sum  of 
the  other  two  to  their  difference. 

Let  A :  B  : :  C :  D  ;  then  Jf  A^B, 

A+B  :  A— B : :  C+D  :  C— D ;  or  if  A:^B, 

A+B  :  B— A  : :  C+D :  D— C. 
For,  if  A:::^B,  then  because  A  :  B  : :  C :  D,  by  division  %  a  17.  6. 

A — B  :  B  : :  C — D :  D,  and  by  inversion  \  b  A.  5. 

B  :  A — B :  :  D  :  C — D.     But,  by  composition  %  c  18.  5. 

A+B  :  B  :  :  C+D :  D,  therefore,  ex  aquali  ^  d  22.  5. 

A+B  :  A— B  : :  C+D  :  C—D. 
In  the  same  manner,  if  B::^^A,  it  is  proved,  that 

A+B  :  B— A :  :  C+D  :  D— C      Therefore,  &c. 
Q.  E.  D. 

PROP.  F.     THEOR. 


Ratios  which  are  compounded  of  eqvM  ratios^ 

are  equal  to  one  another. 

Let  the  ratios  of  A  to  B,  and  of  B  to  C,  which  com- 
pound the  ratio  of  A  to  C,  be  equal,  each  to  each,  to  the 
ratios  of  D  to  E,  and  E  to  F,  which  compound  the  ratio 
of  D  to  F  ;  A  :  C  : :  D  :  F. 

For,  first,  if  the  ratio  of  A  to  B 
be  equal  to  that  of  D  to  E,  and  the 
ratio  of  B  to  C  equal  to  that  of  E 
to  F,  ex  aequali  %  A  :  C  : :  D  :  F.         '^ '  a  22.  5. 

And  next,  if  the  ratio  of  A  to  B  be  equal  to  that  of  E 
to  F,  and  the  ratio  of  B  to  C  equal  to  that  of  D  to  E,  ex 
sequali  inversely  ^,  A :  C  : :  D  :  F.     In  the  same  manner  b  23.  6. 
may  the  proposition  be  demonstrated,  whatever  be  the 
number  01  ratios.     Therefore,  &c.     Q.  £.  D. 
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IMILAR  rectilineal  figures  are  those  which  have  their  Book  VL 
several  angles  eciua], 
each  to  eacn,  ana  the  * 
sides  about  the  equal 
angles  proportionals. 


II. 

Two  sides  of  one  figure  are  said  to  be  reciprocally  pro^ 
portional  to  two  sides  of  another,  when  one  of  the  sideft 
of  the  first  is  to  one  of  the  sides  of  the  second,  as  the 
remaining  side  of  the  second  is  to  the  remaining  side 
of  the  first. 

III. 

A  straight  line  is  said  to  be  cut  in  extreme  and  mean  ra* 
tio,  when  the  whole  is  to  the  greater  segment,  as  the 
greater  segment  is  to  the  less. 

'      IV. 

The  altitude  of  any  figure  is  the 
straight  line  drawn  from  its  vertex 
perpoodicular  to  its  base. 
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Book  VI. 

I  , 

♦  •    *  ^ 

PROP.  I.     THEOR. 

Triangles  and  parallelograms,  of  the  same  tdti- 
ttide,  are  one  to  another  as  their  bases. 

Let  the  triangles  ABC,  ACD,  and  the  parallelograms 
£C,  CF  have  the  same  altitude,  viz.  the  perpendicular 
drawn  from  the  point  A  to  BD :  Then,  as  the  base  BC 
is  to  the  base  CD;  so  is  the  triaogle  ABC  to  the  triangle 
ACD,  and  the  parallelogram  EC  to  the  parallelogram 
CF. 

Produce  BD  both  ways  to  the  points  H«  L,  and  take 
any  number  of  straight  lines  BG,  GH,  each  equal  to  the 
base  BC  ;  and  DK,  KL,  any  number  of  them,  each  equal 
to  the  base  CD  ;  and  join  AG,  AH,  AK,  AL.  Then, 
,  .  ..  because  CB,  JBG,  G|i,are  all  equaj, , the  triangles  AH6, 
a  38. 1.  AGB,  ABC  are  all  equal  * :  Therefore,  whatever  multi- 
pie  the  base  HC  is  of  the  base  BC,  the  same  multiple  is 
the  triangle  AHC  of  the  triangle  ABC.  For  the  same 
reason,  whatever  multiple  the  base  LC  is  of  the  base  CD, 
the  same  multi- 
ple is  the  triangle  E__A____F 
ALC  of  the*  tri- 
angle ADC.  But 
if  the  base  HC  be 
equal  to  the  base 
CL,  the  trianglje 
AHC  is  also  e-. 

qual  to  the  trian-  vf — ^ — ^ — 7^ 
gleALC%andif  «  O  B  t 
the  base  HC  be  greater  than  the  base  CL,  likewise  the 
triangle  AHC  is  greater  thaii  the  triangle  ALC  :  and  if 
-less,  less.- ^  Therefore,^  since  there  are  lour  jnagiiitudes, 
vis.  the  two  bases  BC,  CD,  and  the  two  triangles  ABC, 
ACD ;  and  of  the  base  BG  and  the  triangle  ABC,  the 
first  and  third,  any  equimultiples  whatever  have  been 
taken,  viz.  the  base  HC,  and  the  triangle  AHC  ;  and  of 
the  base  CD  and  triangle  ACD,  the  second  and  fourth 
have  been  taken  any  equimultiples  whatevet*,  viz.  the  base 
CL  and  triangle  ALC ;  aiid,  since  it;  has  beeii  shewn,  that 
if  the  base  HC  be  greater  than  the  base  CL,  the  triiMigle 
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AHC  is  greater  than  the  triangle  ALC  ;  and  if  equal,  Book  vi. 
equal ;  and  if  less,  less :  Therefore  \  as  the  base  BC  is  ^'fT^T^ 
to  the  base  CD,  so  is  the  triangle  ABC  to  the  triangle 
ACD. 

And  because  the  parallelogram  C£  is  double  of  the 
triangle  ABC  %  and  the  paralielograixi  C¥  double  of  the  c  41.  i. 
triangle  ACD,  and  because  magnitudes  have  the  same 
ratio  which  their  equimultiples  have  ^ ;  as  the  triangle  d  15. 
ABC  is  to  the  triangle  ACD,  so  is  the  parallelogram  EC 
to  the  parallelogram  CF.    And  because  it  has  been  shewn, 
that,  as  the  base  BC  is  to  the  base  CD,  so  is  the  triangle 
ABC  to  the  triangle  ACD,  and  as  the  triangle  A  B  C, 
to  the  triangle  ACD,  so  is  the  parallelogram  EC  to  the 
parallelogram  CF  ;  therefore,  as  the  base  BC  is  to  the 
base  CD,  so  is®  the  parallelogram  EC  to  the  parallelogram  e  ii.  5. 
CF.     Wherefore  triangles,  &c.     Q.  E.  D. 

CoR.  From  this  it  is  plain,  that  triangles  and  paralle- 
lograms that  havb  equal  altitudes,  are  to  one  another  as 
their  bases. 

Let  the  figures  be  placed  so  as  to  have  their  bases  in 
the  same  straight  line ;  and  having  drawn  perpendiculars 
from  the  vertices  of  the  triangles  to  the  bases,  the  straight 
line  which  joins  the  vertices  is  parallel  to  that  in  which 
their  bases  are  ^,  because  the  perpendiculars  are  both  equal  f  33. 1. 
and  parallel  to  one  another.  Then,  if  the  same  construc- 
tion be  made  as^  in  the  proposition,  the  demonstration  will 
be  the  same. 


.PROP.  II.     THEOR. 

If  a  straight  line  be  drawn  parallel  to  one  of  the 
sides  of  a  triangle^  it  will  cut  the  other  sides, 
or  the  other  sides  prodzicedy  proportionally: 
And  if  the  sides,  or  the  sides  produced,  be  cut 
proportionally,  the  straight  line  which  Joins  the 
points  of  section  will  be  parallel  to  the  remain- 
ing side  of  the  triangle. 

Let  DE  be  drawn  parallel  to  BC,  one  of  the  sides  of 
the  triangle  ABC  ;  BD  is  to  DA,  as  CE  to  EA. 

Join  BE,  CD ;  then  the  triangle  BDE  is  equal  to  the 
triangle  CDE  %  because  they  are  on  the  same  base  DE,  a  ST.  l. 
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Book  Vf.  Ma  between  the  same  panllels  D£,  BC :  but  ADE  is 

*^*^j^-^  another  triangle,  and  equal   magnitudes  have,  to  the 
b  7. 5.        same,  the  same  ratio  ^ ;  tnerefore,  as  the  triangle  BD£ 
to  the  triangle  ADE,  so  is  the  triangle  CDE  to  the  tri- 
angle ADE ;  but  as  the  triangle  BDE  to  the  triangle 
c  0.         ADE,  so  is  *  BD  to  DA,  because,  having  the  same  alti- 
tude, viz.  the  perpendicular  drawn  from  the  point  £  to 
AB,  they  are  to  one  another  as  their  bases ;  and,  for  the 
same  reason,  as  the  triangle  CDE  to  the  triangle  ADE, 
so  is  CE  to  EA.   ^There^re,  as  BD  to  DA,  so  is  C£  to 
d  11. 5.      E  A  *. 

Next,  let  the  ^des  AB,  AC  of  the  triangle  ABC,  or 


•  1,8. 


fa.«. 


ffSS,  1. 


E    B 


these  sides  produced,  be  cut  proportionally  ip  the  points 
D,  £ ;  thaf  is,  so  that  BD  be  to  DA,  as  CE  to  EA,  and 
join  DE ;  DE  is  parallel  to  BC. 

The  same  construction-  being  made,  because  as  BD  to 
DA,  so  is  CE  to  EA  ;  and  as  BD  tq  DA,  so  is  the  tri- 
angle  BDE  to  the  triangle  ADE  • ;  and  as  CE  to  E A, 
so  is  the  triangle  CDE  to  the  triangle  ADE ;  therefore 
the  triangle  BPE  is  to  the  triangle  ADE,  as  the  tri- 
angle  CDE  to  the  triangle  ADE ;  that  is,  the  triangles 
BDE,  CDE  have  the  same  ratio  to  the. triangle  ADE  ; 
and  therefore '  the  triangle  BDE  is  equal  to  the  triangle 
CDE :  And  they  are  on  the  same  base  DE  ;  but  equal  . 
triangles  on  the  same  base  are  between  the  same  paral- 
lels s ;  therefore  DE  is  parallel  to  BC.  Wherefore,  if  a 
straight  line,  &c.    Q.  £.  D. 


OF  O£0M£TE¥. 


PROP.  III.    THEOR. 

If  the  angle  of  a  triangle  be  bisected  by  a  straight 
line  which  also  cuts  the  base ;  the  segments  of 
the  base  shall  have  the  same  ratio  which  the 
other  sides  of  the  triangle  liave  to  one  another: 
And  if  the  segments  of  the  base  have  the  same 
ratio  which  the  other  sides  of  the  triangle  have 
to  one  another^  the  straight  line  draivn  from 
tlie  vertex  to  the  point  of  section  bisects  the 
vertical  angle. 

Let  the  angle  BAG,  of  any  triangle  ABC,  be  divided 
into  two  equal  angles  by  the  straight  line  AD ;  BD  is  to 
DC  as  BA  to  AC. 

Through  the  point  C  draw  CE  parallel*  to  DA,  and   «31. 1. 
let  BA  produced  meet  CE  in  E.     Because  the   straight 
line  AC  meets  the  parallels  AD,  EC,  the  angle  ACE  is 
equal  to  the  alternate  angle  CAD^ :    But  CAD,  by  the    ^  29. 1. 
hypothesis,  is  equal  to  the  angle  BAD ;  wherefore  BAD  is 
equal  to  the  angle  ACE. 
Again,  Ixrcause  the  straight 
line  BAE  meets  the  pa- 
rallels AD,  EC,  the  ex- 
terior angle  BAD  is  equal 
to  the  interior  and  oppo- 
site angle   AEC:      But 
the  angle  ACE  has  been 
proved  equal  to  the  angle 

BAD;  thereforealsoACE  ^ dr 

is  equal  to  the  angle  AEC ,  "  ^ 

and  consequently  the  side  AE  is  eaual  to  the  side^  AC.    c  6. 1. 

And  because  AD  is  drawn  parallel  to  one  of  the  sides 

of  the  triangle  BCE,  viz.  to  EC,  BD  is  to  DC,  as  BA 

to  AE  * ;  but  AE  is  equal  to  AC  :  therefore,  as  BD  to  d  f. «. 

DC,  so  is  BA  to  AC  •.  « 'J^-  *• 
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^t:      .  Next,  ^t;  BD  be  to  DC,  as  B  A  to  AC,  and  join'  AD  j 
^*rvrV  the  angle  BAG  is  divided  into  two  equal  angles^  by  tbe 

^raiffht  line  AD.   ,  ^  ....  •      Jl 

The  same  construction  being  inaide; 'becaus^,  as  fio 

to  DC,  so  is  BA  to  AC  ;  ^ jg 

i^nd  as  BD  to  DC,  so  is 
d  «.  6.      B A  to  AE  *,  because  AD ' 

ft  parallel  to  EC  ;  there- 

firfe  ABistoAC,  asAB 
e  11.  6.  to  AE  *  :  Consequently 
f  9.  5.       AC  is  equal  to  AE  ^  and 

the  angle  AEC  is  there- 
fore equal   to  the  angle 
g5.i.  '    ACE«.     But   the  angle    ^  '  X ^— ^' 

AEC  is  equal  to  the  ex-  B  \)  X^^ 

t^rior  and  opposite  angle  BAD ;  and  tlui"9.ngle  ACB J* 

h  29  1.     equal  to  the  alternate  angle  CAD^   Wherefore  al^  fhi 

'    angle  BAD.  is  equd  to  the  angle  CAD  :  Therefote  tb* 

apgje  BAC  is  cut  into  two  equal  angles  by  the  straight 

line  AD.     Therefore,  if  the  angle,  &c.     Q..  E.  D.    "^ 

-.' 

•   •.»•..'  »*  .  • 


PROP.  A.     THEOR. 


If  the  exterior  angle  of  a  triangle  he  hisiected  V^ 
u  straight  line  which  also  cuts  the  hasSprO:^ 
Huced ;  the  segments  between  the  bisecting  tii}p 
and  the  extremities  of  the  base  have  the  same 
ratio  which  the  other  sides  of  the  triangles 
have  to  one  "another :  And  if  the  segments  of 
the  base  produced  have  the  same  ratio  whim 

*  theMher  spdes  qfihe  triangle  have,  thesihdisht 
;  line^  drawiiftbm  the  vertex  to  the  point  qf^ec- 

'  tidft  bisects  the  exterior  angle  of  the  triangle . 

*^  ».      ^^''    -.'t.  •.   .     .  :.  ^        "^  .'.vf 

Let  the  exterior  angle  CAE  of  any  triangle  ABC,'  be 
.bisected  by  the  straight,  line  AD  which  meets  the^base 
produced  in'  D  ;  BD  is  to  DC,  as  BA  to' AC.   .  \  ".  \^  ^ 


'ft    -  ♦ 
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Through  C  draw  CF  parallel  to  AD  * ;  and  because  j^otk  vi. 
the  straight  line  AC  meets  the  parallels  AD,  FC,  the  ' 
angle  ACF  is  equal  to  the  alternate  angle  CAD  ^ :  But 
CAD  is  equal  to  the  angle  DAE  ® ;  therefore  also  DAE 
is  equal  to  the  angle  ACF.     Again,  because  the  straight 
line  FAE  nieets  the  parallels  AD,  FC,   the  exterior 
aiu^le  DAE  is  equal  to  the  interior  and  opposite  angle 
CFA :  But  the  angle  ACF  has  been  proved  to  be  equal 
to  the   angle   DAE  ; 
therefore  also  the  angle 
ACF  is  equal  to  the 
angle  CFA,  and  conse- 
quently the  »de  AF  is 

equal  to  the  side  AC  ^ ;                 ¥<^     /         \  d  6.  1. 
and  because  AD  is  pa- 
rallel to  FC,  a  side  of 

the  triangle  BCF,  BD  B  C 

is  to  DC,  as  BA  to  AF  • ;  but  AF  is  equal  to  AC ;   e  S.  e. 

therefore  as  BD  is  to  DC,  so  is  BA  to  AC. 

Now,  let  BD  be  to  DC,  as  BA  to  AC,  and  join  AD ; 
the  angle  CAD  is  equal  to  the  angle  DAJB. 

The  same  construction  being  made,  because  BD  is  to 
DC,  as  BA  to  AC;  and  also  BD  to  DC,  as  B  A  to  AF  * ; 
therefore  BA  is  to  AC,  as  BA  to  AF';  wherefore  AC  f  ii.  & 
is  equal  to  AF  ',  and  the  angle  AFC  equal  ^  to  the  angle  g  a.  5, 
ACF  :    But  the  angle  AFC  is  equal  to  the  exterior  h  5. 1. 
angle  £  AD,  and  the  angle  ACF  to  the  alternate  angle 
CAD ;  therefore  also  EAD  is  equal  to  the  angle  CAD, 
Wherefore,  if  the  exterior,  &c.     Q.  £,  D, 

PROP.  IV.     THEOR. 

The  sides  about  the  equal  angles  of  equiangular 
triangles  are  proportionals ;  and  those  which 
are  opposite  to  the  eqv^l  angles  are  homolo- 
gous  sideSy  that  is,  are  the  antecedents  or  con- 
sequents  of  the  ratios. 

Let  ABC,  DCE  be  equiangular  triangles,  having  the 
angle  ABC  equal  to  the  angle  DCE,  and  the  angle  ACB 
to  the  angle  DEC,  and  consequently  *  the  angle  BAC   a  32. 1. 
equal  to  the  angle  CDE ;  the  sides  about  the  equal 
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Book  VL  angles  of  the  trtang^es  ABC,  DCE  are  pcoportioniiU;  and 
^"""^v^^  time  ase  the  homolo^ns  sides  which  are  opponte  to  the 
equal  angles. 

Let  the  triangle  DCE  be  placed,  so  that  its  side  C£ 
may  be  contiguous  to  BC,  and  in  the  same  straight  line 
with  it :  and  because  the  angles  ABC,  ACB  are  to^- 
b  17. 1.    ther  less  than  two  right  angles  \  ABC  and  DEC,  which 
is  equal  to  ACB,  are  also  less 
than  two  right  angles  -,  where-   F 
fore  BA,    ED  prMuced  shall 
Cor.  29. 1.  meet  ^;  let  them  be  produced 
and  meet  in  the  point  F ;  and 
because  the  angle  ABC  is  equal 
to  the  angle  DCE,  BF  is  pa- 
4  26. 1.   rallel  ^  to  CD.    Again,  because 
the  angle  ACB  is  equal  to  the 
angle  DEC,  AC  is  parallel  to  ^ 
FE*:  Therefore  FACD  is  a*^ 
parallelogram ;  and  consequently  AF  is  equal  to  CD, 
e  S*.  1.  and  AC  to  FD  ^ :  And  because  AC  is  parallel  to  FE,  one 
f  2. 6.     of  the  sides  of  the  triangle  FBE,  BA :  AF : :  BC :  CE  ^ : 
g  7.  5,     but  AF  is  equal  to  CD;  therefore^,  BA  :CD : :  BC :  C£  ; 
h  16.  s,  and  alternately,  BA :  BC : :  DC :  CE  ^ :  Again,  because 
CD  is  parallel  to  BF,  BC  :  CE  :  :  FD  :  DE ';  but  FD 
is  equal  to  AC;  therefore  BC  :  CE  :  :  AC  :  DE;  and 
akemalely,  BC :  C A : :  CE  :  ED.     Therefore,  because  k 
has  been  proved  that  AB  :  BC  :  :  DC  :  CE ;  and  BC  : 
CA : :  CE ;  ED,  ex  aequali,  BA :  AC  : :  CD :  DE.  There- 
fore the  sides,  &c.     Q.  £.  D. 


PROP.  V.     THEOR. 

If  the  sides  of  two  triangles^  about  each  of  their 
angles^  he  proportionals^  the  triangles  shall  be 
equiangular,  and  have  their  equal  angles  op- 
posite  to  the  homologous  sides. 

Let  the  triangles  ABC,  DEF  have  their  sides  propor. 
tionals,  so  that  AB  is  to  BC,  as  DE  to  EF ;  and  BC  to 
C A,  as  EF  to  FD ;  and  consequently,  ex  aequali,  BA  to 
AC,  as  ED  to  DP ;  the  triangle  ABC  is  equiangular  to 
the  triangle  DEF,  and  their  equal  angles  are  opposite  to 


OF  GEOMETRY.  l79 

the  homologous  sictes,  viz.  the  angte  ABC  being  equal  ta  ^"^ 
the  angle  DBF,  and  BCA  to  EFD,  and  also  BAG  to 

EDF. 

At  the  points  E,  F;  in 
the  straight  line  EF,  make  *  -J^      '  a  23.  l. 

the  angle  FEG  equal  to 
the  angle  ABC,  and  the 
angle  EFG  equal  to  BCA ; 
wherefore  the  remaining 
angle  BAC  is  equal  to  the 

remaining    angle    EGF  **,   / \^       \/'  b  32.  l. 

and  the  triangle  ABC  islj 

therefore    equiangular    to 

the  triangle  GEF ;  and  consequently  they  have  their  ades 

opposite  to  the  equal  angles  proportionals*^.     Wherefore  c  4.  6. 

AB  :  BC  : :  GE  :  EF  ;  but,  by  supposition, 

AB  :  BC  : :  DE  :  EF,  therefore, 

DE:EF::GE:EF.    Therefore*  DE  and  d  ii.  5. 
GE  have  the  same  ratio  to  EF,  and  consequently  are 
equal  *.     For  the  same  reason,  DF  is  equal  to  FG.     And   e  9.  5. 
becawse,  in  the  triangles  DEF,  GEP,  DE  is  eaual  to 
EG,  and  EF  common,  and  also  the  base  DF  equal  to  the 
base  GF ;  therefore  the  angle  DEP  is  equal  'to  the  angle  f  8.  i. 
GEF,  and  the  other  angles  to  the  other  angles,  which 
ste  subtended  by  the  equal  sides  «      Wherefore  the  angle  s  ♦•  l- 
DPE  is  equal  to  the  angle  GFE,  and  EDF  to  EGF ; 
and  because  the  angle  DEF  is  equal  to  the  angle  GEF, 
and  GEF  to  the  angle  ABC  :  therefore  the  angle  ABC 
is  equal  to  tlie  angle  DEF :  For  the  same  reason,  the 
angle  ACB  is  equal  to  the  angle  DFE,  and  the  angle  at 
A  to  the  angle  at  D.     Therefore  the  triangle  ABC  is 
equiangular  to  the  triangle  DEF.     Wherefore,  if  the 
sides,  &c.     Q.  E.  D. 

PROP.  VI.     THEOR. 

If  two  triangles  have  one  angle  of  the  on£  equal 
to  one  angle  of  the  other^  and  the  sides  about 
the  equal  angles  proportionah^  the  triangles 
shall  be  equiangular^  and  shaU  have  those 
angles  eaual  which  are  opposite  to  the  homxjiUh- 
gous  sides. 

Let  the  triangles  ABC^  DEF  have  the  angle  BAC  iii 
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j^^^^yij  the  one  equal  to  the  angle  EDF  in  the  other,  and  tlie 
^^"'^''^^  ades  about  those  angles  proportionals ;  that  is,  BA  to 
.  AC,  as  ED  to  DF ;  the  triangles  ABC,  DEF  are  equi- 
angular, and  have  the  angle  ABC  equal  to  the  angle 
DEF,  and  ACB  to  DFE. 
•  »  1.       .At  the  points  D,  F,  in  the  straight  line  DF,  mak^ t 
the  angle  FD6  equal        . 
to.  either  of  the  angles       f^      ' 
BAC,  EDF ;  and  the      f\     ^     .  , 
,         angle  DFG  equal  to  the      /.   \..    ,      •    D 
angle  ACB ;  wherefore 
the  remaining  angle  at 
B  is  equal  to  the  re-    /  ..      v 

b  St  1.     maininir  one  at  6  **,  and  / \ 

consequently    the    tri-  B        ,  C  h  I*     . 

angle  ABC  is  equiangular  to  the  triangle  DGP ;  and 
therefore 
c  4. «.  B A :  AC  : :  GD  *^ :  DF.     But  by  hypothesis, 

BA  :  AC  : :  ED  :  DF ;  and  therefore 
dll.5.  ED:DF::Gpd:DF;  wherefpre  ED  is 

e  91 5.  equal  ^  to  DG :  and  DF  is  oommon  to  the  two  triangle^ 
EDF,   GDF  ;   therefore  the  two  sides  ED,   DF  are 

2iual  to  the  two  sides  GD,.  DF  ;  but  the  angle  EDF  is 
so  equal  to  the  angle  GDF ;  wherefcure  the  bi^  IBl^  is 

f  4. 1.  equal  to  the  base  FG  ^,  and  the  triangle  EDF  to  the  tri- 
angle  GDF,  and  the  remaining  angles  to  the  i^omaimng 
angles,  each  to  each,  which  are  subtended  by  the  equ^ 
sides :  Therefore  the  angle  DFG  is  equal  to  the  an^k 
DFE^  and  the  angle  at  G  to  the  angle  at  £:  .3ut  Uiq 
angle  DFG  is  equ£U  to  the  angle  ACB ;  therefore  jthe  ofkf^ 
ACB  is  equal  ta  the  angle  DFE,  and  the  angle  BAQ  is 

E  Hyp.  equal  to  the  angle  EDF  ^ ;  wherefore  also  ,the  re^nainiog 
aogle  at  B  is  equal  to  the  remaining  angle  at  E.  Thei:)^ 
fore  the  triangle  ABC  is  equiangular  to  the  triangle  IXE2P^ 
Wherefore,  if  two  triangles,  &c.     Q  E»  D^ 
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Book  VI. 

PROP.  yiL     THJEOR. 

•  ■  t 

I 

If  two  triangles  have  one  angl^  of  Hit  one  equal 
to  one  angle  of  the  other,  ana  the  sides  iwout 
two  other  angles  proportionals^  then,  if  each  of 
the  remaining  angles  be  either  less,  ornot  less, 
than  a  right  angle,  the  triangles  shall  he  equi- 
angular, and  have  those  angles  eqvxil  about 
zvhich  the  sides  are  proportionals. 

Let  the  two  triangles  ABC,  DEF  have  one  angle  in 
the  one  equal  to  one  angle  in  the  other,  viz.  the  angle 
BAG  to  the  angle  EDF,  and  the  sides  about  two  other 
angles  ABC,  DEF  proportionals,  so  that  AB  is  to  BC, 
as  DE  to  EF  ;  and,  in  the  first  case,  let  each  of  the  re- 
maining angles  at  C,  F,  be  less  than  a  right  angle :  the 
triangle  ABQ  is  equiangular  to  the  triangle  DEF,  that 
is,  the  angle  ABC  is  equal  to  the  angle  DEF,  and  the 
remaining  angle  at  C  to  the  remaining  angle  at  F. 

For,  if  the  angles  ABC,  DEF  be  not  equal,  one  of 
them  is  greater  than  the  other :  Let  ABC  be  the  greater^ 
and  at  the  point  B,  in 
the    straight   line    AB,  -^ 

make   the   angle   ABG  y/\  j) 

equal    to    the    angle  *  X     \  /\  a  23. 1. 

EHEF  :  And  because  the  X         \p 

angle  at  A  is  equal  to      yV^,-----''''\ 

die  angle  at  D,  and  the  '^^^—- p»    ^ — \x 

angle  ABG  to  the  angle  *»  V   *^  ^ 

DEF  ;  the  remaining  angle  AGB  is  eq^ual  **  to  the  re-  b  St.  i. 
niaining  angle  DFE :   Therefore  the  triangle  ABG  is 
equiangular  to  the  triangle  DEF  ; 

wherefore  %       AB  :  BG : :  DE  :  EF  ;  but  c  4.  6. 

by  hypothesis,  DE  :  EF  : :  AB  :  BC, 
therefore,  AB  :  BC  : :  AB  :  BG**;  d  11.  5. 

and  because  AB  has  the  same  ratio  to  each  of  the  lines 
BC,  BG ;  BC  is  equal  ^  to  BG,  and  therefore  the  angle  e  9.  5. 
BGC  is  equal  to  the  angle  BCG':  But  the  angle  BCG  f  6. 1. 
IS,  by  hypothesis,  less  than  a  right  angle ;  therefcHre  also 
the  angle  BGC  is  less  than  a  right  angle,  and  the  adja- 
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Bopk  VI.  cent  angle  AGB  must,  be  greater  than  a  right  aqgle  ^. 
^"^7^^^  But  it  was  proved,  that  the  angle  AGB  is  equal  to  the 
^  '  angle  at.F ;  therefore  the  angle  at  F  is  greater  than  a 
ri^t  angle ;  but  b}r  the  hypothesis  it  is  less  than  a 
rirfit  angle,  which  is  absurd.  Therefore  the  angles 
ABC,  DEF  are  not  unequal,  that,  is,  they  are  equal : 
And  the  angle  at  A  is  equal  to  the  angle  at  D ;  where- 
fore the  remaining  angle,  at  C  is  equal  to  the  remaining 
ap^gle  at/F  :  Therefore  the  triangle  ABC  is  equiangular 
to  the  triangle  DEF. 

Ne^t,  let  each  of  the  angles  at  C,  F  be  not  less  than  a 
right  angle ;  the  triangle  ABC  is  also,  in  thi&  case,  equi- 
angular  to  the  triangle  DEF. 

The  same  construction  being  made,  it  may  be  proved, 
in  like  manner,   that 
BC  is  equal  to  BG, 

and  the  angle  at  C  >^  l  p 

equal    to    the    angle  >^      I 

BGC :  But  the  angle      ^y^^..^-^^^ 
at  C  i3  not  less  than  a  ^^^     '  L 

right  angle ;  therefore  *" 
the  angle  BGC  is  not  less  than  a  right  angle  :  Where- 
fore, two  angles  of  the  triangle  BGC  are  together  not  less 
h  17. 1.  thait  two  right  angles,  which  is  impossible  ^ ;  and  there- 
fore the  triangle  ABC  may  be  proved  to  be  equiangular 
to  the  triangle  DEF,  as  in  the  first  case. 


PROP.  VIII.     THEOR. 

In  a  fight  angled  triangle ^  if  a  perpendicular 
he  drawn  from  the  right  angle  to  the  base ;  the 
fria7igles  on  each  side  of  it  are  similar  to  the 
whole  triangle,  and  to  one  another. 

Let  ABC  be  a  right  angled  triangle,  having  the  right 
angle  BAC ;  arid  from  the  point  A  let  AD  be  drawn 
perpendicular  to  the  base  BC  :  the  triangles  ABD,  ADC 
are  similar  to  the  whole  triangle  ABC,  and  to  one  an- 
other.  '    . 

Because  the  angle  BAC  is  equal  to  the  angle  ADB, 
each  of  them  being  a  right  angle,  and  the  angle  at  B 
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common  to  the  two  triangles  ABC,  ABD;  the  remain-  B«>1^  ^*- 

ing  angle  ACB  is  equal 

to   the    remaining  angle  A 

BAD  a :  therefore  the  tri-  ^^  ■  ^^  ^' 

angle  ABC  is  equiangular 

to  the  triangle  ABD,  and 

the  sides  about  their  equal 

angles  are  proportionals ; 

wherefore  the  triangles  are  ]^ 

similar  ^  In  the  like  roan-  ^  ^'  ^-  ^• 

ner,  it  may  be  demonstrated,  that  the  triangle  ADC  is 

equiangular  and  similar  to  the  triangle  ABC :  and  the 

triangles  ABD,  ADC,  being  each  eq^uiangular  and  similar 

to  ABC,  are  equiangular  and  similar  to  one  another. 

Therefore,  in  a  right  angled,  &c.     Q.  E.  D. 

Cor.  From  this  it  is  manifest,  that  the  perpendicular 
drawn  from  the  right  angle  of  a  right  angled  triangle,  to 
the  base,  is  a  mean  proportional  between  the  segments  of 
the  base ;  and  also  that  each  of  the  sides  is  a  mean  pro- 
portional between  the  base  and  its  segment  adjacent  to 
that  side.     For  in  the  triangles  BDA,  ADC, 

BD :  DA : :  DA :  DC^  and  in  the 
triangles  ABC,  BDA,  BC  :  BA  : :  BA :  BD»»;  and  in  the 
triangles  ABC,  ACD,  BC  :  CA  : :  CA :  CDb. 


PROP.  IX.     PROB. 


From  a  given  straight  liiw  to  cut  off  any  part 
required,  that  «>,  a  part  winch  shall  he  contain- 
ed  in  it  a  given  number  of  times. 


Let  AB  be  the  given  straight;  line ;  it  is  required  to  cut 
off  from  AB,  a  part  which  shall  be  contained  in  it  a  given 
number  of  times. 

From  the  point  A  draw  a  strught  line  AC  making  any 
angle  with  AB ;  and  in  AC  take  any  point  D,  and  take 
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^■^^v"^^  larin  th&ipart  viAiiih  is  to  be  qLtt^^u 
from  il ;  join  BC,  and  draw  D£  pa- 
rallel to  It :  then  AE  is  the  part  re- 
quired to  be  cut  off. 

Because  ED  is  parallel  to  one  of 
the  sides  of  the  triangle  ABC,  viz.  to 

•  «, «.      BC,  CD  :  DA  :  :  BE  r  EA  • ;  andlby 

b  la  5.     composition  \  CA :  AD  : :  BA :  AE : 
But  C  A  is  a  multiple  of  AD ; .  theiiie*. 

c.  6.  6.     fore  ^  BA  is  the  same  multiple  of  AE,  •« ~ ^ 

or  contains  AE  the  same  number  of  ^ 

times  that  AC  contains  AD ;  and  therefore,  whatever  part 
ADdstofAC,  AE  is  the  «i«me  of  AB ;  whisrefo^e,  :fr«m 
the  straight  litie  AB  the  part  required  is  fHitoC  Wbwh 
was  to  be  done,  ■    ' 

PROP.  X.     PROB.  '     <T ' 

To  divide  a  given  straight  line  similarly  jta^c^ 
given  divided  straight  line,  that  is,  intopmrts 
that  shall  have  the  same  ratios  to  one  anoA&r 
which  the  parts  of  the  divided  given  straight 

line  have. 

J' 

liet  AB  be  the  straight  line  given  to  be  divided^  and 

AC*  the  divided  line ;  it  is  required  to  divide  AB  simiiEir^ 

ly  to  AC. 

Let  AC  be  divided  in  the  points  D,  E ;  and  let  AB^ 

AC  be  placed  so  as  to  contain  any  angle,  and  join  BC, 
a  31. 1.     and  through  the  points  D,  E,  draw  *  DF,  EG,  parallel 

to  BC ;  and  throuffh  D  draw  DHK     . 

parallel  to  AB ;  therefpre  each  of  "^• 

the  figures  FH,  HB,'is  ^  parallelol 
b  34, 1.     gram ;  wherefore  DH  is  equal  ^  to 

FG,,a»d  HK  to  j&B  ;  and  oecause  Fj 

HE  is  parallel  to  KC,  qne  of  the 

sides  of  the  triangle  £)KC,  C£ :  Gj 
ct.B.      ED  :  :  «KH  :  HD:   But  KH  = 

BQ,  and  H!D;:iie  6F;  therefore  „ 

CE:ED:.iBi(S:»GF.' Again,  be- P     »:     •     •'    -    ^^ 

<titm»  FD  kfpaitiUeUo  EG,  one  of  the  sidesiof  the'ttitt^le 

AGE,  ED  r  DA : :  GF :  FA:  But  it  has  been  pfwed^that 
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C£ :  ED  :  :  BG  :  .GF ;  .theve£are  Abe  given  straight  li 
AB   is  divided   sitfnlarly  to'  AC.     Which  was  to  be 
done.  * 


"S 


PROP.  XI.    PROB. 


To  find  a  third  proportional  to  two  given 

straight  lines. 


Let  AB,  AC  be  the  two  given  straight  lines,  and  Irt 
them  be  p4aeed  so  as  to  con- 
tain any  angle ;  it  is  required 
to  find  a  third  proportional  to 
AB  AC. 

Produce  AB,  AC  to  the 
points  D,  E;  and  make  BD 
equal  to  AC ;  and  having  join- 
ed BC,  through  D,  draw  DE 
parallel  to  it^ 

Because  BC  is  parallel  to 
DE,  a  side  of  the  mangle  ADE,  AB :  »>  BD : :  AC :  CE ; 
but  BD  =  AC;  therefore  AB  :  AC  :  :  AC  :  CE. 
Wherefore  to  the  two  ^ven  straight  lines  AB,  AC  a 
third  proportional,  CE  is  found.  Which  was  to  be 
done. 


aSI.  1, 


bs.  e. 


PROP.  X£I.    PROB. 


To  find  afmrth  proportional  to  three  given 

straight  lines. 

Let  A,  B,  C  be  the  three  given  straight  lines;  it  is 
required  to  find  a  fourth  proportional  to  A,  B,  C. 

Take  two  straight  lines  DE,  DF,  containing  any  angle 
EDF ;  and  upon  these  make  DG  equal  to  A,  G£  equal 
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iWoltVL  to  B,  and  DH  equal  to  C ;   and   having  joined  GH, 

D 


a  3h  1, 
bS.  6. 


draw  EF  fiarallel*  to  it  through  the  point.  E.  And  be- 
cause 6H  is  parallel  to  £F,  one  of  the  siides  of  the  tri- 
angle DEF,  DG  :  GE  :  :  DH  :  HF^  but  DG  =  A, 
GE  =  B,  and  DH  =  C ;  and  therefwe  A  :  B  : :  C  :  HF. 
Wherefore  to  the  three  given  straight  lines.  A,  3>  C,  a 
fourth  proportional  HF  is  found.  *  Which  was  to  be 
done. 


PROP.  XIII.     PROB. 


ft  11. 1. 


To  find  a  7nea?t  proportional  between  two  g^iven 

straight  lines. 

Let  AB,  BC  be  the  two  given  straight  lines ;  it  is  re^ 
quired  to  find  a  mean  proportional  between  thera. 

Place  AB,  BC  in  a  straight  line,  and  upon  AC  describe 
the  semicircle  ADC,  and 
from  the  point  B  *  draw 
BD  at  right  angles  to  AC, 
and  join  AD,  DC. 

Because  the  angle  ADC 
in  a  semicircle  is  a  right 
b  31.  3.     angle  **,    and  because  in    _ 
the  right  angled  triangle  A. 
ADC,0B  is  dra^n  from 

the  right  ande,  perpendicular  to  the  base,  DB  is  a  nti^ati 
Cor.  8. 6.  proportional  between  AB,  BC,  the  scgmertts  of  Irti^  base ''; 
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therefore  between  the  two  given  straight  lines,  AB^  BC,  a  Book  Vi. ; 
mean  proporticHial  DB  is  found.    Which  was  to  be  done. 


PROP.  XIV.     THEOR. 

Equal  parallelograms  which  have  one  angle  of 
the  one  equal  to  one  angle  of  the  otheVy  have 
their  sides  about  the  equal  angles  reciprocally 
proportional:  And  parallelograms  which  have 
one  angle  of  the  one  equal  to  one  angle  of  the 
other,  and  their  sides  about  the  equal  angles 
reciprocally  proportional,  are  equal  to  one  an- 
other. 

Let  AB,  BC  be  equal  parallelograms,  which  have  the 
angles  aC  B  equal,  and     jk  p 

let  the  sides  DB,  BE       ^ 

be  placed  in  the  same 
straight  line;  wherefore 
also  FB,  BG  are  in  one 
straight  line* :  the  sides 
of  the  parallelograms 

AB,    BC,    about    the  

equal  angles,  are  reci-  &         C 

procally  proportional ;  that  is,  DB  is  to  BE  as  6B  to  BF. 

Complete  the  parallelogram  FE ;  and  because  the  pa- 
rallelograms AB,  BC  are  equal,  and  FE  is  another  pa- 
rallelogram,   *    ABrFEriBCiFE**;  ^T-^- 
but  because  the  parallelograms  AB,  FE  have  the-  same 
altitude,               AB  :  FE  : :  DB  :  BE  %  also,                    c  l.  6. 

BC  :  FE  : :  6B  :  fiF  ^  therefore  d  ii.  5. 

DB  :  BE  : :  GB  :  BF  *.     Wherefore, 
the  sides  of  the  parallelograms  AB,  BC  about  their  equal 
angles  are  reciprocally  proportional. 

But,  let  the  sides  about  the  equal  angles  be  reciprocal- 
ly proportional,  viz.  as  DB  to  BE,  so  GB  to  BF ;  the 
parallelogram  AB  is  equal  to  the  parallelogram  BC. 

Because,  DB :  BE : :  GB :BF,  and  DB :  BE : :  AB :  FE, 
and  (SB: BF : :  BC  :EF,  therefore,  AB  :FE  : :  BC  :  FE*: 


a  14.  1. 


B0ofc>vi^  Whe^or^'the  paralfebgram  AB  is  equal*  to  the  pa^ 
'  '  rallelogram  BC     Therefore  equal  jiarallelogrfiinsf,  ^c. 

Q.  ~ 


eS.5b 


uleiogram 
I.  E.  T). 


,  i ..  '        '  /  ■ ' 


« »    •  • 


PROP.  X v.    THEOR.  '    \    " 


Equal  triangles  which  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  have  their  sides 
about  the  equal  angles  reciprocally  propor- 
tional: And  triangles  which  have  one' angle  in 
the  one  equal  to  one  angle  in  the  other ^  and 
their  sides  about  the  ^qual  angles  reciprocally 
proportional,  are  equal  to  one  another. 

Let  ABC,  ADE  be  equal  triasgles,  srhich  have  the 
angle    BAG    equal  -g 

to  tbe  augle  DAE ; 
the  sides  about  the 
equal  angles  of  these 
tnaBgles  are  recipro- 
cally proportional ;  C 
that  is,  C  A  is  to  AD, 
as  £A  to  AB. 

Let  the  triangles 

bfrpkMped  sp  ui$t 

tbfnir  si^es  CA,  AD 

be-  ia  one  i^traigbt 

a  li.  1.      liiic ;  wherefore  also  E  A  and  AB  are  in  one  straight  lirie  % 

i .  ,  yom iBJ>'  ..Because  the  triangle  AB€  is  equal  to  the  tri- 

4pgk  AIXE^.and  ABDisanother  triangle ;  therefor^,  tri- 

aagie  GAB  :  triangle  BAD  :  :  triangte  EAD  :  triaagle 

BiA(D;  bvliOAB :  BAD : :  CA:  AD,  and  EAD:  BAD 

b  lU6*s  ^  :f4  £Ai:  AB ;  therefore .C A  i  AD ::  EA-  AB  K  Wb^e- 

ijpiie  lAuBt  eid%of  the  (triangles  ABC,  ADE  about  the  equal 

an(^siail04re(niMrc9satiy  propovti  r 

ljB«ft&lei(<tbf  9ide»oi^  the  triangles  ABG,  ADE,  abdut 

y^  »l  *  tM'^udl  angles be''i«oi}irocally  proportional,  Vn,  CA  to 


OF  Q£OA[£:rRY.  18Sl 

« 

AD  as  £A  to  AB  ;  tlm  triaqgle  ABC  is  equal  to  thi;  BMk  Vki 
triaj)gle  ADE.  ...  Wv-^i* 

Having  joined  BD  as  before;  because  CA  :  A0:;» 
£A  :  AB  ;   asd  since  CA  :  AD  : :  triangle  ABC  :  tri^ 
angle  BAD  ^ ;  and  also  £  A  :  AB  : :  triangle  £  AD  :  tri-  c  1.  6. 
angle  BAD  ^ ;  therefore  triangle  ABC :  triangle  BAD : :  d  11. 5. 
triangle  £AD :  triangle  BAD ;   that  is,  the  triangles 
ABC,  £  AD  have  the  saneie  ratip  tOt  «the  triangle  BAD  : 
wherefore  the  triangle  ABC  is  equal®  to  the  triangle  e9. 5.  • 
EAlD.     Therefore  equal  triangles,  &c.     Q.  £.  D. 


.1 


PROP.  XVI.    THEOR. 


If  four  straight  lines  he  proportionals  ^  the  reel-- 
angle  contained  by  the  ecctreTnes  is  equal  to  the 
rectangle  contained  bv  the  means  :  And  if  the 
rectangle  contained  oy  the  extremes  be  equal 
to  the  rectangle  contained  by  the  means^  the 
four  straight  lines  are  proportionals. 


Let  the  four  straight  lines,  AB,  CD,  E,  P  be  pit^N 
tionals,  viz.  as  AB  to  CD,  so  £  to  F ;  the  rectangle  con* 
tained  by  AB,  F  is  equal  to  the .  rectangle  contamed  by 
CD,  E. 

.  JFrom  the  points  A^  C  di^w  *  AG,  GH  at*  right  ifa^a  a  n.  i. 
tOiAB,  CD ;  and  make  AG  equal  t<»  F^  a&d  CM  equd 
to  ]@,  and  complete  the  pandl^o^ratne  BG,*IDHj  ^^B^ 
eauee  AB  ;  CD  ; :  £  :  F  ;  and  i^ihefe  B±3.0H,  end'lPss 
AG,  AB  :  CD  ^  : :  CH  :  AG  ;  therefore  the  sided  of  b  7;  &^ 
tiie  parallelograms  BG,  DH  about  the  iequal  angkift  ad 
reciprocally  proportional ;  but  pamUdogrnms  which  fali>t^ 
their  Md«8  •  about  equal  angles  recippocitiy  ptDporCiodal, 
are  ^equal  to  one  another  ^ ;   therefore  ine   pardlekiu  c  14. 6. 


ISO 
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J) 


BdokVl^.gnunBG'id'eqnal  to  the  paralldogram  DH;  and  the 

'^^'^i^y^  parAlleldgrain  BG  is  con-  -g        

tainedbytheitniigfatiilies  I{ 

AB5  F;  becansid  AG  kpp 
equal  to  F;  and  the  pa>-' 
rallelogram  DH  is  con- 
tained by  CD  and  B,  be- 
cause CH  is  ^ual  to  E ; 
therrf(»ie  the  rectangle 
contained  by  the  straight 
lines  AB,  F  is  equal  to 
that  which  is  contained  by  CD  and  £. 

And  if  the  rectangle  contained  by  the  straight  lines 
AB,  F  be  equal  to  that  which  is  contained  by  CD,  E ; 
these  four  lines  are  proportionals,  viz.  AB  is  to  CD,  as 
E  to  F. 

The  same  construction  being  made,  because  the  rect- 
angle  contained  by  the  straight  lines  AB,  F  is  equal  to 
that  which  is  contained  by  CD,  E,  and  the  rectangle  BG 
is  contuned  by  AB,  F,  because  AG  is  equal  to  F ;  and 
the  rectangle  DU  by  CD,  E,  because  CH  is  equal  to 
E  ;  therefore  the  parallelogram  BG  is  equal  to  the  pa- 
rallelogram  DH  ;  and  they  are  equiangular :  but  the  sides 
about  the  equal  angles  of  equal  parallelograms  are  reci- 
d  14.  e.  procally  proportional  ^ :  wherefore  AB :  CD : :  CH  :  AG ; 
but  CH=E,  and  AG=F,  therefore  AB  :  CD  : ;  E  :  F. 
Wherefore  if  four,  &c,    Q.  E.  D. 


PROP.  XVII.     THEOR. 


If  three  straight  lines  be  proportionals,  the  rect- 
angle  contained  by  the  extremes  is  eqtud  to  tiie 
square  of  the  mean :  And  if  the  rectangle  cem- 
tained  liy  the  extremes  be  equal  to  the  square 
of  the  mean,  the'  three  straight  lines  m^epro- 
portionalsi  "  .  « 


Ljet  the^  thr^^  straight  iine^  A,  B,.C.b&  prpporUooala, 
viz.  as  A  to  B)  so  B  to  C ;  the  rectangle  contained  by  A', 
C  is  eqijal  to  the  square  of  B.     «  .... 
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Take  D  equnl  to  B :  and  because  as  A  to  B  so  B  lo  ^^^J^ 

C,  and  that  B  is  equal  to  D ;  A  is  •  to  B,  as  D  to  C  :  aTT^'^ 
but  if  four  straight  lines  be  proportionals,  the  rectan^e 
contained  by  the  extremes  is  equid  to  that  wluch  is  con. 

tained  by  the  means  ^  :   therefore    * ; ,    5  lu.  ©. 

the    rectangle   A.C=the  rectangle 

B.D;    but  the  rectangle  B.D   is  B 

equal  to  the  square  of  B,  because  *^ 

BniD  ;  therefore  the  rectangle  A.C 
is  equal  to  the  square  of  B.  ^ 

And  if  the  rectangle  contained  by  A,  C  be  equal  to 
the  square  of  B  ;  A  :  B  :  :  B  :  C. 

The  same  construction  being  made,  because  the  rect- 
angle contained  by  A,  C  is  equal  to  the  square  of  B,  and 
the  square  of  B  is  equal  to  the  rectangle  contained  by  B, 

D,  because  B  is  equal  to  D ;  therefore  the  rectangle  oon- 
tmned  by  A,  C  is  equal  to  that  contained  by  B,  D ;  but 
if  the  rectangle  contained  by  the  extremes  be  equal  to 
that  contained  by  the  means^  the  four  straight  lines  are 
proportionals  ** :  therdbre,  A  :  B  : ;  D  :  C,  but  B=D ; 
wherefore  A  :  B  : ;  B  :  C  :  Therefore  if  three  straight 
lines,  &c.     Q.  E.  D. 


PROP.  XVIII.     PROB. 


Upon  a  given  straight  line  to  describe  a  rectili- 
neal figure  similar y  and  similarly  sittiated^  to  a 
given  rectilineal  figure. 

Let  AB  be  the  given  strmght  line,  and  CDEF  the 
given  rectilineal  figure  of  four  sides ;  it  is  required  upon 
the  given  straight  line  AB  to  describe  a  rectilineal  figure 
similar,  and  ^milarly  situated  to  CDEF. 

Join  DF,  and  at  the  points  A,  B  in  the  straight  line 
AB,  make  •  the  angle  BAG  equal  to  the  angle  at  C,  a  ?3.  l. 
and  the  angle  ABG  equal  to  the  angle  CDF ;  therefore 
the  i^emaining  angle  CFD  is  equal  to  the  remaining  angle 
AtlB^:    wlierefore  the  triangle  FCD  is  equJanguTar  ^82.1. 
to  the  triangle  GAB  :  Again,  at  the  points  G,  B  in  the 
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simglitHaeOB  make^tiie  awle  BGH  «ffid 
angle  DFE,  oad  the  angle  OBH,  equal  tof'DE; 
Ibfe  tke  remainkig  ai^  FED  is  equal  to  the  ^emmaog 
angle  6HB,  and  the  triangle  FBE  equtanriikr  to  die 
triangle  GBH :  then,  becauee  the  angle  A6B  is  equal  to 
the  angle  CFD,  and  BGH  to  DF£>  the  whok  ai^ 


«i.<. 


d  SS»  & 


AGH  is  equal  to  the  whole  CFE :  for  the  same  reason 
the  angle  ABH  is  equal  to  the  angle  Ct>E ;  also  the 
angle  at  A  is  equal  to  the  angle  at  C,  and  the  angle  6HB 
to  FED:  Therefore  the  rectilineal  figure  ABR6  is 
equiangular  to  CDEF  :  Bu,t  likewise  these  figures  have 
their  sides  about  the  equal  angles  proportionals :  for  the 
triangles  GAB,  FCD  being  equiangular, 

BA  :  AG  : :  DC  :  CF  ^ ;  for  the  same  reaacm, 

AG  ;  GB  : :  CF  :  FD ;  and  because  of  the  equi- 
angular triangles,  BGH,  DFE,  GB :  GH  : :  FD  :  FE; 
therefore  ex  »quali  S  AG  :  6H  i  :t3F  :  FE* 
In  the  same  manner,  it  may  be  fiFored^  that  • 

AB:  BH::  CD:  DE.     Also% 

GH  :  HB : :  FE :  ED.    Wherefore,  because  the 
rectilineal  figures  ABHG,  CDEF  are  equiangular,  and 
have  th^r  sides  about  the  equal  angles  prcqxirtioiials, 
cdflf.  1.  e.  th^  are  similar  to  one  another^ 

Next,  Let  it  be  required  to  describe  upon  a  gji^fn 
straight  line  AB,  a  rectilineal  figure,  similar  and  sinnlar- 
Ij  situated  to  the  five  sided  rectuineal  figure  CDKEF. 

Join  DE,  and  upon  the  given  strmght  line  AB  de* 
scribe  the  rectilineal  figure  ABHG  similar,  and  ^*Pi^rr- 
ly  situated  to  the  quadrilateral  figure  CDEF,  by  die 
former  case ;  and  at  the  points  B,  H  in  the  straig^  Uoe 
BH,  make  the  angle  HBL  eqiiid  to  the  angle  EDK,  and 
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iheimgie'teL  equal  to  the  angle  DEK;   Uierefoi'e   the -***-«l. 
.remaining  angle  at  K  is  hjuaI  to  the  runiaining  angle  at  '*'"■**' 
X-iSpd  Because  the  figures  ABHG,  CDEF  are  ehnilar, 
,'|]i'e.  aag\^  GHB  is  equal  to  the  angle  FED,  and  BHL  is    . 
£^ual  to  1)£K  ;  wherefore  the  whole  angle  GHL  is  equal 
tb  tlie  wliole  angle  FEK  ;  I'or  the  s^ame  reason  the  angh> 
ABL  18  equal   to  the  angle  CDK  :   tlitrefore  the  five- 
sided  figures  AGHLB,  CFEKD  aw  equiangular;  and 
because  the  figures  AGHB,  CFED  toe  aimtlar,  GH  is 
to  HB  as  FE  to  ED ;  and  as  HB  to  HL,  so  is  ED  to 
£K ' ;  therefore  ex  sequali %  GH  is  to  HL,  as  PE  to     ci.6. 
EE :  for  the  same  reason,  AB  is  to  BL,  as  CD  to  DK :  d  at.  5. 
and  8L  is  to  LH,  as '  DE  to  KE,  because  the  triangles 
BLH,  DEE  are  equiangular ;    therefore,  because  the 
five-^ded  figures  AGHLB,  CFEKD  are  equiangular, 
and  have  tfieir  ^des  about  the  equal  angles  proportionals, 
they  are  similar  to  one  another  :  and   in  the   same  man- 
ner a  rectilineal  figure  of  six,  or  more,  sides  may  be  de- 
scribed upon  a  given  straight  line  similar  to  one  given',' 
and  so  on.    Which  was  to  be  done.  '  "  ■    '       '     ' 


PROP.  XIX.    THtOR; 


S^lan  triai^les  are  to  one  another  in  the  du~ 
plicate  ratio  of  their  homotogWM  sidw. 

^"Lft'ABC,  DEF  be  umilar  triangles,  having  the  angle 
B''%qual'lo    the  '.  \.V.'.'. 
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B«ok  VI.      Take  BG  a  third  proportional  to  BC  and  EF^  or  such 

''-^v^^  that  BC  :  EF  : :  EF  :'  BG,  and  join  GA.  Then  because 

b  "•  ^  AB  :  BC  : :  DE  :  EF,  alternately  % 

c  16.  5.  AB  :  DE  : :  BC  ;  EF  ;  but 

d  11.  5.*  BC  ;  EF  : :  EF  ;  BG  ;  therefore* 

AB  :  DE ; ;  EF  :  BG ;  wherefore  the  sides  of  the 
triangles  ABG,  DEF,  which  are  about  the  equal  angles, 
are  reciprocally  proportional :  but  triandes^  which  have 
the  ndes  about  two  equal  angles  reciprocally  proportional, 
are  equal  to  one 
e  15.  6.     another  ® :   there-  A 

(ore  the  triangle 
ABG     is    equal 

to    the     triai^le  /  J       \  JD 

DEF;  and  be- 
cause  that  BC  is 
to  EF,  as  EF  to 
BG;  and  that 
if  three  straight  B 
.  lines  be  propor- 
tionals, the  first  has  to  the  third  the  duplicate  ratio  of 
that  which  it  has  to  the  second  ;  BC  therefore  has  to  BG 
the  duplicate  ratio  of  that  which  BC  has  to  EF.  But  as 
f  1  6,  BC  to  BG,  so  is  ^  the  triangle  ABC  to  the  triangle  ABG ; 
therefore  the  triangle  ABC  has  to  the  triangle  ABG  the 
duplicate  ratip  of  mat  which  BC  has  to  EF  ;  and  the  tp- 
apgle  ABG  is  equal  to  the  triangle  DEF ;  wherefore  also 
the  triangle  ABC  has  to  the  triangle  DEF  the  duplicate 
ratio  of  mat  which  BC  has  to  EF.  Therefore,  similar 
triangles,  &c.     Q.  E.  D. 

Cob..  From  this  it  is  manifest,  that  if  three,  straight 
lines  be  proportionals,  as  the  first  is  to  th^  third,  so  is 
any  triangle  upon  the  first  to  a  amilar,  and  similarly  de- 
scribed tnangle  upon  the  second. 


OF  GEOMETRY.  195 

PROP.  XX.     THEOB.  ^!!l^ 

Similar  polygons  may  be  divided  into  the  same 
number  o/*  similar  triangles,  having  the  same 
ratio  to  one  another  that  the  polygons  have ; 
and  the  polygons  have  to  one  another  the  du- 
plicate ratio  of  that  which  their  homologous 
sides  have. 

Let  ABCDE,  FGHEI^  be  similar  polygons,  and  let 
ABbe  the  homologous  side  toFG;  thepolygons  ABODE, 
FGHEL  may  be  divided  into  the  same  number  of  simi- 
lar triangles,  whereof  each  has  to  each  the  same  ratio 
which  the  polygons  have ;  and  the  polygon  ABODE  has 
to  the  polygon  FGHKL  a  ratio  duplicate  of  that  which 
the  side  AB  has  to  the  side  FG. 

Join  BE,  EC,  GL,  LH :  and  because  the  polygon 
ABODE  is  similar  to  the  polygon  FGHEL,  the  angle 
BAE  is  equal  to  the  angle  GFL »,  and  B  A :  AE  ;  : 
GP  :  FL»  :  wherefore,  because  the  triangles  ABE,  FGL  '  ^'  ^-  ^• 
have  an  angle  in  one  equal  to  ap  angle  in  the  other,  and 
their  sides  about  these  equal  angles  proportionals,  the 
triangle  ABE  is  equiangular^,  and  therefore  similar  to   ^  ^-  ^• 
the  triangle  FGL°  \  wherefore  the  angle  ABE  is  equal  ^  **  ^■ 
to  the  angle  FGL  :  and,  because  the  polygons  are  simi- 
lar, the  whole  angle  ABO  is  equal  ^  to  the  whole  angle 
FGH ;  therefore  the  remaining  angle  EBO  is  dqual  to 
the  remaining  angle  LGH :  now,  because  the  tnangles 
ABE,  FGL  are  similar,  EB  :  BA  :  :  LG  :  GF  ; 
and  also  because  the  polygons  are  similar, 

AB  :  BO  :  :  FG  :  GH  *;  therefore 
ex  aequali  ** ;  EB  :  BO  :  :  LG  :  GH  ;  that  is,  the   ^  22. 
sides  about  the  equal  angles  EBO,  LGH  are  propor- 


r 


B    T^ 


C  K  H 

tionals :   therefore ''  the  triangle  EBC  is  equiangular  to 
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Bo^  vi.  the  triangle  LGH,  and  similar  to  it  ^  For  the  same 
reason,  the  triangle  ECD  is  likewise  similar  to  the  tri- 
angle LHE ;  therefore  the  similar  polygons  ABCDE, 
FGHKL  are  divided  into  the  same  number  of  similar 
triangles. 

Also  these  triangles  have,  each  to^each,  the  same  ratio 
which  the  polygons  have  to  one  another,  the  antecedents- 
being  ABE,  EEC,  ECD,  and  the  conseauents  FGLy 
LGH,  LHK :  and  the  polygon  ABCDE  hfits  to  the  po- 
lygon FGHKL  the  duplicate  ratio  of  that  which  the  side 
AB  has  to  the  homologous  side  FG. 

Because  the  triangle  ABE  is  similar  to  the  triangle 
c  19.  6.  FGL,  ABE  has  to  FGL  the  duplicate  ratio^  of  that  which 
the  side  BE  has  to  the  side  GL :  for  the  same  reason, 
the  triangle  BEC  has  to  GLH  the  duplicate  ratio  of  that 
which  BE  has  to  GL  ;  therefore,  as  the  triangle  ABE  to 
f  11.  5,  the  triangle  FGL,  so^  is  the  triangle  BEC  to  the  tri- 
angle GLH.  Again,  because  the  triangle  EBC  is  similar 
to  the  triangle  LGH,  EBC  has  to  LGH  the  duplicate 
ratio  of  that  which  the  side  EC  has  to  the  side  LH :  for 
the  same  reason,  the  triangle  ECD  has  to  the  triangle 
LHE,  the  duplicate  ratio  of  that  which  EC  has  to  LH : 
therefore,  as  the  triangle  EBC  to  the  triangle  LGH,  so 
is^  the  triangle  UCD  to  the  triangle  LHE:  but  it  has 
been  proved,  that  the  triangle  EBC  is  likewise  to  the  tri- 
angle  LGH,  as  the  triangle  ABE  to  the  triangle  FGL. 
Therefore,  as  the  triangle  ABE  is  to  the  trian^e  FGL, 
so  is  the  triangle  EBC  to  the  triangle  LGH,  and  the  tri- 
angle ECD  to  the  triangle  LHE :  and  therefore,  as  one 
of  the  antecedents  to  one  of  the  consequents,  so  are  all  the 
g  12. 5.   antecedents  to  all  the  consequents  ^.     Wherefore,  as  the 


M 
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triangle  ABE  to  the  triangle  FGL,  sois  the  polygon 
ABCDE  to  the  polygon  FGHEL  :  but  the  triangle 
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ABE  has  to  the  triangle  FGL,  the  duplicate  ratio  of  that  ^^^V^ 
which   the  side  AB  has  to  the  homologous  side  FG.  ^•^^''^*^ 
Therefore  also  the  polygon  ABCDE  has  to  the  polygon 
FGHKL  the  duplicate  ratio  of  that  which  AB  has  to  the 
homologous  side  FG.     Wherefore  similar  polygons,  &c. 
Q.E.D. 

Cor.  1.  In  like  manner  it  may  be  proved,  that  similar 
figures  of  four  sides,  or  of  any  number  of  sides,  are  one 
to  another  in  the  duplicate  ratio  of  their  homologous 
sides ;  and  the  same  has  already  been  proved  of  triangles; 
therefore,  universally,  similar  rectilineal  figures  are  to 
one  another  in  the  duplicate  ratio  of  their  homologous 
sides. 

Cor.  2,  And  if  to  AB,  FG,  two  of  the  homologous 
sides  a  third  proportional  M  be  taken,  AB  has  ^  to  M  ***^«^*  ^*•^• 
the  duplicate  ratio  of  that  which  AB  has  to  FG  :  but  the 
four- sided  figure,  or  polygon,  upon  AB  has  to  the  four- 
sided  figure,  or  polygon,  upon  FG  likewise  the  duplicate 
ratio  of  that  which  AB  has  to  FG :  therefore,  as  AB  is 
to  M,  so  is  the  figure  upon  AB  to  the  figure  upon  FG, 
which  was  also  proved  in  triangles  *.  Therefore,  univer- » Cor.  19. 6. 
sally,  it  is  manifest,  that  if  three  straight  lines  be  propor- 
tionals, as  the  first  is  to  the  third,  so  is  any  rectilineal 
figure  upon  the  first,  to  a  similar  and  similarly  described 
rectilineal  figure  upon  the  second. 

Cor.  3.  Because  all  squares  are  similar  figures,  the 
ratio  of  any  two  squares  to  one  another  is  the  same  with 
the  duplicate  ratio  of  their  sides ;  and  hence,  also,  any 
two  similar  rectilineal  figures  are  to  one  another  as  the 

squares  of  their  homologous  sides. 

» 

PROP.  XXI.     THEOR. 

Rectilineal  Jigures  which  are  similar  to  the  same 
rectilineal  figure^  are  also  similar  to  one  ano- 
ther. 

Let  each  of  the  rectilineal  figures  A,,B  be  similar  to 
the  rectilineal  figure  C  :  The  figure  A  is  sirfiilar  to  the 
figure  B. 

Because  A  is  similar  to  C,  they  are  equiangular,  and 
also  have  their  sides  about  the  equal  angles  proportionals*.  *  ^«^*  ^-  ^* 
Again,  because  B  is  similar  to  C,  they  are  equiangular. 
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als*  :  therefore  the  figures  A,  B  are  each  of  them  equi- 
angular to  C,  and  have  the  sides  about  the  equal  angles 
of  each  of  them,  and  of  C,  proportionals.  Wherefore 
b  1.  Az.  1.  the  rectilineal  figures  A  and  B  are  equiangular^,  and 
G  11.  6.  have  their  sides  about  the  equal  angles  proportionals  ^ 
Therefore  A  is  similar  •  to  B.     Q.  E.  D. 


PROP.  XXII.    THEOR. 

If  four  straight  lines  he  proportionals,  the  simi- 
lar rectilineal  figures  similarly  descriped  up- 
on them  shall  also  be  proportionals ;  and  if  the 
similar  rectilineal  figures  similarly  described 
upon  four  straight  lines  be  proportionals,  those 
straight  lines  shall  be  proportionals. 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  be  pro- 
portionals, viz.  AB  to  CD,  as  EF  to  6H ;  and  upon  AlB, 
CD  let  the  similar  rectilineal  figures  EAB,  LCD  be  si- 
milarly described ;  and  upon  EP,  GH  the  similar  recti- 
lineal figures  MP,  NH,  m  like  manner ;  the  rectilineal 
figure  KAB  is  to  LCD,  as  MP  to  NH. 
a  11.  6.  To  AB,  CD  take  a  third  proportional  •  X ;  and  to  EF, 

GH  a  third  proportional  O  :  and  because 
AB:CD::EP:    GH,  and 
b  11.  5.  CD  :  X     :  :  GH :    **  O,  ex  aequali  % 

c  28.  5.  AB  :  X     :  :  EF  :    O.     But 

d  2.  Cor.  AB  :  X  *  :  :  KAB  :  LCD ;  and 

«0.  (J.       ,  EF  :  0  :  :  *  MP  :  NH  ;  therefore 

KAB:LCD^::MP:NH. 
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And  if  the  figure  KAB  be  to  the  figure  LCD,  as  the  I  Book  vi. 
figure  MP  to  the  figure  NH,  AB  is  to  CD,  as  EF  to  ^-"v^^ 
GH. 

Make«  as  AB  to  CD,  soEF  to  PR,  and  upon  PRde.  e  12.  6. 
scribe^  the  rectilineal  figuie  SR  similar,  and  similarly  situ-  f  18  6. 


X 


O 

ated  to  either  of  the  figures  MP,  NH  :  then,  because  that 
as  AB  to  CD,  so  is  EP  to  PR,  and  upon  AB,  CD  are 
described  the  similar  and  similarly  situated  rectilineals 
KAB,  LCD,  and  upon  EP,  PR,  in  like  manner,  the  d- 
milar  rectilineals  MP,  SR ;  KAB  is  to  LCD,  as  MP  to 
SR ;  but  by  the  hypothesisy  KAB  is  to  LCD,  as  MP  to 
NH ;  and  therefore  the  rectilineal  MP  having  the  same 
ratio  to  each  of  the  two  NH,  SR,  these  two  are  equal  ^  g  9.  5, 
to  one  another :  they  are  also  similar,  and  similarly  si- 
tuated ;  therefore  GH  is  equal  to  PR :  and  because  as 
AB  to  CD,  so  is  EP  to  PR,  and  because  PR  is  equal  to 
GH,  AB  is  to  CD,  as  EP  to  GH.  If,  therefore,  four 
strmght  lines,  &c.     Q.  E.  D. 


PROP.  XXIII.     THEOR. 

Equiangular  parallelograms  have  to  one  another 
the  ratio  which  is  compounded  of  the  ratios  of' 
their  sides. 

Let  AC,  CP  be  equiangular  parallelograms,  having 
the  angle  BCD  equal  to  the  angle  ECG ;  the  ratio  of  the 
paralldogram  AC  to  the  parsulelogram  CP  is  the  same 
with  the  ratio  which  is  compounded  of  the  ratios  of  their 
sides. 
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^^^^l^      Let  BC,  CG  be  plac^  m  a  straight  line ;  therefore 

/JJ^^lT^  DC  and  CE  are  abo  in  a  straight  line*;  complete  the 
'  parallelogram  DG;  and  taking  any  straight  line   K, 

^  1^-  «•  make**  as  BC  to  CG,  so  K  to  L ;  and  as  DC  to  CE,  so 
make  ^  L  to  M :  therefore  the  ratios  <!)f  E  to  L,  and  L. 
to  M,  are  the  same  with  the  ratios  of  the  sides,  or  of 
BC  to  CG,  and  of  DC  to  CE.     But  the  ratio  of  K  to 

c  def.  10. 5.  jj  ig  tjjat  which  is  said  to  he  compounded  c  of  the  ratios 
of  E  to  L,  and  L  to  M  ;  wherefore  also  E  has  to  M 
the  ratio  compounded  of 
the  ratios  of  the  sides  of  the  '^ 
parallelograms.  Now,  be- 
cause as  BC  to  CG,  so  is 
the    parallelogram    AC    to 

d  1.  0.        the    parallelogram    CH  ^  ; 
and  as  BC  to  CG^  so  is  E 

e  11.  £.  to  L,  therefore  E  is®  to  L, 
as  the  parallelogram  AC  to 
the  parallelogram  CH:  a- 
gain,  because  as  DC  to  CE, 
so  is  the  parallelogram  CH  |^ 
to  the  parallelogram  CF : 
and  as  DC  to  CE,  so  is  L  to  M;  therefore  L  is* 
to  M,  as  the  parallelogram  CH  to  the  parallelogram 
CF:  therefore  since  it  has  been  proved,  that  as  E  to 
L,  so  is  the  parallelogram  AC  to  the  parallelogram  CH ; 
and  as  L  to  M,  so  the  parallelogram  CH  to  the  paral- 

f  22.  5.  lelogram  CF ;  ex  aequali  ',  E  is  to  M,  as  the  parallelo- 
.  gram  AC  to  the  parallelogram  CF ;  but  E  has  to  M 
the  ratio  which  is  compounded'  of  the  ratios  of  the  sides ; 
therefore  also  the  parallelogram  AC  has  to  the  parallelo- 
gram CF  the  ratio  which  is  compounded  of  the  ratios  of 
the  sides.  Wherefore  equiangular  parallelograms,  &c. 
Q.  E.  D, 

PROP.  XXIV.     THEOR. 

ITie  parallelograms  about  the  diameter  of  any 
parallelogram^  are  similar  to  the  whole,  ana 
to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diametef' 
is  AC  ;  and  EG,  HE  the  parallelograms  about  the  dia- 
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meter :  the  parallelograins  EG,  HE  are  similar,  both  to  Book  VI. 
the  whole  parallelogram  ABCD,  and  to  <me  another.         ^^--^v^^^ 

Because  DC,  GF  are  parallsla,  the  angle  ADC  is. 
equal  ^  to  the  angle  AGF  :  for  the  same  reason,  because  a  29.  l. 
BC,  EF  are  parallels,  the  angle  ABC  is  equal  to  the 
angle  AEF:   also  the  angles  BCD,  EFG  being  each 
equal  to  the  opposite  angle  DAB^,   are  equal  to  oneb34.  ]. 
another,  wherefore  the  parallelograms  ABCD,  AEFG 
are  equiangular.     And  because  the  angle  ABC  is  equal 
to  the  angle  AEF,  and  the  angle  BAC  common  to  the 
the  two  triangles  BAC,  EAF, 
they  are  equiangular  to  one  ano-  Ai 

ther ;  therefore  *^  as  AB  to  BC,     /\^    /_  /"''*•  ^' 

so  is  AE  to  EF  ;  and  because(]< 
the  opposite  sides  of  parallelo- 
grams are  equal  to  one  another**, 

AB  is^  to  AD,  as  AE  to  AG ;  /  /  \/        a  7.  5. 

and  DC  to  CB,  as  GF  to  FE  ;  j) 
and  also  CD  to  DA,  as  FG  to 
GA :  therefore  the  sides  of  the  parallelograms  ABCD, 
AEFG  about  the  equal  angles  are  proportionals;  and 
they  are  therefore  similar  to  one  another® :  for  the  same  e  def.  K  6. 
reason,  the  parallelogram  ABCD  is  similar  to  the  paral- 
lelogram FHCK.  Wherefore  each  of  the  parallelograms, 
GE,  KH  is  similar  to  DB  :  but  rectilinem  figures  which 
are  similar  to  the  same  rectilineal  figure,  are  also  similar 
to  one  another^;  therefore  the  parallelogram  GE  is  siroi-  ^  ^^  ^' 
lar  to  EH.    Wherefore  the  parallelograms,  &c.  Q.E»  D. 

PROP.  XXV.     PROB. 

To  describe  a  rectilineal  figure  which  shall  be  si- 
milar to  one,  and  eqtcal  to  another  given  recti- 
linealfigure. 

Let  ABC  be  the  given  rectilineal  figure,  to  which  the 
figure  to  be  described  must  be  similar ;  and  D  that  to 
which  it  must  be  equal :  It  is  required  to. describe  a  rec- 
tilineal figure  similar  to  ABC,  and  equal  to  D. 

Upon  the  straight  line  BC  describe  ^  the  parallelogram  a  cor.  45.  i. 
BE  equal  to  the  figure  ABC  ;  also  upon  CE  describe  ^ 
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Book  VI.  the  parallelogram  CM  equal  to  D,  and  having  the  angle 
^•-TvjY  PCE  e^ual  to  the  angle  CBL :  therefcM^  BC  and  CF  are 
^  tlL  L  ^^  a  straight  line^  as  also  LE  and  EM ;  between  BC  and 
c  la  d.      CF  find  **  a  mean  proportional  GH,  and  upon  GH  de- 


d  18, 6. 


e  2  Cor. 
20.  6. 


(1.6. 


gll.6. 
hl4.5. 


scribe '^  the  rectilineal  figure  EGH  similar,  and  similarly 
situated,  to  the  figure  ABC.  And  because  BC  is  to  GH 
as  GH  to  CF,  and  if  three  straight  lines  be  proportionals, 
as  the  first  is  to  the  third,  so  is  ^  the  figure  upon  the  fitst 
to  the  similar  and  similarly  described  figure  upon  the  se- 
cond ;  therefore  as  BC  to  CF,  so  is  the  figure  ABC  to  the 
figure  KGH :  but  as  BC  to  CP,  so  is  '  the  parallelogram 
BE  to  the  parallelogram  EF :  therefore  as  the  figure  ABC 
is  to  the  figure  EGH,  so  is  the  parallelgram  BE  to  the 
parallelogram  EF*:  but  the  rectilineal  figure  ABC  is 
equal  to  the  parallelogram  BE ;  therefore  the  rectilineal 
figure  KGH  is  equal °  to  the  parallelogram  EF:  but  EF 
is  equal  to  the  figure  D ;  wherefore  also  KGH  is  equal  to 
D ;  and  it  is  similar  to  ABC.  Therefore  the  rectilineal 
figure  KGH  has  been  described  similar  to  the  figure 
ABC,  and  equal  to  D.     Which  was  to  be  done. 


PROP.  XXVI.    THEOR. 

If  two  similar  parallelograms  have  a  common 
dMgle^  and  be  similarly  situated^  they  ure  about 
the  same  diameter. 

Let  the  paralldograms  ABCD,  AEFG  be  similar  aqd 
similarly  situated,  and  hav^  the  angle  DAB  conunon : 
ABCD  and  AEFG  are  about  the  diameter. 
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For,  if  not,   let,  if  possible,  j^  Q  D    ^°^^  ^^' 

the   parallelogram  BD  have  its  ~~         ^^^^      ^ 

diameter    AHC    in  a  different  jf  j 
straight  line  from  AF,  the  dia-  E| 
meter  of  the  parallelogram  EG, 
and  let  GF  meet  AHC  in  H; 
and   through  H  draw  HK   pa- 
rallel to  AD  or  BC ;   therefore  ^ 
the  parallelograms  ABCD,   AKHG  being  about  the 
same  diameter,  are  similar  to  one  another  ■ :  wherefore,  *  **•  6- 
as  DA  to  AB,  so  is  *»  GA  to  AK ;  but  because  ABCD  b  def.  i. 
and  AEFG  are  similar  parallelograms,  as  DA  is  to  AB, 
so  is  GA  to  AE ;  thereiore*'  as  GA  to  AE,  so  GA  to  c  11.  5. 
AK ;  wherefore  G A  has  the  same  ratio  to  each  of  the 
straight  lines  AE,  AK ;  and  consequently  AK  is  equal**  *^  ^'  ** 
to  AE,  the  less  to  the  greater,  which  is  impossible ;  there- 
fore ABCD  and  AKHG  are  not  about  the  same  dia- 
meter ;  wherefore  ABCD  and  AEFG  must  be  about  the 
,  same  diameter.     Therefore,  if  two  similar,  &C.    Q.  E.  D. 


PROP.  XXVII.     THEOB. 


Of  all  the  rectangles  contained  by  the  segments 
of  a  given  straight  line,  the  greatest  is  the 
square  which  is  described  on  half  the  line. 

Let  AB  be  a  given  straight  line,  which  is  bisected  in     N. 

C,  and  let  D  be  any  point  in    

it ;  the  square  on  AC  is  greater     -A.  C       D     B 

than  the  rectangle  AD,  DB. 

For,  since  the  straight  line  AB  is  divided  into  two 
equal  parts  in  C,  and  into  two  unequal  parts  in  D,  the 
rectangle  contained  by  AD  and  DB,  together  with 
the  square  of  CD,  is  equal  to  the  square  of  AC  •.  The  a  5.  2. 
square  of  AC  is  therefore  greater  than  the  rectangle 
AD.DB.     Therefore,  &c.     Q.  E.  D. 
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PROP.  XXVIII.     PROB. 


To  divide  a  given  straight  line,  so  that  the  rect- 
angle contained  by  its  segments  may  be  equal 
to  a  given  space :  but  that  space  must  not  be 
greater  than  the  square  of  half  the  given  line. 


a  6.  2. 
b  47.  1. 


Let  AB  be  the  given  straight  line,  and  let  the  square 
upon  the  given  straight  line  C  be  the  space  to  which  the 
rectangle  contained  by  the  segments  of  AB  must  be 
equal,  and  this  square,  by  the  determination,  is  not 
greater  than  that  upon  half  the  straight  line  AB. 

Bisect  AB  in  D,  and  if  the  square  upon  AD  be  equal 
to  the  square  upon  C,  the  thing  required  is  done :  But 
if  it  be  not  equal  to  it,  AD  must  be  greater  than  C,  ac- 
cording to  the  determina- 
tion :  Draw  DE  at  right 
angles  to  AB,  and  make  it 
equal  to  C ;  produce  ED 
to  F,  so  that  EF  be  equal 
to  AD  or  DB,  and  from 
the  centre  £,  at  the  dis-A 
tance  EF,  describe  a  circle 
meeting  AB  in  G.  Join 
EG ;  and  because  AB  is  divided  equally  in  D,  and  un- 
equally m  G,  AG.GB  +  DG*  =  »  DB«  =  EG*.  But^ 
ED«  +  DG«  =  EG* ;  therefore  AG.GB  +  DG*  =  ED«+ 
DG*,  and  taking  away  DG*,  AG.GB  =  ED*.  Now, 
ED  =  C,  therefore  the  rectangle  AG.GB  is  equal  to  the 
square  of  C :  and  the  ^ven  hne  AB  is  divided  in  G,  so 
that  the  rectangle  contained  by  the  segments  AG,  6B 
is  equal  to  the  square  upon  the  given  straight  line  C. 
Which  was  to  be  done. 
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Book  VI. 

PROP.  XXIX.     PROB. 

To  produce  a  given  straight  line,  so  that  the  rect^ 
angle  contained  by  the  segments  between  the 
exti^emities  of  the  given  line,  and  the  point  to 
which  it  is  produced,  may  be  equal  to  a  given 
space. 

Let  AB  be  the  given  strsught  line,  and  let  the  square 
upon  the  given  straight  line  C  be  the  space  to  which  the 
rectangle  under  the  segments  of  AB  produced,  must  be 
equal. 

Bisect  AB  in  D,  and  draw  BE  at  ri^ht  angles  to  it,  so 
that  BE  be  equal  to  C  ;  and  having  jomed  D£,  from  the 
centre  D  at  the  distance  DE  describe  a  circle  meeting 
AB  produced  in  6.     And 
because  AB  is  bisected  in 

D,    and    produced    to    G,       /^  ^^  a  &  2 

*  AG.GB  +  DB»  =  DG«  = 

DE«.    But»>DE«  =  DB»+    /  /  \      b4T.i. 

BE*,  therefore  AG.GB  + 
DB«  =  DB»  +  BE»,  and 
AG.GB  =  BE*.  Now,  BE 
=  C ;  wherefore  the  straight  C 

line  AB  is  produced  to  G ; 

so  that  the  rectangle  contained  by  the  segments  AG, 
GB  of  the  line  produced,  is  equal  to  the  square  of  C. 
Which  was  to  be  done.  > 


PROP.  XXX.     PROB. 

To  cut  a  given  straight  line  in  extreme  and 

mean  ratio. 

Let  AB  be  the  given  straight  line;  it  is  required  to 
cut  it  in  extreme  and  mean  ratio. 

Upon  AB  describe*  the  square  BC,  and  produce  CAa  4d.  l. 
to  D,  so  that  the  rectangle  CD.  DA  may  be  equal  to  the 
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b29.  6, 


B 


Book  VI,   square  CB^     Take  AE  equal  to  AD,  and  complete  the 
'  rectangle  DF  under  DC  and  AE,  or  under  DC  and  DA. 

Then,  because  the  rectangle  CD.DA  is  equal  to  the 

square   CB,   the   rectangle   DF  is 

equal  to  CB.     Take  away  the  com-  D 

mon  part  CE  from  each,  and  the 

remainder  FB  is  equal  to  the  re- 
mainder   DE.        But  FB   is   the  . 

rectangle  contained  by  FE  and  EB^ 

that  is,  by  AB  and  BE  ;  and  DE 

is  the  square  upon  AE  ;  therefore 

AE  is  a  mean  proportional  between 
c  17, 6.    AB  and  BE^  or  ,AB  is  to  AE  as 

AE   to  :EB.     But  AB  is  greater 

than  AE ;  wherefore  AE  is  greater 
e  14.  s.      than  £B® :  Therefore  the  straight  line  AB  is  cut  in  ex. 
f  def.  3.  6.  treme  and  mean  ratio  in  £'.     Which  was  to  be  done. 


« 

E 

* 

Otherwise, 

Let  AB  be  the  given  straight  line ;  it  is  required  to 
cut  it  in  extreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  so  that  the  rectangle  con- 
tained by  AB,  BC  may  be  equal  to    ^ >^ 

gll.  2.    the  square  of  AC«;  Then,  because     A  C     B 

the  rectangle  AB.BC  is  equal  to  the 
square  of  AC,  as  BA  to  AC,  so  is 
h  17.  6.    AC  to  CB** :  Therefore  AB  is  cut  in  extreme  and  mean 
ratio  in  C^.     Which  was  to  be  done. 
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PROP.  XXXI.     THEOR. 

hi  right  angled  triangles^  the  rectilineal  ^figure 
described  upon  the  side  opposite  to  the  right 
angle,  is  equal  to  the  similar,  and  similarly 
described  J^ures  upon  the  sides  containing  the 
right  angle. 

Let  ABC  be  a  right  angled  triangle,  having  the  right 
angle  BAG  :  The  rectilineal  figure  described  upon  BC 
is  equal  to  the  similar,  and  similarly  described  figures 
upon  BA,  AC. 

Draw  the  perpendicular  AD ;  therefore,  because  in  the 
right  angled  triangle  ABC,  AD  is  drawn  from  the  right 
angle^at  A  perpendicular  to  the  base  BC,  the  triangles 
ABD,  ADC  are  similar  to  the  whole  triangle  ABC, 
and  to  one  another*^ ;  and  because  the  triangle  ABC  is  a  &•  6. 
similar  to  ADB,  as  CB  to  BA,  so  is  BA  to  BD** ;  and  ^  4.  6. 
because  these  three  strmght  lines  are  proportionals,  as 
the  first  to  the  third,  so  is  the  figure  upon  the  first  to  the 
similar,  and  similarly  described  figure  upon  the  second  ** ;   c  2.  Cor. 
Therefore,  as  CB  to  ,BD,  so  is  the  figure  upon  CB  to   20.  6. 
the  similar  and  similarly 

described  figure  upon  B A :  ^  A/      ^^  d  B.  5. 

and  inversely  %  as  DB  to 
BC,  so  is  the  figure  upon 
BA  to  that  upon  BC  ;  for 
the  same  reason  as  DC  to 
CB,  so  is  the  figure  up- 
on CA  to  that  upon  CB.  B 
Wherefore,   as    BD    and 
DC   together  to  BC,    so 
are  the  figures,  upon  BA  and  on  AC,  together,  to  the 
figure  upon  BC** ;  therefore  the  figures  On  BA,  and  on    ®  **•  ^• 
AC,  are  together  equal  to  that  on  BC ;  and  they  are  si- 
milar figures.     Wherefore,  in  right  angled  triangles,  &c.. 
Q.  E.  D. 
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PROP.  XXXII.     THEOR. 

If  two  triangles  which  have  two  sides  of  the  one 
proportional  to  two  sides  qf'the  other^  bejoin^ 
ed  at  one  an^le,  so  as  to  have  their  honwU^otis 
sides  paralUl  to  one  another ;  the  remaining 
sides  shall  he  in  a  straight  line. 

Let  ABC«  DCE  be  two  triangles  which  have  two  sides 
BA,  AC  proportional  to  the  two  CD,  DE,  viz.  BA  to 
AC,  as  CD  to  DE ;  and  let  AB  be  parallel  to  DC,  and 
AC  to  DE  ;  BC  and  CE  are  in  a  straight  line. 

Because  AB  is  parallel  to  DC,  and  the  straight  line 
AC  meets  them,  the  alternate  angles  BAC,  ACD  are 

a  %9.  K      equal '^ ;  for  the  same  reason,  the  angle  CDE  is  equal  to 
the  angle  ACD ;  wherefore  also  BAC  is  equal  to  CDE  : 
And    because    the  tri-  ^a 
angles  ABC,  DCE  have 
one  angle  at  A  equal  to 
one  at  D,  and  jthe  sides    \     N^              1) 
about  these  angles  pro- 
portionals, viz.   BA  to 
AC,  as  CD  to  DE,  the 
triangle  ABC  is  equian-       _ 

b  6.  6.        gular**  to  DCE :  There-     ^  C  ET 

fore  the  angle  ABC  is  equal  to  the  angle  DCE :  And 
the  angle  BAC  was  proved  to  be  equal  to  ACD :  There- 
f(»re  the  whole  anffle  ACE  is  equal  to  the  two  angles 
ABC,  BAC ;  add  the  common  angle  ACB,  then  the 
angles  ACE,  ACB  are  equal  to  the  angles  ABC,  BAC» 
ACB  :  But  ABC,  BAC,  ACB  are  equal  to  two  right 

€  32. 1.  angles^;  therefore  also  the  angles  ACE,  ACB  are  equal 
to  two  ri^ht  angles :  And  since  at  the  point  C,  in  die 
straight  hne  AC,  the  two  straight  lines  BC;  CE,  which 
are  on  the  opposite  sides  of  it,  make  the  adjacent  andes 

a  14. 1.  ACE,  ACB  equal  to  two  right  angles ;  therefore"^  BC 
and  CE,  are  in  a  straight  line.  Wherefore,  if  two  tri« 
angles,  &c.     Q.  E.  D. 
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PROP.  XXXlII.    THEOR. 

> 

In  equal  circles^  angles,  whether  at  the  centres 
or  circumferences,  have  the  same  ratio  which 
the  arches,  on  which  they  stand,  have  to  one 
another :  So  also  have  the  sectors. 

Let  ABC,  DEF  be  equal  circles ;  and  at  their  centres 
the  angles  BGC,  EHF,  and  the  angles  BAG,  EDF  at 
their  circumferences ;  as  the  arch  BC  to  the  arch  EF,  so 
is  the  angle  BGC  to  the  angle  EHF,  and  the  angle  BAG 
to  the  angle  EDF  :  and  also  the  sector  BGC  to  the  sec- 
tor  EHF. 

Take  any  number  of  arches  CK,  KL,  each  equal  to  BC, 
and  any  number  whatever  FM,  MN  each  equal  to  EF ; 
and  join  GK,  GL,  HM,  HN.  Because  the  arches  BC; 
CE,  EL  are  all  equal,  the  angles  BGC,  CGE,  EGL  are 
also  all  equal* ;  Therefore,  what  multiple  soever  the  arch  a  tt.  s. 


BL  is  of  the  arch  BC,  the  same  multiple  is  the  angle 
BGL  of  the  angle  BGC  :  for  the  same  reason,  whatever 
multiple  the  arch  EN  is  of  the  arch  EF,  thi?  same  mul- 
tiple is  the  angle  EHN  of  the  angle  EHF.  But  if  the 
arch  BL  be  equal  to  the  arch  EN,  the  angle  BGL  is  al- 
so equal*  to  the  angle  EHN ;  or,if  the  arch  BL  be  great- 


o 


210  ELEMENTS 

Book  VI.  er  than  EN,  likei^ise  the  angle  BGL  is  greater  than 

^'**"'*'"^^  EHN :  and  if  less,  less :  There  being  then  four  magni- 

tudes,  the  two  arches  BC,  EF,  and  the  two  angles  B6C, 

EHF,  and  of  the  arch  BC,  and  of  the  angle  BGC  have 

been  taken  any  equimultiples  whatever,  viz.  the  arch  BL, 

and  the  angle  BGL  ;  and  of  the  arch  EF,  and  of  the 

angle  EHF,  any  equimultiples  whatever,  viz.  the  arch 

EN,  and  the  angle  EHN :  And  it  has  been  proved,  that 

if  the  arch  BL  be  greater  than  EN,  the  an^le  BGL  is 

greater  than  EHN ;  and  if  equal,  equal ;  and  if  less,  less  : 

b  def.  5.  5.  As,  therefore,  the  arch  BC  to  the  arch  EF,  so  ^  is  the 

angle  BGC  to  the  angle  EHF :  But  as  the  angle  BGC 

e  15.  5.       is  to  the  angle  EHF,  so  is®  the  angle  BAC  to  the  angle 

d  20.  3.      EDF,  for  each  is  double  of  each* :  Therefore,  as  we 

circumference  BC  is  to  JIF,  so  is  the  angle  BGC  to  the 

angle  EHF,  and  the  angle  BAC  to  the  angle  EDF. 

Also,  as  the  arch  BC  to  EF,  so  is  the  sector  BGC  to 
the  sector  EHF.  Join  BC,  CK,  and  in  the  arches  BC, 
CK  take  any  points  X,  O,  and  join  BX,  XC,  CO,  OK : 
Then,  because  in  the  triangles  GBC,  GCE,  the  two 
ades  BG,  GC  are  equal  to  the  two  CG,  GK,  and  also 
c  4. 1.  contain  equal  angles ;  the  base  BC  is  equal®  to  the  base 
CE,  and  the  triangle  GBC  to  the  triangle  GCK  :  And 
because  the  arch  BC  is  equal  to  the  arch  CE,  the  re- 
maning part  of  the  whole  circumference  of  the  circle 
ABC  is  equal  to  the  remaining  part  of  the  whole  circum- 


ference of  the  same  circle  :  Wherefore  the  angle  BXC  is 

equal  to  the  angle  COE^;  and  the  segment  BXC  is 

fdef.  9. 8.  therefore  amilar  to  the  segment  COE^;  and  they  are 
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upon  equal  straight  lines  BC,  CK :  But  similar  segments  B«*  Vi. 
OT  circles  upon  equal  straight  lines  are  equal «  to  one  ano-  ^""^T'^^^ 
ther :  Therefore  the  segment  BXC  is  equal  to  the  seg- 
ment COK  :  And  the  triangle  BGC  is  equal  to  the  tri- 
angle CGK;  therefore  the.  whole,  the  sector  BGC  is 
equal  to  the  whole,  the  sector  CGK.  For  the  same  rea- 
son, the  sector  KGL  is  equal  to  each  of  the  sectors 
BGC,  CGK :  and  in  the  same  manner,  the  sectors  £HF, 
FHM,  MHN  may  be  proved  equal  to  one  another: 
Therefore,  what  multiple  soever  the  arch  BL  is  of  the 
arch  BC,  the  same  multiple  is  the  sector  BGL  of  the  sec- 
tor BGC.  For  the  same  reason,  whatever  multiple  the 
arch  EN  is  of  EF,  the  same  multiple  is  the  sector  EHN 
of  the  sector  EHF :  Now,  if  the  arch  BL  be  equal  to 
EN,  the  sector  BGL  is  equal  to  the  sector  EHN  ;  and 
if  the  arch  BL  be  greater  than  EN,  the  sector  BGL  is 
greater  than  the  sector  EHN ;  and  if  less,  less :  Since, 
then,  there  are  four  magnitude,  the  two  arches  BC,  EF, 
and  the  two  sectors  BGC^  EHF,  and  of  the  arch  BC, 
and  sector  BGC,  the  arch  BL  and  the  sector  BGL  are 
any  equimultiples  whatever ;  and  of  the  arch  EF,  and 
sector  EHF,  the  arch  EN  and  sector  EHN  are  any 
equimultiples  whatever ;  and  it  has  been  proved,  that  if 
the  arch  BL  be  greater  than  EN,  the  sector  BGL  is 
greater  than  the  sector  EHN ;  if  equals  equal :  and  if 
less,  less ;  therefore  \  as  the  arqh  BC  is  to  the  arch  EF,  b  def.  5.  5, 
so 'is  the  sector  BGC  to  the  sector  EHF.  Wherefore,  in 
equal  circles,  &c.     Q.  E.  D. 
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PROB.  B.    THEOR. 


Ifa7i  an£le  of  a  triangle  he  bisected  by  a  straight 
line,  which  likewise  cuts  the  base ;  the  rectangle 
.  contained  by  the  sides  of  the  triangle  is  eqtcal 
to  the  rectangle  contained  by  the  segments  of 
the  base^  together  with  the  square  of  the 
straight  line  bisecting  the  angle.      * 

Let  ABC  be  a  triangle,  and  let  the  angle  BAG  be  bi- 
sected by  thf  straight  hne  AD  ;  the  rectangle  BA.AC  is 
Sua!  to  the  rectangle  BD.DC,  together  with  the  square 
AD. 
a  5.  4.         Describe  the  circle  •   ACS 
about  the  triangle,    and  pro^ 
jduce  AD  to  the  circumference 
in  E,  and  join  EC.     Then,  be- 
cause the  angle  BAD  is  equal 
to  the  angle  C  AE,  and  the  angle 
b  21. 8.     ABD  to  the  angle  ^  AEC,  for 
they  are  in  the  same  segment ; 
the  triangles  ABD,  AEC  are 
equiangular  to    one  another : 
c  4. 6.     Therefore  BA :  AD : :  E A:«AC 
d  16.  6    and  consequently,  BA.AC  =:*AD.AE=ED.DA*+ DA*, 
e  3,  2.     But  ED. D A=  BD.pC ',  therefore  BA.  AC  =  BD.DC  + 
f  3. 35.    DA*.     Wherefore,  if  an  angle,  &c.     Q.  E.  D.  ^ 
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PROP.  C.    THEOR. 


Iffnym  any  angle  of  a  triangle  a  straight  line 
be  drawn  perpendicular  to  the  base ;  the  rec- 
tangle contained  by  the  sides  of  the  triangle  is 
equal  to  the  rectangle  contained  by  the  per- 
pendicvlary  and  the  diameter  of  the  circle  des- 
cribed about*  the  triangle. 


Let  ABC  be  a  triangle,  and  AD  the  perpendicular 
from  the  angle  A  to  the  base  BC ;  the  rectangle  BA.AC 
is  equal  to  the  rectangle  contained  by  AD  and  the  dia- 
meter of  the  circle  described  about  the  triangle. 

Describe  *  the  circle  ACB 
about  the  triangle,  and  draw 
its  diameter  AE,  and  join  EC : 
Because  the  right  angle  BDA 
is  equal  ^  to  the  angle  ECA  in 
a  semicircle,  and  the  angle 
ABD  to  the  angle  AEC,  in  the 
same  segment  ^ ;  the  triangles 
ABD,  AEC,  are  equiangular  : 
Therefore,  as  ^  BA  to  AD,  so 
is  E  A  to  AC :  and  consecjuently 
the  rectangle  BA.AC  i^  equal  * 
to  the  rectangle  EA.AD.  If,  therefore,  from  an  angle, 
&c.    Q.  E.  D. 


a  5.  4. 


bS.Sw 


c».3. 


d4.6. 


el6.6. 


PROP.  D.    THEOR. 


The  rectangle  contained  by  the  diagonals  of  a 
quadrilateral  inscribed  in  a  circle^  is  equal  to 
ooth  the  rectangles  contained  by  its  opposite 
sides. 


SeeN. 


Let  ABCD  be  any  quadrilateral  inscribed  in  a  circle, 
and  let  AC,  BD  be  drawn ;  the  rectangle  ACBD  is  equal 
to  the  two  rectangles  AB.CD,  and  AD.BC. 
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^^ZL  Make  the  angle  ABE  equal  to  the  angle  DBC  ;  add 
to  each  of  these  the  common  angle  EBD,  then  the 
angle  ABD  is  equal  to  the  angle  EBC  :  And  the  angle 

a  21.  a     BDA  is  equal  to  *  the  angle  BCE^  because  they  are 
in  the  same  segment;  thercr 
£bre  the  triangle  ABD  is  equi- 
angular to  the  triangle  BCE. 

b4.6.      Wherefore  ^    BC  :   CE   :  : 

c  16.  6.  BD  :  DA,  and  consequently  ^ 
BC.DA  =  BD.CE.  Again, 
because  the  angle  ABE  is 
equal  to  the  angle  DBC,  and 
the  angle  *  BAE  to  the  apgle 
BDC,  the  triangle  ABE  is 
equiangular  to  the  triangle 
BCD ;  therefore  B A  :  AE  :  : 
BD  :  DC,  and  BA.DC  =  <^  BD. AE  :  But  it  was  shewn 
that  BC.DA  =  BD.CE ;  wherefore  BC.DA  +  BA.DC  = 

d  1. 2.  BD.CE  +  BD. AE  =  BD.AC  \  That  is  the  rectangle 
contained  by  BD  and  AC  is  equal  to  the  rectangles  con- 
tained by  AB,  CD,  and  AD,  BC.  Therefore  the  rect- 
angle,  &c.    Q.  E.  D. 


PROP.  E.     THEOR, 

If  an  arch  of  a  circle  he  bisected,  andjrom  the 
extremities  of  the  arch,  and  from  the  point  of 
bisection,  straight  lines  be  drawn  to  any  point 
in  the  circumference^,  the  sum  of  the  two  lines 
drawn  from  the  extremities  of  the  arch  will 
have  to  the  line  drawn  from  the  point  of  hisec- 
tioUy  the  same  ratio  which  the  straight  line  sub- 
tending  the  arch  has  to  the  straight  line  sub- 
tending half  the  arch. 

Let  ABD  be  a  circle,  of  which  AB  is  an  arch  bisect- 
ed in  C,  and  from  A,  C,  and  B  to  D,  any,  point  whatever 
in  the  circumference,  let  AD,  CD,  BD  he  drawn ;  the 
sum  of  the  two  lines  AD  and  DB  has  to  DC  the  same 
ratio  that  BA  has  to  AC. 
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For  since  ACBD  is  a  quadrilateral  inscribed  in  a  cir- 
cle, of  which  the  diagonals  are  AB  and  CD,  AD.CB  + 
DB.  AC  •  =  AB.CD :  but  AD.CB  +  DB.  AC  =  AD. AC  a  d.  6. 
+  DB. AC,  because  CB  =  AC.     Therefore  AD. AC  +  b  I.  2. 
DB.AC,  that  is  ^  (AD  +  DB)  AC  =  AB,CD.    And  be- 
cause the  sides  of  equal  rectangles  are  reciprocally  pro- 
portional S  AD  -J-  DB  :  DC  :  :  AB  :  AC.    Wherefore,  c.  14.  6. 
&c.     Q.  E.  D. 


PROP.  F.     THEOR. 

If  two  points  be  taken  in  the  diameter  of  a  circle^ 
such  that  the  rectangle  contained  by  the  seg- 
ments intercepted  between  them  and  the  centre 
of  the  circle  be  equal  to  the  square  of  the  ra- 
aitis ;  and  if  from  these  points  two  straight 
lines  be  drawn  to  any  point  whatsoever  in  the 
circumference  of  the  circle y  the  ratio  of  these 
lines  will  be  the  same  with  the  ratio  of  the 
segments  intercepted  between  the  two  first- 
mentioned  points  and  the  circurnference  of  the 
circle. 

Let  ABC  be  a  circle,  of  which  the  centre  is  D,  and  in 
DA  produced,  let  the  points  E  and  F  be  such  that  the 
rectangle  ED,DF  is  equal  to  the  square  of  AD ;  from  E 
and  F  to  any  point  B  m  the  circumference,  let  EB,  FB, 
be  drawn  ;  FB  :  BE  : :  FA :  AE. 
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Join  BD  and  BA,  and  because  the  rectangle  FD,  D£ 
is  equal  to  the  square  of  AD,  that  is,  of  DB,  FD :  DB 
HIT.  6.     ::DB:DE% 


The  two  triangles  PDB,  BDE  have  therefore  the  sides 
proportional  that  are  about  the  common  angle  D ;  hence, 

b  6.  6.  they  are  equiangular  \  the  angle  DBE  being  equal  to 
the  angle  DFB.     Again,  since  DB  is  equal  to  DA,  the 

c  6. 1.  angle  DBA  is  equid  to  DAB  ° ;  but  DBA  is  the  sum 
of  DBE  and  EBA,  and  DAB  is  the  sum  of  AFB  and 

a  32. 1.  FBA  * ;  therefore  the  sum  of  DBE  and  EBA  is  equal 
to  the  sum  of  AFB  and  FBA ;  from  these  equals  take 
away  the  equal  angles  DBE  and  AFB,  and  the  remain- 
ing angles  EBA  and  FBA  will  be  equal.  Thus,  it  ap. 
pears,  that,  in  the  triangle  FBE,  the  line  BA  bisects  die 

e  S.  «.  angle  FBE ;  therefore  FB  :  BE : :  FA :  AE  ^  There- 
fore, &c.    Q.  E.  D. 

Cou.  The  ratio  of  the  straight  lines  FB,  BE  is  also 
the  same  with  the  ratio  of  FC,  CE,  C  being  the  point  in 
which  FE  produced  meets  the  circle :  For  produce  FB 
to  G,  and  join  BC,  then,  because  the  angles  FBE,  EBG 

f  13. 1.  make  together  two  right  angles  ^,  and  therefore  are  equal 
to  twice  the  sum  of  ABE  and  EBC,  which  make  one 
right  angle ;  and  it  has  been  shewn  that  FBE  is  double 
ABE,  therefore  EBG  is  double  EBC  ;  hence  it  appears 
that  the  outward  angle  EBG  is  bisected  by  BC  ;  there- 

g  A.  6/  fore  FB  .  BE : :  FC  :  CE«. 


OF  GEOMETRY. 


PROP.  G.     THEOR 

If  from  the  extremity  of  the  diameter  of  a  circle 
a  straight  line  he  drawn  in  the  circle^  and  if 
either  within  the  circle^  or  produced  without 
it,  it  m£et  a  line  perpendicular  to  the  same  dia- 
meter,  the  rectangle  contained  by  the  straight 
line  drawn  in  the  circle,  and  the  segment  of  it, 
intercepted  between  the  extremity  of  the  dia- 
meter and  the  perpendicular,  is  eqiuil  to  the 
rectangle  contained  by  the  diameter,  and  the 
segment  of  it  cut  off  by  the  perpendicular. 

Let  ABC  be  a  circle,  of  which  AC  is  the  diameter,  let 
DE  be  perpendicular  to  the  diameter  AC,  and  let  AB 
meet  DE  in  F  ;  the  rectangle  BA.  AF  is  equal  to  the  rect- 
angle CA. AD.     Join  BC,  and  because  ABC  is  an  angle 


i»  a  semicircle,  it  is  a  right  angle*:  Now,  the  angle  ADF  ■•  ^^-  *• 
is  also  a  right  angle^;  and  the  angle  BAC  is  either  the  b  Hyp. 
same  with  DAF,  or  vertical  to  it ;  therefore  the  triangles 
ABC,  ADF,  are  equiangular,  and  BA :  AC  : :  AD :  AF^  <^  *•  «• 
therefore  also  the  rectangle  BA.AF,  contained  by   the 
extremes,  is  equal  to  the  rectangle  ACAD  contained  by  d  16.  6, 
the  means^.     If  therefore,  &c.    Q.  E.  D. 
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PROP.  H.     THEOR. 


The  perpendiculars  draw7ifr(mi  the  three  angles 
of  any  triangle  to  the  opposite  sides  intersect 
one  another  in  the  same  point 


c  21.  3. 


Let  ABC  be  a  triangle, 
BD  and  CE  two  perpen- 
diculars intersecting  one 
another  in  F ;  let  AF  be 
joined,  and  produced  if 
necessary,  let  it  meet  BC 
in  G,  AG  is  perpendicu- 
lar to  BC. 


B  G^  C 

Join  DE,  and  because  AEF  is  a  right  angle,  a  circle 
described  about  the  triangle  AEF  will  have  AF  for  a 
a  31.  3.  diameter  ^.  Also  because  ADF  is  alright  angle,  a  circle 
described  about  the  triangle  ADF  wiU  have  AF  for  a 
diameter ;  therefore  the  points  A,  £,  F,  D  are  in  the 
circumference  of  the  same  circle.  And  because  the  angles 
BEC,  BDC  are  ri^ht  angles,  it  may  be  shewn  in  the 
same  manner  that  the  points  B,  E,  D,  C  are  in  the  cir- 
cumference of  the  same  circle,  viz.  that  which  has 
BC  for  its  diameter :  Let  the  circle  AEFD  and  the 
semicircle  BEDC  be  described*.  Then,  the  angles 
FED,  FAD,  or  CED,  GAC,  beinff  in  the  same  a^- 
ment,  they  will  be  equal ^:  And  in. like  manner  it  ap- 
pears that  the  angle  CBD  is  eCfasX  to  CED^;  therefore 
the  angle  CBD  is  equal  to  GAC.  The  two  triangles 
CBD,  CAG  have  therefore  the  angle  CBD  equal  to 
CAG  and  the  angle  GCD  common,  wherefore  the  re- 
maining angles  CEB,  CGA  are  equal®,  .now  CEB  is  a 
right  angle ;  therefore  CGA  is  also  a  right  angle,  and 
AG  is  perpendicular  to  BC.     Therefore,  &c.    Q.  E.  D, 

Cor.   the   triangle   ADE   is   similar   to  the  triangle 
ABC.     For  the  two  triangles  BAD,  CAE  having  ttie 


e  32.  1. 
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agles  at  D  and  £  right  angles,  and  the  angle  at  A  com-  Book  vi. 
mon,  are  equiangular,  and  therefore  B A :  AD : :  C  A :  AE,  ^*^^^^ 
and  alternately  B  A : :  GA : :  AD :  AE ;  therefore  the  two 
triangles  BAC,  DAE,  have  the  angle  at  A  common,  and 
the  sides  about  that  an^le  proportionals,  therefore  they  are 
equiangular'^  and  similar. 

Hence  the  rectangles  BA.AE,  C  A.  AD  are  equal. 


he.  6. 


PROP.  K.     THEOR. 

« 

If  from  any  angle  of  a  triangle  a  perpendicular 
he  drawn  to  the  opposite  side  or  base;  the  rect- 
angle contained  by  the  sum  and  difference  of 
the  other  two  sides  is  equal  to  the  rectangle 
contained  by  the  sum  and  difference  of  the  seg- 
ments, into  which  the  base  is  divided  by  the 
perpendicular. 

Let  ABC  be  a  triangle,  AD  a  perpendicular  drawn 
from  the  angle  A  on  the  base  BC,  so  that  BD,  DC  are 
the  segments  of  the  base ;  (AC  +  AB)  (AC— AB)  = 
(CD  +  DB)  (CD— DB). 


From  A  as  a  centre  with  the  radius  AC,  the  greater 
of  the  two  sides,  describe  the  circle  CFG  ;  produce  AB 
to  meet  the  circumference  in  E  and  F,  and  CB  to  meet 
it  in  G.  Then  because  AF  =  A  C,  BF  =  AB  +  AC,  the 
sum  of  the  sides;  and  since  AE  =  AC,  BE  =  AC —  AB=: 
the  difference  of  the  sides.     Also,  because  AD  drawn 
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Book  Vl«  from  the  centre  cuts  GC  at  right  angles,  it  bisects  it  *  ; 

"^-^^j"*^  therefore,  when  the  perpendicular  fwls  within  Uie  tri- 

•  *  *  angle,  BG  =DG  — DB  =  DC  —  DB  =  the  difference  rf 
the  segments  of  the  base,  and  BC  =:  BD  +  DC  =  the  sum 
of  the  segments.  But  when  AD  falls  without  the  tri^ 
angle,  BG  =  DG  +  DB  =  CD  +  DB  =  the  sum  of  the 
segments  of  the  base,  and  BC  =  CD— DB  =  the  diffe- 
rence of  the  segments  of  the  base.  Now,  in  both  cases, 
because  B  is  the  intersection  of  the  two  lines  FE,  GC, 

b  36.  s.  drawn  in  the  circle,  FB.BE  =  CB.BG  ^ ;  that  is,  as  has 
been  shewn,  (AC  +  AB)  (AC  — AB)  =  (CD  +  DB) 
(CD— DB).     Therefore,  &c.     Q.  E.  D. 

Cor.  1.  The  rectangle  contained  by  the  sum  and  dif- 
ference of  the  two  sides,  is  equal  to  twice  the  rectangle 
contained  by  the  base,  and  the  segment  between  the  mid- 
dle of  the  base  and  the  perpendicular  on  it  from  the  op- 
posite angle.  Let  H  be  the  middle  of  the  base,  and 
when  the  perpendicular  AD  falls  within  the  triangle, 
take  HK  equal  to  HD ;  then  CK  =  BD,  and  CD— BD 
=:DK=2DH. 

Again,  when  AD  falls  without  the  triangle,  it  is  evi- 
dent that  the  sum  of  CD  and  BD  is  equal  to  the  sum  of 
CB  and  ^BD,  or  to  the  sum  of  £BH  and  ^BD,  that  is 
to  2DH.  Since  then,  in  the  first  case,  CD  +  BD  =  BC, 
and  CD  —  BD  =  2HD ;  and  in  the  second,  CD  —  BD 
=  BC,  and  CD  +  BD  =  2DH,  it  is  manifest  from  the 
proposition,  that  in  both  (CA  -f-  AB)  (CA  —  AB)  = 
2HD.CB. 

Coil.  2.  The  difference  between  the  squares  of  any  two 
sides  of  a  triangle,  is  equal  to  the  difference  between  the 
squares  of  the  segments,  into  which  the  remaining  side  is 
divided  by  a  perpendicular  from  the  opposite  angle. 

For  since  by  the  proposition 

(AC+AB)  (AC— AB)=(CD+DB)  (CD— DB) 
c  cor.  C  2.    and  (AC  +  AB)  ( AC— 'AB)  =  AC  »  — AB  «  « ; 

also  (CD+DB)  (CD— DB)  =  CD  «  — DB  *  ^ ; 

therefore  AC«  —  AB«  =  CD*  —  DB* 


OF    GEOMETRY. 


PROP.  L.     THEOR. 

If  the  bases  of  four  rectmigles  be  proportionals^ 
and  also  their  altitudes ;  the  rectangles  them-- 
selves  shall  be  proportionals. 


■>  1 1 ' 


B 


H 


^ 


D 


Let  A,  B^  C,  Dy  be  the  bases  of  four  rectangles,  and 
£,  F,  G,  H,  their  altitudes ;  and  let  A :  B  : :  C  :  D,  and 
E :  F : :  G  :  H ;  the  rectangles  A.E,  B.F,  C.G,  D.H  are 
proportionals. 

For  the  ratio  of  the  rectangle  A.E  to  the  rectangle 
B.F  is  compounded  of  the  ratios  of  A  to  B,  and  of  E  to 
F%  which^  by  hypothesis,  are  the  same  as  the  ratios  of 
C  to  D,  and  of  G  to  H  ;  but  the  ratio  of  the  rectangle  a  2a  6. 
C.G  to  the  rectangle  D.H  is  compounded  of  the  same 
ratios';  therefore  the  rectangle  A -E  is  to  the  rectangle 
B.F9  as  the  rectangle  C.G  to  the  rectangle  D.H^  Q.  £.  D.  b  P.  5. 
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"^^  PROP.  M.     THEOR. 

If 'perpendiculars  he  drawvrfrom  the  eivtremities 
of  the  base  of  a  triangle  on  a  straight  line, 
which  bisects  the  angle  opposite  to  the  base,  the 
area  of  the  triangle  is  equal  to  the  rectangle 
contained  by  either  of  the  perpendiculars,  and 
the  segment  of  the  bisecting  line  between  the 
angle  and  the  other  perpendicular. 

Let  ABC  be  any  triangle, 
of  which  BC  is  the  base,  AD 
a  line  bisecting  the  oppoate  an- 
gle, and  BD,  CE  perpendicu- 
lars on  that  line.  The  area  of 
the  triangle  ABC  is  equal  to 
the  rectangle  CE. AD ;  and  it 
is  also  equal  to  the  rectangle® 
BD.AE.  D 

Produce  CE,  the  perpendicular  drawn  from  one  of  the 
extremities  of  the  base,  to  meet  the  opposite  side  in  F ; 
the  lines  CF,  BD  will  manifestly  be  parallel,  and  DE 

a  27. 1,  perpendicular  to  them  both  •.  And  because  in  the  tri- 
angles AEC,  AEF  the  angle  AEC  is  equal  to  AEF, 

/  EAC  to  EAP,  and  the  side  AE  is  common,  the  trian- 

b26. 1.  gles  are  in  all  respects  equal**;  therefore  CP  is  bisect- 
ed in  E.  Again,  because  the  triangle  BAG  is  the  sum 
of  the  triangles  ACF,  BCF,  and  the  triangle  ACF  is 

c  41. 1 .  equal  to  the  rectangle  contained  by  CE  and  AE  •,  and 
the  triangle  BCF  to  the  rectangle  contained  by  CE  and 
DE  ° ;  therefore  the  triangle  ABC  is  equal  to  the  sum 
of  the  rectangles  contained  by  CE  and  AE,  CE  and  DE, 

d  1.  2.  and  hence  it  is  equal  to  the  rectangle  CE.AD**.  A6d 
because  the  triangles  BAD,  C AE  are  equiangular,  AD : 

e  4.  6.      BD  : :  AE  :  CE  ^   therefore   the  rectande   CE. AD  is 

f  16.  6.  equal  to  BD.AE  ^,  wherefore,  either  of  these  is  equal  to 
the  area  of  the  triangle  ABC.    Therefore,  &c.    Q.  E.  D, 


OF  GEOMETRY.  228 

'  Book  VI. 

PROP.  N/    THEOR. 

If  perpendiculars  he  drawn  from  the  extremities 
of  the  base  of  a  triangle  on  a  straight  line 
which  bisects  the  angle  opposite  to  the  base: 
Four  times  the  rectangle  contained  by  the  per- 
pendiculars  is  equal  to  the  rectangle  contained 
oy  two  straight  lines ^  one  of  which  is  the  base 
increased  by  the  difference  of  the  sides,  and 
the  other  the  base  diminished  by  the  difference 
of  the  sides. 

Let  ABC  be  any  triangle,  of  which  BC  is  the  base 
and  AB  the  greater  of  the  two 
sides,  let  AD  be  a  line  bisect- 
ing the  angle  opposite  to  the 
base,  and  BD,  CE  perpendicu- 
lars on  that  line :  Four  times 
the  rectangle  contained  by  BD 
and  CE  is  equal  to  the  rect- 
angle contained  by  a  straight 
line  equal  to  BC+  (AB— AC) 
and  a  straight  line  equal  to  BC — (AB — AC). 

Produce  CE  the  perpendicular  drawn  from  one  of  the 
extremities  of  the  base  to  meet  the  opposite  side  B  A  in  P  ; 
and  draw  BH  perpendicular  to  CF  :  The  figure  BHED 
thus  formed  will  manifestly  be  a  parallelogram^:  And  a  28. 1, 
because  in  the  triangles  AEC,  AEF,  the  angle  AEC  is 
equal  to  AEF,  EAC  to  EAF,  and  the  side  AE  is  com- 
mon ;  the  triangles  are  in  all  respects  equal  **,  and  have  AC  ^^^e  i 
=  AF,  and  EC  =  EF :  And  because  CF  the  base  of  the 
triangle  CBF  is  bisected  in  E,  and  BH  is  drawn  perpen- 
dicular to  CF  from  the  opposite  angle. 

I  BC  +  BF  I    I  BC  —  BF  }  =  2FC.EH.^  e  cor.  k.  6. 

Now  BC  +  BF  =  BC  4^  (BA  —  AC),  and  BC  —  BF 
=  BC  —  (BA  —  AC)  and  2FC  =  4CE,  and  EH  = 
BD  ^ ;  therefore  d  34.  i. 

|bC  +  (BA  — AC)|  I  BC  — (BA  — AC)  1  = 
4jBD.CE.     Therefore,  &c.     Q.  E.  D. 
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PROP.  O.    THEOR. 

If  perpendiculars  he  drawn  from  the  exirenti- 
ties  of  the  base  of  a  triangle  on  a  straight  line 
which  bisects  tHe  angle  opposite  to  the  base  : 
Four  times  the  rectangle  contained  by  the 
segments  of  the  bisecting  line,  between  the 
angle  and  the  perpendiculars,  is  equal  to  the 
rectangle  contained  by  two  straight  lines,  one 
of  which  is  tlie  sum  of  the  sides  increased  by 
the  base,  and  the  other  the  s^im  of  the  sides  du 
minished  by  the  base. 


Let  ABC  be  any  tri- 
angle, of  which  BC  is 
the  base,  AD  a  line  bi- 
secting the  opposite 
angle,  and  BD,  C£ 
perpendiculars  on  that 
line:  Four  times  the 
rectangle  contained  by 
AD  and  D£  is  equaL 
to  the  rectangle  con- 
tained by  a  straight 
line  equalto  AB  +  AC 
+  BC,  and  a  straight  line  eaual  to  AB  4-  AC  —  BC. 

From  C,  one  extremity  ot  the  base,  draw  -C6  parallel 
to  AD,  meeting  BA  in  F,  and  the  perpendicular  BD  in 
H ;  and  draw  AG  perpendicular  to  CF :  The  ficures 
A6HD,  A6CE,  thus  formed,  are  manifestly  pariQlelo- 
« te  &  2d.  g^ms  ■•    And  because  AD  is  parallel  to  FH,  the  angle 
1.  BAD  is  equal  to  AFC,  and  DAC  to  ACF  • ;  but  BAD 

is  by  the  hypothesis  equal  to  DAC  ;  therefore  the  angles 
AFC,  ACF  are  equal.  And  because  in  the  triangles 
AGC,  AGF,  the  angle  AGC  is  equal  to  AGF,  ACG 
to  AFG,  and  the  dde  AG  common  ;  the  triangles  are  in 
all  respects  equal  ^  apd  have  AC  =  AF,  and  GC  =  GF. 


b  26.  1. 
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Again,  because  CF,  the  base  of  the  triande  CBF,  Book'^Vtl 
is  bisected  in  G,  and  BH  is  drawn  perpendicular  to  '^-^^v-^-^ 
CF  from  the  opposite  angle, 

(FB  +  BC)  (FB  —  BC)  =  2  FC  •  GH «.  c  Cor.  i.  k 

6. 

Now  FB  +  BC  =  AB  +  AC  +  BC,  and  FB  —  BC  = 
AB  +  AC  — BC,    and    2FC  =  4CG  =  4AE *,    anddS4.L 
GH  =  AD ;  therefore 

(AB  +  AC  +  BC)  (AB  +  AC  —  BC)  =4DA  •  AE. 
Therefore,  &c.     Q.  E.  D. 


IBtS  ELEMENTS  OF  OEOMETBr. 

PROP.  P.    THEOR. 

Four  times  the  area  of  any  triangle  is  a  mean 
proportional  between  two  rectaiigles^  viz.  one 
contained  by  a  straight  line,  equal  to  the  sum 
of  the  sides  increased  by  the  base ^  and  a  straight 
line  equal  to  the  sum  of  the  sides  diminished 
by  the  base;  and  the  other  contained  bu  a 
straight  line  equal  to  the  base  increased  by 
the  mfference  of  the  sides,  and  a  straight  line 
equal  to  the  base  diminished  by  the  difference 
ythe  ^ides. 


Let  ABC  be  a  triangle,  and 
let  BC,  any  one  of  the  side? 
be  taken  as  its  base ;  four  times 
the  area  of  the  triangle  is  a 
mean  proportional  between  these 
two  rectangles. 


{BA+ AC +BC}  ,{BA+ AC— BC} 
{BC+(BA-AC)}  {BC— (BA-AC)} 

Draw  AD  bisecting  the  ansle  opponte  to  the  base,  and 
draw  CE,  BD  perpendiculars  on  AD.  Because  the 
triangles  ABD,  ACE  are  siipilar, 

J^4^«-  ADiDBrrAErEC 

c  U  6.  Now,  AD :  PB  : :  AD.AE :  DB. AE^ 

And  AE  :  EC  : :  BD.AE  :  BD.EC« 
Therefore  AD.AE :  DB.AE  : :  BD.AE  :  BD.EC 
And  4AD.AE :  4DB.AE : :  4BD. AE :  4BD.EC 
d  a  9.        But  4AD.AE={AB+ AC+BC}  {AB+AC— BC}* 
fM.  6.        And4DB.AE=:fourtimestheareaofthetriangleABC'^ 
f  N.  e.       And  4BD.EC={BC  +  (BA-AC)}  (BC— (BA-AC)]« 

4Tr.ABC.       ^ 

Therefore, 
{BA+ AC+BC}  {BA+AQ— BC}  :  4Tr.  4BC  ::4Tr. 
ABC;  {BC+(BA— AC)}  {BC— (BA— AC)}. 
Therefore,  &c.   Q.  E.  D.   ,  - 
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OF  THE  QUABBATUBE  OF  THE  CIBCLE. 


DEFIKITIOMS.. 

.  I. 

A  CHORD  of  on  arch  of  a  circle  is  the  straight  line  ^^^^  ^ 
joining  the  extremities  of  the  arch  ;  or  the  straight 
hne  which  subtends  the  arch. 

11. 

The  perimeter  of  an^  figure  is  the  length  of  the  line,  or 
lines,  by  which  it  is  bounded. 

III. 

The  area  of  any  figure  is  the  space  contained  within  it. 

AXIOM. 

The  least  line  that  can  be  drawn  between  two  points,  is 
a  strught  line ;  and  it  two  fibres  have  the  same  straight 
line  for  thedr  base,  that  which  is  contained  within  the 
other,  if  its  bounding  hne  or  lines  be  not  anywhere  con- 
vex toward  the  base,  has  the  least  perimeter. 
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Sopptanent     CoB.  1.  Henoe  the  perimeter  of  any  polygon  inscribed 
^^"^^^  in  a  circle  is  less  thjan  tk»  eu^ivafeFence  of  the  circle. 

Cor.  2.  If  from  a  p6int  t^o  ^nught  lines  be  drawn 
touching  a  drcle,  these  two  lines  are  together  greater  than 
the  arch  intercepted  between  them ;  and  hence  the  peri- 
meter of  any  polygon  described  about  a  circle  is  greater 
than  the  drottsafca^^noe  of  the  circle. 


PftOP.  I.     THEOR. 


Ifjrwa  the  greater  of  two  unequal  magnitudes 
there  be  taken  away  its  halfy  andfrom  the  re- 
mainder its  half;  and  so  on :  There  will  at 
length  remain  a  magnitude  less  than  the  least 
of ihf  proposed  magmtadei* 

Let  AB  and  C  be  t ttp unjiqaal  magnitudes^. of  which 
AB  is  the  greater.     If  from  AB  there 
be  taken  away  its  half,  and  from  the  re-  D 

mainder,  its  half,  and  so  on;  there  will^i 
at  length  remain  a  magnitude  less  than  C.     I 

For  C  may  be  multiplied  so  as  to  be- 
fome.gceater  than  AB.    Let  D£,  there-^  ' 
fore»  be  a  multiple,  of  C,  whidi  is'gseater 
than  AB,  and  let  it  contain  ihepmrts -DE,  p.  > 
FG,  GE,  each  equal  to  C.     From  AB*** 
take  BH  equal  to  its  half,  and  from  the 
raoaafaider  AH,  take  HK  equal  to  its  half, 
and  so  on,  until  there  be  as  many  divisions 
in  AB  as  there  are  in  D£ :  And  let  the 
diviaons  in  AB  be  AK,  EH,  HB.    And   n      r;     p« 
b^cauee  DE  is  greater  than  AB,  and  EG  -     m* 

taken  from  DE  is  not  greater  than  its  half,,  but  BH  taken 
from  AB  is  equal  to  its  half ;  therefore  the  remainder  GD 
U  greater  than  the  remainder  HA.  AgAio>  becauise  GD 
is  greater  than  HA,  axkd  GF.  is  not  jpreat^r  tlwi  the  half 
pf  GP,  but  HE  is  equal  to  the  half  pf  HA ;  jtbeirefeffe  the 
remmnder  FD  is  g)r^#Jter  than  d?e  remi^er  AK.  And 
FD  is  e(jual  tp  C,  ther^ore  C  is  greater  than  AK ;  that 
is,  AK  is  less  than  C.     Q.  E.  D. 
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hMku 

PROP.  IL    THEOR. 

Equilateral  jmlygons,  of  the  same  number  of 
sides,  inscribed  in  circles,  are  similar,  and  are 
to  one  another  as  the  squares  oj  the  diameters 
of  the  circles. 

Let  ABCDEF  and  GHIKLM  be  two  equilateral 
I>olygons  of  the  same  number  of  sides  inscribed  in  the 
circles  ABD,  and  GHK;  ABCDEF  and  GHIKLM 
are  similar,  and  are  to  one  another  as  the  squares  of  the 
diameters  of  the  drcles  ABD,  GHK. 

Find  N  and  O  the  centres  of  the  circles ;  join  AN  and 
BN,  as  also  GO  and  OH,  and  produce  AN  and  GO  till 
they  meet  the  circumferences  in  D  and  K. 


Because  the  straight  lines  AB,  BC,  CD,  DE,  EF,  FA, 
are  all  equal,  the  arches  AB,  BC,  CD,  DE,  EF,  FA  are 
also  equal  \  For  the  same  reason,  the  arches  GH,  HI,  a  t^ 
IK,  KL,  LM,  MG  are  all  equal,  and  they  are  equal  in 
number  to  the  others ;  therefore,^  whatevei*  part  the  arch 
AB  is  of  the  whole  circumference,  ABD,  the  same  is  the 
arch  GH  of  the  circumference  GHK«  But  the  angle 
ANB  is  the  same  part  of  four  right  angles,  that  the 
arch  AB  is  of  the  circumference  ABD^  and  the  angle  b33.4w 
GOH  is  the  same  part  of  four  right  angles  that  the  arch 
GH  is  of  the  circumference  GHK  **,  therefore  the  angles 
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SuppieBient  ANB,  GOH  are  each  of  them  the  same  part  of  four  right 
'^^''^r'^  angles,  and  therefore  they  are  equal  to  one  another.    The 

isosceles  triangles  ANB,  GOH  are  therefore  equiangu- 
c  6. 6.       lar%  and  the  angle  ABN  equal  to  the  angle  GHO.     In 

the  same  manner^  by  joining  NC,  01,  it  may  be  proved 


that  the  angles  NBC,  OHI  are  equal  to  one  another,  and 
to  the  angle  ABN;     Therefore  the  whole  angle  ABC  is 
equal  to  the  whole  GHI ;  and  the  same  may  be  proved 
of  the  angles  BCD,  HIK,  and  of  the  rest.     Therefore, 
the  polygons  ABCDEF  and  GHIELM  are  equiangular 
to  one  another ;  and  since  they  are  equilateral,  the  sides 
about  the  equal  angles  are  proportionals ;  the  polygon 
d  d«f.  1. 6.  ABCD  is  therefore  similar  to  the  polygon  GHIKLM  ^. 
And  because  similar  polygons  are  Is  the  squares  of  their 
e  90. 6.      homologous  sides  %  the  polygon  ABCDEF  is  to  the  po> 
lygon  GHIELM  as  the  square  of  AB  to  the  square  of 
GH  ;  but  because  the  triangles  ANB^  GOH  are  equian- 
gular, the  square  of  AB  is  to  the  square  of  GH  as  the 
f  4.  6.        square  of  AN  to  the  square  of  GO  ^  or  as  four  times  the 
g  15. 5.      square  of  AN  to  four  times  the  square  ^  of  GO,  that  is, 
h  2.  Cor.  8<  as  the  square  of  AD  to  the  square  of  GK  ^     Therefore 
^  also,  the  polygon  ABCDEF  is  to  the  polygon  GHIKLM 

as  the  square  of  AD  to  the  square  of  GK;  and  they  have 

also  been  shewn  to  be  similar.     Therefore,  &c.    Q.  E.  D. 

« 

Cob.  Every  equilateral  polygon  inscribed  in  a~  circle  is 
also  equiangular.  For  the  isosceles  triangles,  which  have 
their  common  vertex  in  the  centre,  are  all  equal  and  si- 
milar ;  therefore,  the  angles  at  their  bases  are  all  equal, 
and  the  angles  of  the  polygon  arc  therefore  also  iequal. 
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PROP.  III.    THEOR.  '      '      ' 

The  side  of  any  equilateral  polygcyii  inscribed 
in  a  circle  being  given,  to  Jind  the  side  of  a 
polygon  of  the  same  number  of  sides  descrioed 
about  the  circle. 

JLiet  ABCDEF  be  an  equilateral  polygon  inscribed  in 
the^circle  ABD  ;  it  is  required  to  find  the  side  of  an  equi- 
lateral  polygon  of  the  same  number  of  sides  described 
about  the  circle. 

Find  G  the'centre  of  the  circle ;  join  GA,  GB,  bisect 
the  arch  AB  in  H,  and  through  H  draw  EHL  touch- 
ing th^  circle  in  H,  and  meeting  GA  and  GB  produced 
in  K  and  L ;  KL'is  the  side  of  the  polygon  required. 

Produce  GF  to  N,  so  that  GN  may  be  equal  to  6L, 
join  KN,  and  from  G  draw  GM  at  right  angles  to  KN, 
join  also  HG. 

Because  the  arch  AB  is  bisected  in  H,  the  angle  AGH 
is  equal  to  the  angle  BGH  * ;  and  because  KL  touches  a  27.  3. 
the   circle  in   H,    the 
angles   LHG,    KHG,  Jv 

are     right    angles  ^  ;  //rC^         ^^Vv  ^  ^®'  ^ 

therefore,     there     are 
two  angles  of  the  tri-» 
angle  HGE,  equal  to 
two  angles  of  the  tri-     . 
angle    HGL   each    to*^^ 
each :     But    the    side 
GH     is    comiQon    to 
these  triangles;  there- 
fore   they  are  equal  *^, 
and    GL   is  equal    to 
GK.      Again,    in   the 

triangles  KGL,  EGN,  because  GN  is  equal  to  GL,  and 
GK  common,  and  also  the  angle  LGE  equal  to  the  angle 
KGN ;  therefore  the  base  KL  is  equal  to  the  base  KN  \  d  4. 1. 
But  because  the  triangle  KGN  is  isosceles,  the  angle 
GKN  is  eqiial  to  the  angle  GNK,  and  the  angles  GMK, 
GMN  are  both  right  angles  by  construction ;  wherefore, 
the  triangles  GMK,  GMN  have  two  angles  of  the  one 
equal  to  two  angles  of  the  other,  and  they  have  also  the 
side  GM  common,  therefore  they  are  equals  and  the 
side  KM  is  equal  to  the  side  MN,  so  that  KN  is  bisected 
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Suyplwwtit  in  M  But  KN  is  equal  to  KL,  and  therefore  their  halves 
KM  and  KH  are  am  equal.  Whei^ore  in  the  triangles 
6KH,  6KM,  the  two  sides  6E  and  KH  are  equal  to 
the  two  6K  and  KM,  each  to  each ;  and  the  angles 
GKH,  6KM  are  also  equal,  therefore  6M  is  equal  to 
d  4. 1.  6H  ^ :  wherefore  the  point  M  is  in  the  circumference  of 
the  circle ;  and  because  KM6  is  a  right  angle,  KM 
touches  the  qircle.  And,  in  the  same  manner,  by  joining 
the  centre  and  the  other  angular  points  of  the  inscribea 
polygon,  an  equilateral  polygon,  may  be  described  about 
the  cirde,  the  sides  of  which  will  each  be  equal  to  KL, 
and  will  be  equal  in  number  to  the  sides  o£  toe  inscribed 
polygon.  Therefore,  KL  is  the  side  of  an  equilateral 
polygon,  described  about  the  orcle,  of  the  same  number 
of  sMes  mth  the  inscribed  polygcm  ABCDEF ;  which 
was  to  be  found. 

CoE.  1.  Because  GL,  6K,  6N,  and  the  other  strmght 
lines  drawn  from  the  centre  G  to  the  angular  points  of 
the  polygon  described  about  the  circle  ABD  are  all  equal ; 
if  a  circle  be  described  from  the  centre  G,  with  the  dis- 
tance  GK,  the  polygon  will  be  inscribed  in  that  circle ; 

t  s..  1.  Sup.  and  therefore  it  is.sin^ilar  to  the  polygon  ABCDEF  ^ 
Cor.  S.  It  is  evident  that  AB,  a  side  of  the  inscribed 
polygoii^  is  to  KL,  a  side  of  the  circumscribed,  as  the 
perpendiycidar  from  G^  upon  AB,  to  the  peipendicular 
from,/G  upon  KL,/that  is  to  the  radius  of  the  circle ; 
thev^fore  also,  bec^se  iku^itudes  have  the  same  ratio 
f  IS.  5.  wi^yitheir  equimultiples^,  the  peripaeter  of  the  inscribed 
polygon  is  to  tbe'^rimeter  of  the  circumscribed,  as  the 
^peudicalar  ft^^tm^tfae  cent^/on  a  side  of  the  inscribed 
polWon,  to  the  r^cthi^  of  the' circle. 

\\  PRQP./iv.^    THEOR, 

A  circle,;  ^m£  ^w^^  two  similar  polygons  may 
be  found,  the  one  described  about  the  circle,  and 
the  otfier  inscribed  in  it,  which  shall  differ  from 
one  another  by  a  space  less  than  any  given 
space. 

Let  ABC  be  the  given  circle,  and  the  square  of  D  any 
given  q>ace;  a  polygon  may  be  inscribed  in  the  circle, 
ABC,  and  a  similar  polygon  described  about  it,  so  that 
the  difference  between  them  shall  be  less  than  the  square 
ofD. 
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In  the  circle  ABC  apply  the  straight  line  A£  equal  to   Book  I. 
D,  and  let  AB  be  a  fourth  part  of  the  circumference  of  ^'■^'^v^ 
the  circle.     From  the.  circumference  AB  take  away  its 
half,  and  from  the  remainder  its  half,  and  so  on  tiU  tbe 
circumference  AF  is  found  less  than  the  circumference 
A£*.     Find  the  centre  G;  draw  the  diameter  AC,  asa  i.  l.Sup. 
also  the  straight  lines  AF  and  FG ;  and  having  bisected 
the  circumference  AF  in  K,  join  KG,  and  draw  HL 
touching  the  circle  in.K,  and  meeting  GA  and  GF  pro- 
duced in  H  and  L ;  join  CF. 

Because  the  isosceles  triangles  HGL  and  AGF  have 
the  common  angle  AGF,  they  are  equiangular  ^,  and  the  b  6.  6. 
angles  GHE,  GAF  are  therefore  equal  to  one  another. 
But  the  angles  GKH,  CFA  are  also  equal,  for  they  are 
right  angles;  therefore  the  triangles  HGK,  ACF,  are 
liKCwise  equiangular,  c  c32.  i. 

And  because  the  arch  AF  was  found  by  taking  from 
the  arch  AB  its  half,  and  from  that  remainder  its  half, 
and  so  on^  AF  will  be  contained  a  certain  number  of 
timesy  exactly,  in  the  arch  AB,  and  thepefcoje  it  will  also 
be  concained  a  certain  number  of  times,  exactly,  in  the 
whole  circumference  ABC  ;  and  the  straight  line  AF  is 
therefore  the  side  of  an  equilateral  polygon .  inscribed  in 
the  circle  ABC.     Wherefore  also  HL  is  the  side  of  an 

auilateral  polygon,  of  the  same  number  of  sides,  describ-  , 
about  ABC  ^     Let  the  polygon  described  about  the  d  3. 1.  Sup. 
circle  be  called  M,  and  the  polygon  inscribed  be  called 


E 

N  ;  then,  because  these  polygons  are  similar^  tliey  arc  as  e  Cor.  3.  l. 
the  squares  of  the  homologous  sides  HL  and  AF  ^  that      siip. 

^  ^  '  f  3.  Cor.  20. 

6, 
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Supplement  is,  because  the  triangles  HLG,  AFG  are  similar,  as  the 
^^'^^'"^^  square  of  HG  to  the  square  of  AG,  that  is  of  GKi  But 
the  triangles  HGK,  ACF  have  been  proved  to  be  simi- 
lar, and  therefore  tlie  square  of  AC  is  to  the  square  of 
CF  as  the  polygon  M  to  the  polygon  N ;  and,  oy  con- 
version, the  square  of  AC  is  to  its  excess  above  the  square 
g  4T.  1,  of  CF,  that  is,  to  the  square  of  AF*,  as  the  fciLygqn  M 
to  its  excess  above  the  polvgon  N.  But  the  square  of  AC, 
that  is,  the  square  described  about  the  drcle  ABC,  is 
greater  than  the  equilateral,  polygon  of  eisht  sides  de- 
scribed about  the  circle,  because  it  contains  mat  polygon ; 
and,  for  the  same  reason,  the  polygon  of  eight  sides  is 
greater  than  the  polygon  of  oxteen,  and  so  on ;  therefore, 
"  the  square  of  AC  is  greater  than  any  polygon  described 
about  the  circle  by  the  continual  bisection  of  the  arch  AB ; 
it  is  therefore  greater  than  the  polygon  M.  Now,  it  has 
been  demonstrated,  that  the  square  of  AC  is  to  the  square 
of  AF  as  the  poly^n  M  to  tne  difference  of  the  poly- 

Sns ;  therefore,  smce  the  square  of  AC  is  gieater  than 
,  the  square  of  AF  is  greater  than  the  difference  of  the 
h  14.  5.  polygons  b.  The  difference  of  the  polvgons  is  therefore 
less  than  the  square  of  AF :  but  AF  is  less  than  D;  there- 
fore, the  difference  of  the  polygons  is  less  than  the  square 
of  D,  that  is,  than  the  given  space.  Therefore,  &c. 
Q.  E,  D. 
,  Cob.  1.   Because  the  polygons  M  and  N  differ  firom 

one  another  more  than  either  of  them  differs  from  the 
drcle,  the  difference  betii^een  each  of  them  and  the  circle 
is  less  than  the  given  space,  viz.  the  square  of  D.  And 
therefore,  however  small  any  ^ven  space  may  be,  a  poly- 
gon may  be  inscribed  in  the  cuxle,  and  another  described 
about  it,  each  of  which  shall  differ  from  the  drde  by  a 
space  less  than  the  given  space. 


B 
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Cor.  &,  The  space  B  which  is  ^eater  than  any  poly-*  Book  i. 
gon  that  can  be  inscribed  in  the  arcle  A,  and  less  than  ^^  ^ 
any  polygon  that  can  be  described  about  it,  is  equal  to 
the  circle  A.  If  not,  let  them  be  unecmal ;  and,  first,  let 
B  exceed  A  by  the  s^ce  C.  Then,  because  the  polygons 
described  about  the  cux;le  A  are.  all  greater  than  B,  by 
hypothesb,  and  because  B  is  greater  than  A  by  the  space 
C,  therefore  no  polygon  can  be  described  about  the  circle 
A,  but  what  must  exceed  it  by  a  space  greater  than  C, 
which  is  absurd.  In  the  same  manner,  if  B  be  less  than 
A  by  the  space  C,  it  is  shown  that  no  polygon  can  be  in- 
scribed in  tke  circle  A,  but  what  is  less  than  Aby  a  space 
greater  than  C,  which  is  also  absurd.  Therefore,  A  and 
B  are  not  unequal,  that  is,  they  are  equal  to  one  ano- 
ther. 

PROP.  V.     THEOR. 

The  area  of  any  circle  is  equal  to  the  rectangle 
containm  by  the  semidiameter,  and  a  itraight 
line  equal  to  half  the  circumference. 

Let  ABC  be  a  circle,  of  which  the  centre  is  D,  and 
the  diameter  AC  ;  if  in  AC  produced  there  be  taken  AH 
equal  to  half  the  circumference,  the  area  of  the  circle  is 
equal  td  the  rectangle  contained  by  DA  and  AH. 

Let  AB  be  the  side  of  any  equOateral  polygon  inscrib- 
ed in  the  drde  ABC ;  bisect  the  circumference  AB  in  G, 
and  through  G  draw  EGF  touching  the  circle,  and  meet- 
ly 


K  H    L. 


N- 


^ 


ing  DA  produced  in  E,  and  DB  produced  in  F ;  EF  will 
be  the  side  <^an  equilateral  polygon  described  about  the 


S38  ,  EltEMEMTS 

Supptommt  cin^  ABC  \     la  AC  prodoeed  take  AK  equal  to .  half 
C*^^"^  the  pmmeter  of  theipdygooi  fwhoae:  aide  is.  AB ;  and  AL 
"^equalto  half  the  pmmetaarcif  the*  pc^gon  who$e  a^ 
'   EF.    Then.  AE  will  be  leis^  and  AL.  gteater  tfaaa  die 

b  Ax.i.Supr  stra^ht  line  AH^  Now^  becaose  in  the  triangle  EBP, 
D6.  is  drawn  perpendiovlar.to  the  bas^.  the  tmo^ 
EDF  is  equal^  to  the  redan^  eottbUDod  fagr  DG  and  die 

e4i.  L  half  of  EF*;  andasi  the  same)  is  true  of  aU  die  other 
equal.triangles  having  their  vertieea  in  D^  winch:  make 
up  die  poty^on  descrafaed  abont  the  eircle.;  thccefinro^tbe 
whole  pdkygaa  is  equal  to  the  reetangfle  conlaiiiedibjrDG 

d  1.  2.  and  AL,  half  the  perimeter,  of  the^ffgan'^^iOhlqis  C^L 
and  AL-^  But  AL  is;  greater.  .diaa<  AH,:  therefcBBi  the 
reotani^  DA^L.  is  greater  than  the  reakaogle  DA/AH ; 
the  rectangle  DA. AH,  is  therefore  less  than  the  rectandb 
DA. AL,  that  is,  than  any  polygon  described  about  the 
circle  ABC.  ^ 

A^n,  the  triangle  ADB  is  equal  to  the  rectangle 
Qonimied  by  DM.  tbe'p(«peii(^<m)«v,\awi  (mfi^b^Hai  the 
bftse  ABji  apd<it  is  tbwefol^  less  thm^  the  rectang^eon- 
tained  by  DG.  of  DA,,  and  t^ie  baU!  of  AB^    And  as  the 


wws: 


same  is  true  of  all  the  other  triangles  haying,  their  yeartt- 
cei  in  D>  which  make  up  the  inscribed  polygon,  there- 
fore the  whole  of  the  inscribed  polygon  is  less  thah  the 
rectangle  contained  by  DA,  and  AE  half  the  perimeter 
of  the  polygon.  Now,  the  rectangle  DA.AK  is  less  tlian 
DA. AH ;  much  more,  therefpre,  is  the  polygon  whose 
side  is  AB  less  than  DA.AH ;  andthej»elan^le  DA.AJEI 
is  therefore  greater  thaa  any  poljjijgpn  inscnbed  in  the 
circle  ABC.  But  the  same  rectati^e  DA.AH  h'ais  be^n 
proved  to  be  less  than  any  polygon  described  ^boat'tBe 
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circle  ABC ;  therefore,  the  rectangle  DA.AH  is  equal    *•<*  *• 
to  the  circle  ABC  *.     Now,  DA  is  the  semidiameter  of  J^J^^jJ^ 
the  circle  ABC,  and  AH  the  halt  of  its  circumference,  i  sup. 
Therefore,  &c.     Q.  E.  D. 

CoE.  1.  Because  DA  :  AH  :  :  DA^*  :  DA.AH',  andn.  6. 
because  by  this  proposition,  DA.AH=cthe  area*  of  the 
circle,  of  which  DA  is  the  radius ;  therefore,,  as  the  ra- 
dius of  any  circle  to  the  semicircumference,  or  as  the  dia- 
meter to  tne  whole  circumference,  sa  is  the  square  of  the 
radius  to  the  area  of  the  circle. 

Cob.  2,  Hence  a  polygon  may  be  desciibed  about  ^a 
circle^  the  perimeter  of-  whidi  smiU  exceed  the  circumfe- 
rence of  the  circle  by  a  line  that  is  less  than  any  given 
line.  Let  NO  be  the  given  line.  Take  in  NO  the  part 
NP  less  than  its  half,  and  less  also  than  AD,  and  let  a 
polygon  be  described  about  the  circle  ABC,  so.  that  its 
excess  above  ABC  may  be  less  than  the  square  of  NP  '.  g  l.  cor.  4. 
Let  the  side  of  this  polygon  be  EF.  And  since,  as  has  *  ^"P* 
been  proved,  the  cii'cle  is  equal  to  the  rectangle  DA.AH, 
and  the  polygon  to  the  rectangle  DA.AL,  the  excess  oi 
the  polygon  above  the  circle  is  equal  to  the  rectangle 
DA.HL ;  therefore  the  rectangle  I)A.HL  is  less  than 
the  square  of  NP ;  and  therefore,  since  DA  is  greater 
than  NP,  HL  is  less  than  NP,  and  twice  HL  less  than 
twice  NP,  wherefore,  much  more  is  twice  HL  less  than 
NO.  But  HL  is  the  difference  between  half  the  peri- 
meter of  the  polygon  whose  side  is  EF,  and  half  the  cir- 
cumference of  the  circle :  therefore,  twice  HL  is  the  dif- 
ference between  the  whole-  perimeter  of  the  polygon  aiid 
the  whole  circumference  of  the  circle  ^.  The  cufference,  h  5.  5. 
therefore,  between  the  perimeter  of  the  polygon  and  the 
circumference  of  the  circle  is  less  than  \he  given  line  NO. 

Cob.  S  Hence  also,  a  polygon  may  be  inscribed  in  a 
circle,  such  that  the  excess  of  the  circumference  above  the 
perimeter  of  the  polygon  may  be  less  than  any  given  line. 
This  is  proved  like  the  preceding,. 
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PROP.  VI.     THEOB. 

The  areas  of  circles  are  to  one  another  in  the  dvr- 
plicate  ratiot  or  a^  the  squares^  of  their  dia- 
meters. 

Let  ABD  and  GHL  be  two  circles,  of  which  the  dia- 
meters  are  AD  and  6L ;  the  circle  ABD  is  to  the  circle 
GHL  as  the  square  of  AD  to  the  square  of  6L. 

Let  ABCDEF  and  6HKLMN  be  two  ecjuilateral  po- 
lygons of  the  same  number  of  si^es  inscribed  m  the  circles 


be 


ABD,  GHL;  and  let  Q  be  such  a  space  that  the  square  of 
AD  is  to  the  square  of  GL  as  the  circle  ABD  to  the  space 
Q.  Because  the  polygons  ABCDEF  and  GHKLMN 
are  equilateral,  ana  of  Uie  same  number  of  sides,  they  ar^ 
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similar  %  and  their  areas  are  as  the  squares  of  the  dia^  ^^  '• 
meters  of   the    circles    in    which    they  are  Inscribed. ^gY^up. 
Therefore,  AD* :  GL*  : :  polygon  ABCDEF  :  polygon 
GHKLMN  ;  but  AD«  :  GL«  :  :  circle  ABD :  Q ;  and 
therefore,  ABCDEF  :  GHKLMN  :  :  circle  ABD  :'Q. 
Now,    circle    ABD  :^  ABCDEF  ;    thertfore    Q  zp^      « 
.  GHKLMN  ^  that  is,  Q  is  greater  than  any  polygon  in-  b  14.  5. 
scribed  in  the  circle  GHL. 

In  the  same  manner  it  is  demonstrated,  that  Q  is  less 
than  any  polygon  described  about  the  circle  GHL ; 
wherefore  the  space  Q  is  equal  to  the  circle  GHL  ®. « |.  co 
Now,  by  hypothesis,  the  cirde  ABD  is  to  the  space  Q  as  *  "P* 
the  square  of  AD  to  the  square  of  GL ;  therefore  the 
circle  ABD  is  to  the  circle  GHL  as  the  square  of  AD  to 
the  square  of  GL.     Therefore,  &c.     Q.  E.  D. 

Cor.  1.  Hence  the  circumferences  of  circles  are  to  one 
another  as  their  diameters. 

Let  the  straight  line  X  be  equal  to  half  the  circum- 
ference of  the  circle  ABD,  and  the  straight  line  Y  to 


cor.  4. 


Y-^ 


half  the  circumference  of  the  circle  GHL  :  And  because 
the  rectangles  AOiX,  and  GP.Y  are  equal  to  the  circles 
ABD  and  GHL  ^  ;  therefore  AO.X  :  GP.Y  :  :  AD* :  d  5. 1.  Sup* 
GL*  :  :  AO*  :  GP*  ;  and  alternately  AO.X  :  AO*  :  : 
GP.Y  :  GP^ ;  whence,  because  rectangles  that  have  equal 
altitudes  are  as  their  bases  %  X  :  AO  :  :  Y  :  GP,  and  e  i.  6. 
again  alternately,  X ;  Y  : :  AO  :  GP  ;  wherefore,  taking 
the  doubles  of  each,  the  circumference  ABD  is  to  the 
circumference  GHL  as  the  diameter  AD  to  the  diameter 

GL.  .  . 

Cor.  %  The  circle  that  is  described  upon  the  side  of 
a  right  angled  triangle  opposite  to  the  right  angle,  is 
equal  to  the  two  circles  described  on  the  other  two  sides. 
For  the  circle  described  upon  SR  is  to  the  circle  de- 
scribect  upon  RT  as  the  sc^uare  of  SR  to  the  square  of 
RT ;  and  the  circle  described  upon  TS  is  to  the  circle 
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Supplement  described  upon  J^T  as  the  square  of  ST  to  the  square  of 
^-""v-^^  RT.       Wherefore,    the 

circles  described  on  SR  S 

and  on  ST   are  to  the 

circle  described  on  RT 

as  the  squares  of  SR  and 

of  ST  to  the  square  of 
f  24.  5.       RT  '. '  But  the  squares  p» - 

of  RS  aid  of  ST   are 
g  47. 1.      equal  to  the  square  of  RT  « ;  therefore  the  circles  de- 
scribed on  RS  and  ST  are  equal  to  the  circle  described 

on  RT. 


PROP.  VII.     THEOR. 

Equiangular  parallelograms  are  to  one  aiwther 
as  the  products  of  the  numbers  proportional 
to  their  sides. 

Let  AC  and  DF  be  two  equiangular  parallelograms, 
and  let  M,  N,  P  and  Q  be  four  numbers,  such  that 
AB  :  BC  :  :  M  :  N ;  AB :  DE  : :  M  :  P,  and  AB  :  EF : : 
M :  Q,  and  therefore  ex  sequali,  BC  :  EF  : :  N  :  Q.  The 
parallelogram  AC  is  to  the  parallelogran^  DF  as  MN  to 

PQ. 

Let  NP  be  the  product  of  N  into  P,  and  the  ratio  of 
def.  10.  s.  MN  to  PQ  will  be  compounded  of  the  ratios*  of  MN 


r 


to  NP,  and  of  NP  to  PQ.  But  the  ratio  of  MN  to  NP 
b  15.  5.  is  the  same  with  that  of  M  to  P  **,  because  MN  and  NP 
are  equimultiples  of  M  and  P  ;  and  for  the  same  reason, 
the  ratio  of  NP  to  PQ  is  the  same  with  that  of  N  to  Q  ; 
therefore,  the  ratio  of  MN  to  PQ  is  compounded  of  the 
ratios  of  M  to  P,  and  of  N  to  Q.    Now,  the  ratio  of  M 
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to  F  is  the  same  with  that  of  the  side  AB  to  the  nde    Book  t 
DE  ^ ;  and  the  ratio  of  N  to  Q  the  same  with  that  of  the  ^-i "n^^*^ 
side  BC  to  the  side  EF.     Therefore,  the  ratio  of  MN  to  ^  ^^  "^P* 
FQ  is  compounded  of  the  ratios  of  AB  to  DE,  and  of  BC 
to  EF.     And  the  ratio  of  the  parallelogram  AC  to  the 
parallelogram  DF  is  compounded  of  the  same  ratios  ^ ;  d  23.  6. 
therefore,  the  parallelogram  AC  is  to  the  parallelogram 
1)F,  as  MN,  the  product  of  the  numbers  M  and  N,  to 
PQ,  the  product  c^  the  numbers  P  and  Q,     Therefore, 
&c.     Q.  E.  D. 
Cor.  1.  Hence,  if  6H  be  to  KL  as  the  number  M  to 

the  number  N ;  the 

square  described  on  G  H     K  L 

GH  will  be  to  the 

square  described  on  KL  as  MM,  the  square  of  the  num- 
ber M  to  NN,  the  square  of  the  number  N.      '  ' 

Ca&  S.  If  A,  B,  C,  D,  &c.  are  any  lines,  and  m,  n,  r, 
^,  &c,  numbers  proportional  to  them,  viz.  A :  B : :  m :  n  ; 
A  :  C  :  :  m:r.  A:  D  ::  m  :  $9  &c. ;  and  if  the  rectangle 
contained  by  any  two  of  the  lines  be  equal  to  the  square 
of  a  third  hne,  the  product  of  the  numbers  proportional 
to  the  first  two,  will  be  equal  to  the  square  oi  the  number 
proportional  to  the  third ;  that  is,  if  A.C  =  B*,  mxr  = 
nx  fly  or  =  n*. 

For  by  this  Prop.  A.C  :B*  ::  m  xr  :n*;  but  A.C  = 
B*,  therefore  mxr:=z  ij?.  Nearly  in  the  same  way  it  may 
be  demonstrated,  that  whatever  is  the  relation  between 
the  rectangles  contained  by  these  lines,  there  is  the  same 
between  tne  products  oi  the  numbers  proportional  to 
them^ 

So  also  conversely,  if  m  and  r  be  numbers  proportionid 
to  the  lines  A  and  C ;  if  also  A.C  =2  B',  and  if  a  number 
n  be  found,  such  that  n*=wir,  then  A  :  B  : :  w  :  «.  For 
let  A  :  B  : :  m :  (^,  then  since,  m,  q,  r  are  proportional  to 
A,  B,  and  C,  and  A.C  =  B';  therefore,  as  has  just  been 
proved  g*  =  m  x  r ;  but  w*  =  g  x  r,  by  hypothesis,  there-  i 

lore  n*  =:  g*,  and  n  =  g ;  wherefore  A  :  B  : :  f?i :  w. 


SCHOLIUM. 


In  order  to  have  numbers  proportional  to  any  set  of 
magnitudes  of  the  same  kind,  suppose  one  of  them  to  be 

a  2* 


214  ELEMENTS 

Supplement  divided  into  any  number^  m  of  equal  parts,  and  let  H  be 
one  of  those  parts.  Let  H  be  found  n  times  in  the  mag- 
nitude B,  r  times  in  G,  ^  times  in  D,  &c.,  then  it  is  evi. 
d^nt  that  the  numbers  m,  n,  r,  s  are  proportional  to  the 
magnitudes  A,  B,  C  and  D.  When,  therefoce,  it  is  said, 
in  any  of  the  following  propositions,  that  a  line  as  A  =  a 
number  m,  it  is  understood  ^that  A=:  m  x  H,  or  that  A  is 
equal  to  the  given  magnitude  H  multiplied  by  m;  and 
the  same  is  understood  of  the  other  magnitudes,  B,  C,  D, 
and  their  proportional  numbers,  H  being  the  common 
measure  of  alt  tl^e  magnitudes.  This  common  measure 
is  omitted  for  the  sake  of  brevity  in  the  arithmetical  ex- 
pression; but  is  always  implied,  when  a  line,  or  other 
geometrical  magnitude,  is  said  to  be  equal  to  a  number. 
Also,  when  there  are  fractions  in  the  number  to  which  the 
magnitude  is  called,  equal,  it  is  mea^  that  the  common 
measure  H  is.  farther  subdivided  into  sudi  parts  as  the 
numerical  fraction  indicateis.  Thus,  if  A  =360.375,  it 
is  meant  that  there  is  a  certain  magnitude  H,  such  that 

375 
A  =  a60xH  +  jQggxH,  or  that  A  is  equal  to  860 

times  H,  together  with  375  of  the  thousandtU  parjts  of 
H.  And  the  same  is  true  in  all  other  cases,  where  num- 
bers are  used  to  express  the  relations  of  geometrical  mag- 
nitudes. 


PROP.  VIII.    THEOR. 

j^e  perpendicular  drawn  from  the  centre  of  a 
circle  on  the  chord  of  any  arch  is  a  mean  pro- 
portional hetween^  half  ^e  radim  and  the  line 
made  up  of  the  radius  and  the  perpendicular 
drawn  from  the  centre  on  the  duytd  of  double 
that  arch :  And  the  chord  of  the  arch  is  a  mean 
proportional  between  the  diameter  and  a  line 
which  is  the  difference  between  the  radium  and 
the  fore&aid  perpendicular  from  the  centre. 

Let  ADB  be  ^  circle  of  which  the  centre  is  C  ;  BBE 
any  arch,  and  DB  the  half  of  it ;  let  the  chords  D£, 
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DB  be  drawn ;  as  also  CF  and  CG  at  right  angles  to  ^2l 
DE  and  DB  ;  if  CF  be  produced,  it  will  meet  the  cir- 


cumference  in  B  ;  let  it  meet  it  again  in  A,  and  let  AC 
be  bisected  in  H ;  CG  is  a  mean  propQrtional  between 
AH  and  AF  ;  and  BD  a  mean  proportional  between  AB 
and  BF,  the  excess  of  the  radius  above  CF^ 

Join  AD ;  and  because  ADB  is  a  right  angle,  being 
an  angle  in  a  semicircle ;  and  because  CGB  is  also  a 
right  angle,  the  triangles  ABD,  CGB  are  equiangular, 
and  AB  :  AD  : :  BC  :  CG»,  or  alternately,  AB  :  BC  :  :  *  *^  ^• 
AD  :  CG ;  and,  therefore,  because  AB  is  double  of  BC, 
AD  is  double  of  CG,  and  the  square  of  AD  therefore 
equal  to  four  times  the  square  of  CG. 

But,  because  ADB  is  a  right  angled  triangle,  and'DF 
a  perpendicular  on  AB,  AD  is  a  mean  proportional  be- 
tween AB  and  AF  ^  and  AD*  =  AB.AF  %  or  since  AB  ^  ^^^ 
is  =.  4 AH,  AD*  =  4AH. AF.  Therefore  also,  because 
4CG«=  AD«,  4CG»  =  4AH.AF,  and  CG*  =  AH.AF  ; 
wherefore  CG  is  a  mean  proportional  between  AH  and 
AF,  that  is,  between  half  the  radius  and  the  line  made 
up  of  the  radius,  and  the  perpendicular  on  the  chord  of 
twice  the  arch  BD. 

Again,  it  is  evident,  that  BD  is  a  mean  propoltional 

between  AB  and  BF  \  that  is,  between  the  diameter  and 

the  excess  of  the  radius  above  the  perpendicular^  on  the 

nord  of  twice  the  arch  DB.     Therefore,  &c.     Q.  E.  D. 
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PROP.  IX.     THEOR  ♦. 


The  circumference  of  a  circle  exceeds  three  times 
the  diameter,  by  a  line  less  than  ten  of  the 
parts  of  which  the  diameter  contains  seventy , 
but  greater  than  ten  of  the  parts  whereof  the 
diameter  contains  seventy-one. 

Let  ABD  be  a  circle,  of  which  the  centre  is  C,  and 
the  diameter  AB ;  the  circumference  is  gfeater  than  three 

times  AB,  by  a  line  less  than-a^r,  or  s,  of  AB,  but 

greater  than^of  AC. 

In  the  circle  ABD  apply  the  strsdght  line  BD  equal 


to  the  radius  BC  :  Draw  DF  perpendicular  to  BC,  and 
let  it  meet  the  circumference  again  in  E :  draw  also  CG 
perpendicular  to  BD:  produce  BC  to  A,  bisect  AC  in 
H,  and  join  CD. 

It  is  evident  that  the  arches  BD.  BE  are  each  of  tbem 


*  In  this  proposition,  the  character  -f  placed  after  a  number,  sig- 
nifies that  somethinff  is  to  be  added  to  it:  and  the  diaracter— >  on 
the  other'hand,  sigo^es  that  something  is  to.be  taken  away  from  it 
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one-^th  of  the  circumference  %  and  that  therefore  the     Book  I. 
«rdi  DBE  is  one-third  of  the  circumference.     Where-  ^-"^v**^ 
fore,  the  line  ^  CG  is  a  mean  proportional  between  AH,  J  ^'^J^^gup 
half  the  radius,  and  the  line  AF.    Now  because  the  sides 
BD,  DC  of  the  triangle  BDC  are  equal,  the  angles 
DCF,  DBF  are  also  equal ;  and  the  angles  DFC,  DFB 
being  equal,  and  the  side  DF  common  to  the  triangles 
DBF,  DCF,  the  base  BF  is  equal  to  the  base  CF,  and 
BC  is  bisected  in  F. 

Therefore,  if  AC  or  BC=100(>,  AH =500,  CF=500 
AF=15009  and  CG  being  a  mean  proportional  between 
AH  and  AF,  CG*=«  AH.AF=  600  x  1500  =  750000 ;  c  17.  6. 
wherefore  CG  =  866.0264  +,  because  (866.0254)''  is  less 
than  750000.     Hence  also,  AC  +  CG  =  1866.0254  +• 

Now,  as  CG  is  the  perpendicular  drawn  from  the 
centre  C,  on  the  chord  of  one-sixth  of  the  circumference, 
if  P  =  the  perpendicular  from  C  on  the  chord  of  one- 
twelfth  of  the  drcumference,  P  will  be  the  mean  propor- 
tional between  AH  ^  and  AC  +  CG,  and  P*  =  AH 
(AC  +  CG)  =  500  X  (1866.0264  +)  =  933012.7  +  . 
Therefore,  P  =  965.9258  +,  because  (965.9258)«  is  less 
than  933012.7     Hence  also,  AC  +  P  =  1965.9258  + . 

Agmn,  if  Q  :^  the  perpendicular  drawn  from  C  on  the 
chord  of  one  twenty-fourth  of  the  circumference,  Q  will 
be  a  mean  proportional  between  AH  and  AC  +  P,  and 
Q«==AH  (AC+P)  =500  (1965.9258  +)  =  982962.9  +  ; 
and  therefore  Q=991.4449+,  because  (991.4449)*  is  less 
than  982962.9.    Therefore  also  AC  +  Q  =  1991.4449  +. 

In  like  manner,  if  S  be  the  perpendicular  from  C  on 
the  chord  of  one  forty-eighth  of  the  circumference,  S*  = 

AH  (AC +  Q)=  500  (1991 .4449  4)  =  995722.45  +  ; 
and  S  =  997.8689  +,  because  (997.8589)*  is  less  than 
995722.45.     Hence  also,  AC  +  S  =  1997.8589  +. 

Lastly,  If  T  be  the  perpendicular  from  C  on  the  chord 
of  one  ninety-sixth  of  the  circumference,  T*  =  AH 
(AC  +  S)  =  500  (1997.8589  +)  =  998929.45  +,  and 
T  =  999.46458  +  .  Thus  T,  the  perpendicular  on  the 
chord  of  one  ninety-sixth  of  the  circumference,  is  greater 
than  999.46458  of  those  parts  of  which  the  radius  con- 
tains 1000. 

But  by  the  last  proportion,  the  chord  of  one  ninety- 
sixth  part  of  the  circumference  is  a  mean  proportional 
between  the  diameter  and  the  excess  of  the  radius  above      ♦ 
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Sttppiement  g^  ^jjg  perpaidicular  from  the  centre  on  tbe  chord  of  one 
forty-eighth  of  the  circumference.  Therefore,  the  square 
of  the  chord  of  one  ninety-sixth  of  the  circumference- = 
AB  (AC— S)  =  2000  X  (2.1411—,)  =:  4282.2—:  and 
therefore  the  chord  itself =65,4386-^,  because  (65.4386)^ 
is  greater  than^  4282.2.  Now,  the  chord  of  one  ninety- 
sixth  of  the  circumference,  or  the  «ide  of  an  equilateral 
polygon  of  ninety-six  eddes  inscribed  in  the  circle,  being 
65.4386 — y  the  perimeter  of  that  polygon  will  be  =r 
(65.4386 —)  96  =  6282. 1066  — . 

Let  the  perimeter  of  the  circumscribed  polygon  of  the 
same  number  of  sides  be  M,  then*  T :  AC  : :  6^^J056-^ 
:  M,  that  is,  (since  T  =  999.46458  +,  as  already  shewn,) 
999.46458  +  :  1000 : :  6282.1066  — :  M  ;  if  then 
N  be  such,  that  999.4«458  :  1000  : :  6282.1056  — :  N ; 
ex  aequo  perturb.  999.46458 -J- :  999.46468 ::  N:  M ; 
and,  since  the  first  is  greater  than  the  secopd,  the  third 
is  greater  than  the  fourth,  or  N  is  greater  than  M. 

Now,  if  a  fourth  proportional  be  found  to  999.46458, 
1000  and  6282.1066,  viz.  6285.461—,  then, 
^  because,  999.46458 :  1000  :  :  6282.1056 :  6285.461-i-, 
and  as  before,  999.46458  :  1000  :  :  6282.1056—  :  N, 
therefore,  6282.1056 :  6282.1056—  :  :  6285.461—  :  N, 
and  as  the  first  of  these  proportionals  is  greater  than  the 


d  9;  Cor.  2. 
1.  Sup. 


second,  the  third,  viz.  6286.461  —  is  greater  than  N,  the 
fourth.  'But  N  was  proved  to  be  greater  than  M ;  much 
more,  therefore,  is  6286.461  greater  than  M,  the  peri- ' 
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meter  of  a  polygon  ofninetj-six  sides,  circumscribed  about  Book  1 4 
the  circle;  that  is,  the  perimeter  of  that  polygou  is  less  ^-"^v^^ 
than  6285.461 ;  now,  the  circumference  of  the  circle  is 
less  than  the  perimeter  of  the  polygon ;   much   more, 
therefore,  is  it  less  than  6285.461  ;   wherefore  the  cir- 
cumference of  a  circle  is  less  than  6285.461  of  those  parts 
of  which  the  radius  contains  1000.     The  circumference, 
therefore,  iias  to  the  diameter  a  less  ratio  '  than  6285.461    f  8.  5. 
has  to  2000,  or  than  3142.7305  has  to  1000 :  but  the 
rado  of  22  to  7  is  greater  than  the  ratio  of  3142.7305  to 
1000,  therefore  the  drcumference  has  a  less  ratio  to  the 
diameter  than  22  has  to  7,  or  the  circumference  is  less 
than  22  of  the  parts  of  which  the  diameter  contains  7* 
It  remains  to  demonstrate  that  the  part  by  which  the 

.  .  10 

cbcumference  exceeds  the  diameter  is  greater  than  ==-  of 

the  diameter. 

It  was  before  shewn,  that  CG*=  750000 ;  wherefore 
CG=  866.02545  — ,  because  (866.02545)«  is  greater  than 
750000 ;  therefore  AC  +  CG  =  186a02545  — . 

Now,  P  being,  as  before,  the  perpendicular  from  the 
centre  on  the  chord  of  one-twelfth  of  the  circumference, 
P«  =  AH  (AC  +  CG)  =  500  X  (1866.02545)  —  = 
933012.73—;  and  P=965.92585—,  because  (965,92585)' 
is  greater  than  933012.73.  Hence  also,  AC  +  P  = 
19&.92585  — . 

'  Next,  as  Q  =  the  perpendicular  drawn  from  the  centre 
on  the  chord  of  one  twenty-fourth  of  the  circumference, 
Q«  =  AH  (AC  +  P)  =  500  X  (1965.92585—)  = 
982962.93—;  and  Q=991.44495— ,because  (991.44495)' 
is  greater  than  982962.93.  Hence  also,  AC  +  Q  = 
1991.44495  ~. 

In  like  manner,  as  S  is  the  perpendicular  from  C  on 
the  chord  of  one  forty-eighth  of  the  circumference,  S?  = 
AH  (AC  +  Q)  ==500  (1991.44495—)  =995722.475—, 
and  S  =  997.85895  —  because  (997.85895)'  is  greater 
than  995722.475. 

But  the  square  of  the  chord  of  the  ninety-sixth  part  of 
the  circumference  =AB  (AC— S)  =  2000  (2.14105+)  = 
4282. 1  4.,  and  the  chord  itself  =  65.4377  +  because 
(65.4377)'  is  less  than  4282.1 :  Now  the  chord  of  one 
ninety-sixth  part  of  the  circumference  being  =65.4377  +, 
the  perimeter  of  a  polygon  of  ninety-six  sides  inscribed 
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SoFpiement  ;„  ^1,^  circle  =  (66.4377  +  ])  96  =  6882.019  +.  But  the 
circumference  of  the  circle  is  greater  than  the  perimeter 
of  the  inscribed  polygon ;  therefore  the  circumference  is 
greater  than  6288.0199  of  those  parts  of  which  the  radius 
contains  1000 ;  or  than  3141.009,  of  the  parts  of  which 
the  radius  contains  500,  or  the  diameter  contains  1000. 

Now,  3141.009  has  to  1000  a  greater  ratio  than  3  +  =;. 

to  1 ;   therefore  the  circumference  of  the  circle  has  a 

10 
greater  ratio  to  the  diameter  than  ^  +  rf^  has  to  1 ;  that 

is,  the  excess  of  the  circumference  above  three  times  the 

diameter  is  greater  than  ten  of  those  parts  of  which  the 

diameter  contains  71 ;  and  it  has  already  been  shewn  to 

be  less  than  ten  of  those  of  which  the  diameter  contains 

70.     Therefore,  &c.  Q.  E.  D. 

Cob.  1.  Hence  the  diameter  of  a  circle  bein^  given, 

the  circumference  may  be  found  nearly,  by  makm^  as  7 

to  88,  so  the  given  diameter  to  a  fourth  proportional, 

which  will  be  creater  than  the  circumference.    And  if  as 

10 
lto3  +  ^    or  as  71  to  883,  so  the  ^ven  diameter  to  a 

fourth  proportional,  this  will  be  nearly  equal  to  the  dr- 
cumference,  but  will  be  less  than  it. 

Cob  2.  Because  the  difference  between  ~  and  —  is 

1 
T— ,  therefore  the  lines  found  by  these  proportions  differ 

by  T;r;z  of  the  diameter.      Therefore  the  difference  of 
■^  497 

either  of  them  from  the  circumference  must  be  less  than 
the  497th  part  of  the  diameter. 

Cob.  3.  As  7  to  88,  so  the  square  of  the  radius  to  the 
area  of  the  circle  nearly, 
g  1.  Cor.  &  For  it  has  been  shewn,  that  ^  the  diameter  of  a  circle 
1.  Sup.  |g  iQ  ii^  circumference  as  the  square  of.  the  radius  to  the 
area  of  the  circle ;  but  the  dir.meter  is  to  the  drcum- 
ference  nearly  as  7  to  88,  therefore  tlie  square  of  the 
dius  is  to  the  area  of  the  circle  nearly  in  that  same  ratio. 
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SCHOLIUM. 

It  is  evident  that  the  method  employed  in  this  propo- 
i^tion,  for  finding  the  limits  of  the  ratio  of  the  circumfe- 
rence to  the  diameter,  may  be  carried  to  a  greater  de- 
gree of  exactness,  by  finding  the  perimeter  of  an  inscrib- 
ed and  of  a  circumscribed  polygon  of  a  greater  number 
of  sides  than  96.  The  manner  in  ivhich  the  perimeters 
of  such  polygons  approach  nearer  to  one  another,  as  the 
number  of  meir  sides  increases,  may  b^  seen  from  the 
following  Table,  which  is  constructed  on  the  principles 
explained  in  the  foregoing  Proposition,  and  in  which  the 
radius  is  supposed  =  1. 


No.  of  Sides 

Perimeter  of  the 

Perimeter  of  tlie 

of  the  Poly- 

inscribed Poly- 

circumscribed 

gon. 

gon. 

Polygon. 

6 

6.000000 

6.822038— 

12 

6.211667-1- 

6.480781— . 

24 

6.266267-t- 

6.819320— 

48 

6.278700-t- 

6.292173— 

96 

6.282068-f 

6.285480— 

192 

6.282904-I- 

6.288747— 

884 

6.283115-f- 

6.283827— 

768 

6.288167+ 

6.288221— 

1536 

6.283180-i- 

6.288195— 

8072 

6.283184+ 

6.288188— 

6144 

6.283185+ 

6.283186— 

The  part  that  is  wanting  in  the  numbers  of  the  second 
column  to  make  up  the  entire  perimeter  of  any  of  the 
inscribed  polygons,  is  less  than  a  unit  in  the  sixth  decimal 

Elace ;  and,  m  like  manner,  the  part  by  which  the  num- 
ers  in  the  last  column  exceed  the  perimeter  of  any  of 
the  circumscribed  polygons,  is  less  than  a  imit  in  the 

1 
sixth  decimal  place,  that  is,  than  1000000  of  the  radius. 
Also,  as  the  numbers  in  the  second  -column  are  less  than 
the  perimeters  of  the  inscribed  polygons,  they  are  each 
of  them  less  than  the  circumference  of  the  arcle ;  and 
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Su^emept  foj.  ^^  ^^^  reason,  each  of  those  in  the  third  column  is 
greater  than  the  drcumference.     Bat  when  the  arch  of 

I.  of  the  circumference  is  bis^ted  ten  times,  the  number 

6 

of  ffldes  in  the  polygon  is  6144,  and  the  numbers  in  the 

Table  differ  from  one  another  only  by  — i —  part  of 

^    ^  1000000  *^ 

the  radius,  and  therefore  the'^prnmeters  of  the  polygbns 
differ  by  less  than  that  quantity ;  and  consequently  the 
the  circumference  of  the  circle  which  is  greater  than  die 
least,  and  less  than  the  greatest  of  these  Dumbers^  is  de- 
termined within  less  than  the  millionth  part  of  the  ra- 
dius. 

Hence,  also,  if  R  be  the  radius  of  any  circle,  the  cir- 
cumference is  greater  than  Rx  6.^83185,  or  than  ^Rx 
3.141592,  but  less  than  2Rx3.141593;  and  these  num- 
bers differ  from  one  another  only  by' a  railtioneth  part  of 
-the  radius ;  so  also  R'  x  3.141592  is  less ;  and  R'  x 
3.141$ 93  greater  than  the  area  of  .the  circle ;  and  these 
numbers  differ  from  one  another  only  by  a  millicmeth 
part  df  the  square  cf  the  radius. 

In  this  way,  also,  the  circumference  and  the  area  of 
the  circle  maj  be  found  still  nearer  to  the  truth ;  but 
neither  by  this,  nor  by  any  other  method  yet  known  to 
geometers,  can  they  be  exactly  determinea,  though  the 
errors  of  both  may  be  reduced  to  a  less  quantity  than  any 
that  can  be  assigned. 
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OF  THE  INTERSECTION  OF  PLANES. 


DEFINITIONS. 


A  STRAIGHT  line  is  perpendicular,  or  at  right  angles  Book  IL 
to  a  plane,  when  it  makes  right  angles  with  every 
straight  line  which  it  meets  in  that  plane. 

II. 

A  plane  is  perpendicular  to  a  plane,  when  the  straight 
Hnes  drawn  in  one  of  the  planes  perpendicular  to  the 
common  section  of  the  two  planes  are  perpendicular  to 
the  other  plane. 

III. 

The  inclination  of  a  straight  line  to  a  plane  is  the  acute 
angle  contained  by  that  straight  line,  and  another 
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ELEMENTS 


Supplement  drawn  from  the  point  in,  which  the  first  line  meets  the 
plane,  to  the  point  in  which  a  perpendicular  to  the  plane, 
drawn  from  any  point  of  the  first  line,  meets  the  same 
plane. 

IV. 

The  angle  made  hy  two  planes  which  cut  one  another,  is 
the  angle  contained  by  two  straight  lines  drawn  from 
any,  the  same  point  in  the  line  of  their  common  sec- 
tion, at  right  angles  to  that  line,  the  one,  in  the  one 
plane,  and  the  other  in  the  other.  Of  the  two  adja- 
cent angles  made  by  two  lines  drawn  in  this  manner, 
that  which  is  acute  is  also  called  the  inclination  of  the 
planes  to  one  another. 

V. 

IVo  planes  are  siud  to  have  the  same,  or  a  like  inclina- 
tion to  one  another,  which  two  other  planes  have^ 
when  the  angles  of  inclination  above  defined  are  equal 
to  one  another! 


VI. 

A  straight  line  is  said  to  be  parallel  to  a  plane,  when  it 
does  not  meet  the  plane,  though  produced  ever  so  far, 

VIL 

Planes  are  said  to  be  parallel  to  one  another,  which  da 
not  meet,  though  produced  ever  so  far. 

VIIL 

A  sohd  angle  is  an  ansle  made  by  the  meeting  of  more 
than  two  plane  angks,  which  are  not  in  the  same  plane, 
in  one  point,  ^ 
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PKOP.  I.     THEOR. 

One  part  of  a  straight  line  cannot  be  in  a  plane    »««  n. 
and  another  part  above  it. 

If  it  be  possible,  let  AB,  part  of  the  straight  line  ABC 
be  in  the  plane,  and  the  part  BC  above  it :  and  since  the 
straight  line  AB  is  in  the 
plane,  it  can  be  produced  in 
that  plane*:  let  it  be  pro- 
duced to  D:    Then  ABC 
and  ABD  are  two  straight 
lines,    and  they  have    the 
common  segment  AB,  which 
is  impossible^.     Therefore  ABC  is  not  a  straight  line,  b  Cor.  det 
Wherefore  one  part,  &c.     Q.  E.  D.  3.  l. 


PROP.  II.    THEOR. 

,  j^ny  three  straight  lines  which  meet  one  another^ 
not  in  the  same  pointy  are  in  one  plane.    " 

Let  the  three  straight  lines  AB,  CD,  CB  meet  one 
another  in  the  points  B,  C,  and 
E  ;   AB,   CD,   CB   are  in   one 
plane. 

Let  any  plane  pass  through  the 
straight  line  EB,  and  let  the  plane 
be  turned  about  EB,  produced,  if 
necessary,  until  it  pass  through 
the  point  C  :  Then,  because  the 
points  E,  C  are  in  this  plane,  the 

straight  line  EC  is  in  it  *  :  for  the    ^^yj^   s  a  dcf.  5. 1. 

same  reason,  the  straight  line  BC 
is  in  the  same;  and,  by  the  hypothesis,  EB  is  in  it: 
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Supplement  therefore  the  three  straight  lines  EC,  CB,  BE  are  in  one 
^■^^v^^^  plane :  but  the  whole  of  the  lines  DC,  AB,  and  EC  pra- 

duced  are  in  the  same  plane  with  the  parts  of  them  EC, 
b  1. 2.  Sup.  EB,  BC  ^      Therefore  AB,  CD,  CB,  are  all  in  one 

plane.    Wherefore,  &c.     Q.  E.  D. 

Cob.  It  is  manifest  that  any  two  straight  lines  which 

cut  one  another  are  in  on6  plane :  Also,  that  any  three 

points  whatever  are  in  one  plane. 


PROP.  III.     THEOR. 


If  two  planes  cut  one  another ^  their  common  sec- 
tion is  a  straight  line. 


Let  two  planes  AB,  BC  cut  one  another,  and  let  B 
and  D  be  two  points  in  the  line 
of  their  common  section.    From 
B  to  D  draw  the  straight  line 
**       BD ;  and  because  the  points  B 
and  D  are  in  the  plane  AB, 
the   straight    line    BD    is    in 
ft  dec  5  1.  that  plane*  :  for  the  same  rea- 
son it  is  in  the  plane  CB ;  the 
straight  line   BD  is   therefore 
'  common  to  the  planes  AB  add  BC,  or  it  is  the  comm<m 
section,  of  these  planes.     Therefore,  8ec.     Q.  E.  D. 
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PROP.  IV.     THEOR. 

//  a  straight  line  stand  at  right  angles  to  each  n. 
of'  two  straight  lines  in  the  point  of  their  in- 
tersection,  it  wHl  also  he  at  right  angles  to  the 
plane  in  which  these  lines  are. 

Let  the  straight  line  AB  stand  at  right  angles  to  each 
of  the  straight  fines  EF,  CD  in  A,  the  pmnt  of  thrir  in- 
tersection :  AB  is  also  at  right  angles  to  the  pkuie  pass- 
ing through  EE,  CU. 

Through  A  draw  any  line  AG  in  the  plane  in  which 
areEF  and  CD*;  take  D  any  point  in  CA,  and  make 
AF  =  AD;  join  FD,  meeting  AG  inC,  and  forming 
the  isoBceleB  triin^le  ADF,  of 


which  the  base  is  DF;  and 

draw  BD,  BG,   BF.     And 

because  in  the  triangles  BAD, 

BAF,   AD  =  AI^    BA    is 

conanion,  and  the  angles  BAD 

BAF  are  equal,  each  being    C 

a  right  angle,  thereEbre  BD= 

BF  %  and  BDF  is  another 

isosceles  triangle,  having  DF 

for  its  base.      N07,  in  the 

right  aneled  triangle  BAD, 

BD»=  B  A* +  AI)»%    but 

because  ~BD:  is  jme  of  the 

equal  sides  of  the  isosceles  triangle  BDF,  and  that  BG  is 

drawn  to  a  pcrint  in  its  base,  BD*  =  BG'  +  DG-GF* ;  in  . 

like  maiiner,  because  AD  is  oneof  the  equal  sides  of  the 

isosceles  triangle  ADF,  and  that  AG  is  cTrawn  to  a  point 

In  its  bise,  AD*"  =  AG*+DG.GF<=;   therefore  BG*  + 

DG.GF=^A*+AG*+  DG.GF;  and,  taking  away  the 

common  rectangle  DG.GF,  BG'=BA*+AG^  wherefore 

BAG  is  a  right  angle ''.     Now,  AG  is  any  straight  line   < 

drawn  in  the  plane  of  the  lines  AD,AF ;  and  when  a 

str^ght  line  is  at  right  angles  to  any  straight  line  which 

it  meets  with  in  a  plane,  it  is  at  right  angles  to  the 

plane  itself.    AB  is  therefore  at  right  angles  to  the  plane 

of  the  lines  AF.AD.     Therefore,  &c.     Q.  E.  D. 
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PROP.  V.     THEOR. 


Jf  three  straight  lines  meet  all  in  one  pointy  and 
a  straight  line  stand  at  right  angles  to  each 
of  them  in  that  'point ;  these  three  straight 
lines  are  in  one  and  the  same  plane^ 

Let  the  straight  line  AB  stand  at  right  angles  to  each 
of  the  straight  lines  BC,  BD,  BE  in  B,  the  point  where 
they  meet ;  BC,  BD,  BE  are  in  one  and  the  same  plane; 
If  not,  let  BD  and  BE,  if  possible,  be. in  one  plane, 
and  BC  be  above  it ;  and  let  a  plane  pass  through  AB, 
BC,  the  common  s^tion  of  which  with  the  plane,  in 

a  3. 2.  Sup.  which  BD  and  BE  are,  shall  be  a  straight  *  line ;  kt  this 
be  BF  ;  therefore  the  three  straight  lines  AB,  BC,  BF, 
are  all  in  one  plane,  viz.  that  which  passes  thrpugH  AB, 
BC;  and  because  AB  stands  at  right  angles  to  each 

b  4.  2.  Supu  of  the  straight  lines  BD,  BE,  it  is  also  at  right  angles**  to 
the  plane  passing  through  them ;  and  therefore  makes 
right  angles  with  every  straight  J^i 
line  meetmg  it  in  that  plane ;  but 
BF  which  is  in  that  plane  meets 
it ;  therefore  the  angle  ABF  b  a 
right  angle ;  but  the  angle  ABC,     I  Q 

by  the  hypothesis,  is  also  a  right     I  ^^^.-^-"^^ 

angle ;  therefore  the  angle  ABF     I         .^^'^^^""^     p 

is  equal  to  the  angle  ABC,  and  ^f^^ .-^ 

they  are  both  in  the  satae  plane,  -^^^^"v.^^  ^ 

which  is   impossible :     therefore 
the  straight  line  BC  is  not  above  ^ 

the  plane  in  which  are  BD  and  ^ 

BE :  Wherefore  the  three  straight  hnes  BC,  BD,  BE 
are  in  one  and  the  same  plane.  Therefore,  if  three 
straight  lines,  &c.     Q.  £.  D. 
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PROP.  VI.     THEOR. 


a  47.  1. 


Two  straight  lines  which  are  at  right  angles  to 
the  same  plane  are  parallel  to  one  anotner. 

Let  the  straight  lines  AB,  CD  be  at  right  angles  to 
the  same  plane  3D£  ;  AB  is  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D.     Draw 
DE  at  right  angles  to  DB,  in  the 
plane  BDE,  and  let  E  be  any   A  k  C 

point  in  it :  Join  AE,  AD,  EB. 
Because  ABE  is  a  right  angle, 
AB*+B£*=  »  AE*,  and  because 
BDE  is  a  right  angle,  BE*  = 
BD«  +  DE*;    therefore  AB«  + 
BD*  +  DE«  =  AE' ;  now,  AB* 
+  BD«  =  AD«,  because  ABD  is 
a  right  angle,  therefore  AD*  + 
DE*  =  AE*,  and  ADE  is  there, 
fore^  a  right  angle.     Therefore 
ED  is  perpendicular  to  the  three 
lines  BD,  DA,  DC,  whence  these  lines  are  in  one  plane 
But  AB  is  in  the  plane  in  which  are  BD,  DA,  because 
any  three  straight  lines  which  meet  one  another  are  in 
one  plane  * :   Therefore  AB,  BD,  DC  are  in  one  plane ;  d  2.  2.  Sup, 
and  each  of  the  angles  ABD,  JBDC  is  a  right  angle; 
therefore  AB  is  parallel  •  to  CD.      Wherefore,  if  two  e  28.  i. 
straight  lines,  &e.     Q  E.  D, 


D 


b  16.  1. 
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PROP.  VII.     THEOR. 


If  two  straight  lines  he  parallel^  and  one  ofth  em 
he  at  light  angles  to  a  plane ;  the  other  is^  also 

at  right  angles  to  the  same  plane. 

I 

'    Let  AB,  CD  be  two  parallel  straight  lin6s,  and  let  one 

of  them.  AB  be  kt  right  .  , 

angles   to  a  plane-;    the  i  C 

other  CD  is  at  right  an- 
gles to  the  same  plane. 
For,  if  CD  be  not  jper- 

pendicular  tothe  plane  to 

which  AB  is  perpendicu--. 

lar,  let  DG  be  perpendi- 
a  fl.  2.  Sup.  cular  to  it.     Then  *  DG 

is  mrallel  to  AB :   DG 

andDCtherefore  are  both 

parallel  to  AB,  and  are  drawn  through  the  same  point 
b  \h  Ax.  1.  D  which  is  impossible  K    Therefore,  &c.    Q.  E.  D. 


PROP.  Vlir.    THEOR. 

Two  straight  -lines  which,  g.r^  each  qftjiem  pa- 
rallel to,  ^  same'y^faighi  Unfi,  though  not 
hothin  the  same  ptave,  with  it^nr^  pm^aUel  to 
one  another. 

Let  AB,  CD^be  each  of  them  parallel  to  EF,  and  not 
in  the  same  plane  with  it ;  AB  shall  be  parallel  to  CD. 

In  EF  take  any  point  G,  from  which  draw,  in  the 
plane  passing  through  EF,  AB,  the  straight  hne  GH  at 
right  angles  to  EF ;  and  in  the  plane  passing  through 
EF,  CD,  draw  GK  at  right  angles  to  the  same  EF.  Asd 
because  EF  is  perpendicular  both  to  GH  and  GK,  it  is 
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perpendicular  ^  to  the  plane  H6E  passing  through  them ;  yf^^^i^ 
and  EF  is  parallel  to  AB ;  therefore  AB  is  at  right  a  4.  2.  Sup. 
angles  **  to  the  plane  ^  •         b7,  2.  Sup. 

HGK.  For  the  same  A 
reason,   CD  is  like- 
wise at  right  angles 
to  the  plane  HGK. 
Therefore   AB,  CD 
are  each  of  them  at 
right    angles   to  the  C 
plane  HGK.     But  if 
two  straight  lines  are  at  right  angles  to  the  same  plane, 
they  are  parallel  ^  to  one  another.     Therefore  AB  is  pa-  c  6.  2,  Sup. 
rallel  to  CD.  Wherefore  two  straight  lines,  &c  Q.  £.  D. 


PROP.  IX.     THEOR. 

If  two  straight  lines  meeting  one  another  he  pa- 
rallel to  two  others  that  meet  one  another^ 
though  not  in  the  same  plane  with  the  first 
two ;  the  first  two  and  the  other  two. shall  con- 
tain  equal  angles. 

Let  the  two  straight  lines  AB,  BC  which  meet  one  ano- 
ther be  parallel  to  the  two  ^raight  lines  D£,  EF  that 
meet  one  another,  and  are  not  in  the 
same    plane   with    AB,_  BC;    the 
angle  ABC   is  equal  to  the  angle 
DEF. 

Take  BA,  BC,  ED,  EF  all  equal  A 
to  one  another ;  and  join  AD,  CF, 
BE,  AC,  DF :  Because  B  A  is  equal 
and  parallel  to  ED,  therefore  AD  is 
•  both  equal  and  parallel  to  BE.  For 
the  same  reason,  CF  is  equal  and 
parallel  to  BE.    Therefore  AD  and 
CF  are  each  of  them  equal  and^  pa- 
rallel  to  BE.      But   straight  lines  D' 
that     are    parallel     to     the    same 
straight  line,  though  not  in  the  same  plane  with  it,  are 
parallel  ^  to  one  another.     Therefore  AD  is  parallel  to  b  «,  2,  Sup. 


aSS.  I. 
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Supplement  CF ;  and  it  is  equal  to  it,  and  AC,  DF  join  them  to- 

^-""v:"*-^   wards  the  same  parts;  therefore*  AC  is  equal  and  pa^ 

rallel  to  DF.     And  because  AB,  BC  are  equal  to  DE, 

EF,  and  the  base  AC  to  the  base  DF ;  the  angle  ARC 

c  8.  1.        is  equal  ^  to  the  angle  DEF.     Therefore,  if  two  straight 

lines,  &c.     Q.  E.  D 


PROP.  X.     PROB. 


To  dravo  a  straight  line  perpendicular  to  a 
plane  from  a  given  point  above  it. 

Let  A  be  the  given  point  above  the  plane  BH  ;  it  is 
required  to  draw  from  the  point  A  a  straight  line  perpen- 
dicular to  the  plane  BH. 

In  the  plane  draw  any  straight  line  BC,  and  from  the 

a  12. 1.  point  A  draw  *  AD  perpendidular  to  BC.  If  then  AD 
be  also  perpendicular  to  the  plane  BH,  the  thing  required 
is  already  done ;  but  if  it  . 

be  not,  from  the  point  D  lA 

b  11. 1.  draw  ^,  in  the  plane  BH, 
the  straight  line  DE  at 
right  angles  to  BC  ;  andg, 
from  the  point  A  draw 
AF  perpendicular  to  DE; 
and  through  F  draw/^  GH 
parallel  to  BC :  and  be- 
cause   BC    is    at    right 

d  4.  8.  Sup.  angles  to  ED,  and  DA  ;  BC  is  at  right  angles  *  to  the 
pUne  passing  through  ED,  DA.  And  GH  is  parallel  to 
Be ;  but  if  two  strmght  lines  be  parallel,  one  of  which  is 

e  7,  %'  Sup.  at  right  angles  to  a  plane,  the  other  shall  be  at  right  ^ 
i  .  angles  to  the  same  plane ;  wherefore  GH  is  at  right 
angles  to  the  plane  through  ED,  DA,  and  is  perpendicu- 
lar ^  to  every  straight  line  meeting  it  in  that  plane.  But 
AP,  which  IS  in  the  plane  through  ED,  DA,  meets  it : 
Therefore  GH  is  perpendiculai'  to  AF,  and  consequently 
AF  is  perpendicular  to  GH;  and  AF  is  also  perpendi- 
cular to  DE  :  Therefore  AF  is  perpendicular  to  each  of 
the  straight  lines  GH,  DE.  But  ita  straight  line  stands 
'"   Jit  right  angles  to  each  of  two  straight  lines  in  the  point  of 
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their  intersection,  it  is  slm  at  right  angles  to  the  plane  Book  II. 
passing  through  them  **.  And  the  plane  passing  through 
ED,  GH  is  the  pla^e  BH ;  therefore  AF  is  perpendi- 
cular to  the  plane  BH,  so  that,  from  the  given  point  A, 
above  the  plane  BH,  the  straight  line  AF  is  drawn  per- 
pendicular to  that  plane.     Which  was  to  be  done. 

CoE.  If  it  be  required  from  a  point  C  in  a  plane  to 
erect  a  perpendicular  to  that  plane,  take  a  point  A  above 
the  plane,  and  draw  AF  perpendicular  to  the  plane ; 
then,  if  from  C  a  line  be  drawn  parallel  to  AF,  it  will  be 
the  perpendicular  required ;  for  being  parallel  to  AF  it 
will  be  perpendicular  to  the  same  plane  to  which  AF  is 
perpenaicular.  * 


PROP.  XL     THEOR. 

From  the  same  point  in  a  plane^  there  cannot  he 
two  straight  tines  at  right  angles  to  the  plane, 
upon  the  same  side  of  it:  And  thej^e  can  he 

;  but  one  perpendicular  to  a  plane  from  a  point 

;  ahdve  it.         : 

■    \  .  '   [ 

For,'  .if  it  b^  possible,  let  the  two  straight  lines  AC,  A^ 
be  ai  right  ^arigtes  to  a  given  plane  from  the  same  point 
A  in  the  plane,  and  upon  the  same  side  of  it ;  and  let  a  '    ' 

plane  pass  through  BA,  AC  ;  the  common  section  of  this 
plane  with  the  given  plane  is  a  straight*  line  passing  a  3. 2.  Sup. 
through  A  :  Let  DAE  be  their  common  section  :  There- 
fore the  straight  lines  AB,  AC,  DAE  are  in  one  plane : 
And  because  C A  is  at  right  angles  to  the  given  plane, '  it 
makes  right  angles  with  every 
straight  fine  meeting  it  in  that 
plane.  But  DAE,  which  is  in 
that  plane,  meets  C A ;  there- 
fore C  AE  is  a  right  angle.  For 
the  same  reason  BAE  is  a  right 
angle.      Wherefore  the  angle 

CAE   is  equal   to   the   angle    g ^ ^ 

BAE^   and   they  are  in  one 

plane,  which  is  impossible.     Also,   from  a  point  above  a 
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Supplement  plane,  there  c^t^  but  on^  p^pe^dicular  to  that  ))Iane ; 
^^•J^YsT       '     there  coui^  be  two,  they  would  be  parallel  ^  to  one 

another,  which  i»  absurd.  -  Therefore,  irpm  th^  same 

point,  &c.    Q.  E.  D. 


a  def.  1. 2. 
Sap. 


b  IT.  1, 

c  def.  7«  2L 
Sup. 


PROP.  XII.     THEOR. 

Planes  to  which  the  same  straight  line  is  per- 
pendicular, are  parallel  to  one  another. 

Let  the  straight  line  Al^  he  perpendicular  to  eadi  of 
the  planes  CD,  EF  ;  these  planes  are  parallel  to  one 
anotner. 

If  not,  they  must  meet  one  another  when  produced, 
and  their  common  section  must  be 
a  straight  line  GH,'  iii  which  tak^ 
any  pomt  E,  and  join  AE,  BE  : 
Then,  because  AB  is  perpendicu- 
lar to  the  plane  EF,;  it  is  ^erpen-  ' 
dicular'  to  the  straight  line  BE^f 
which  is  in  that  plane,  and  there- 
fore ABE  is  a  nght  angle;  For 
the  same  reason,  BAE  is  a  right 
angle;  wherefore  the  two  an^es 
ABE,  BAE  of  the  triangleABE:, 
are  equal  to  two  right  angles,  , 
which  is  impos^ble  ^ :  Therefore  . 
the  planes  CD,  EF,  though  produced^  do  not  meet  one 
another ;  that  ii^  they  are  parallel  ^  Therefore  planes, 
&c.    Q.E.D/ 
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PROP.  Xlir.    THEOR. 


Book  U. 


1 

If  two  straight  lines  meeting  one  another  he  pa-- 
rallelto  two  straight  lip>es  which  also  meet  one 
another,  but  are  not  iu  the  same  plane  with 
the  first  two;  the  plane' which  passes  through 
the  first  two  is  parallel  to  the  plane  passing 
through  the  others.  , 

Let  AB,  BC,  two  straight  lines  meeting  one  another, 
be  parallisl  to  DE,  EF  that  meet  one  another,  but  are  not 
in  the  same  plane  with  AB,  BC :  The  planes  through 
AB,  BC,  and  DE,  EF  shall  not  meet,  though  produ- 
ced. 

From  the  point  B  draw  BG  perpendicular  *  to  the  a  lo.  2. 
plane  which  passes  through  DE,  EF,  and  let  it  meet     Sup, 
that  plane  in  G ;  and  through  G  draw  GH  parallel  to 
ED^  and  GK  parallel  to  EF  :  And  because  BG  is  per-  b  31.  l. 
pendicii^lar  to  the  {dane  through  DE,  EF,  it  must  make 
right    angles    with  ^ 

every   straight  line 
meeting  it  iti   that 
plane «.      But    the 
straight  lines  GH, 
GK   in   that. .plane 
meet  it:  Therefore 
each  of  the  angles 
B6H,   BGE  is  a 
right  angle  :    And 
because  BA  is  pa- 
rallel ^  to  GH  (for  each  of  them  is  parallel  to  DE,)  the  d  8.  2,  Sup. 
angles  GBA,  BGH  are  together  equal  ®  to  two  right  ®  29.  l, 
angles :  And  BGH  is  a  right  angle ;  therefore  also  GSa 
is  a  right  angle,  and  GB  perpendicular  to  BA  :  For  the 
same  reason  GB  is  perpendicular  to  BC  :  Since,  there-* 
fore,  the  straight  line  GB  stands  at  right  angles  to  the 
two  straight  Unes  BA,  BC,  that  cut  one  another  in  B  ; 
GB  is  perpendicular '  to  the  plane  through  BA,  BC :  f  i.  2.  Sup, 
And  it  is  perpendicular  to  the  plane  through  DE,  EF  ; 
therefore  BG   is  perpendicular  to  each  of  the  planes 
through  AB,  BC,  and  DE,  EF  :  But  planes  to  which 


c  1.  def.  2. 
Sup. 
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Suiipiekneiit  the  same  straight  line  is  perpendicular,  are  parallel  ^  to 
^•*7v^^^  one  another :  Therefore  the  plane  through  AB,  BC  is 
^'  Sup  **     parallel  to  the  plane  through  DE,  EF.     Wherefore,  if 
two  straight  lines,  &c.     Q.  £.  D. 

CoR.  It  fellows  from  this  demonstration,  that  if  a 
straight  line  meet  two  parallel  planes,  and  be  perpendi- 
cular to  one  of  them^  it  must  be  perpendicular  to  the 
other  also. 


PROP.  XIV.     THEOR. 


I  4 


If  two  parallel  planes  be  cut  by  another  plane, 
their  common  sections  with  it  are  parallels. 

Let  the  parallel  planes  AB,  CD  be  cut  by  the  plane 
EFHG,  and  let  their 
common  sections  with 
it  be  EF,  GH ;  EF  is 
parallel  tp  GH. 

For  the  straight  lines 
EF  and  GH  ai|e  in  the 
sameplane,  viz.  EFHG, 
which  cats  the'  planes  a  ! 
AB  and  Cn ;  ahd  they 
do  not  meet  though  pro*, 
duced  ;  for .  th^  plane^ 
in  which   they  are  do  .  . 

adcf.SO.  I.  not  meet ;  therefore  EF  and  GH  kre  parallel*.  Q.  E.  D. 


'  -< 


PROP.  XV.    THEOR. 

tf  txjpo  parallel  planes  be  cut  by  a.  third  plane, 
iheyjiave  the  same  inclination  to  thatpkme. 

*  :  Let  AB  arid  CD  be  two  mrallel  planes,  and  :EH  a 
third  plane  cutting  them  : ,  llie  planes  AB  and  CD  are 
equally  inclined  to  EH. 

Let  the  straight  lines  EF  and  GH  Be  the  commcHi 
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section  of  the  plane  EH  with  the  two  planes  AB  and  CD;  Book  U. 

and  from  K,  any  point  in  EF,  draw  in  the  plane  EH  ^^'^''V"""^ 

the  straight  line  EM  at  right  angles  to  EF,  and  let  it 

meet  GH  in  L ;  draw  also  KN  at  right  angles  to  EF  in 

the  plane  AB :  and  through  the  straight  lines  EM,  EN, 

let  a  plane  be  made  to  pass,  cutting  the  plane  CD  in  the 

line  LO.     And  because  EF  and  GH  are  the  common 

sections  of  the  plane  EH  with  the  two  parallel  planes 

AB  and  CD,  EF  is  parallel  to  GH*.    But  EF  is  at  right  a  14.  2. 

angles  to  the  plane  that  passes  through  EN  and  KM**^^ 

because  it  is  at  right  angles  to  the  lines  EM  and  EN :  ^ 


N    D 


therefore  GH  is  also  at  right  angles  to  the  same  plane  %  c  7.  2.  Sopt 
and  it  is  therefore  at  right  angles  to  the  lines  LM,  LO 
which  it  meets  in  that  plane.     Therefore,  since  LM  and 
LO  are  at  right  angles  to  LG,  the  common  section  of 
the  two  planes  CD  and  EH,  the  angle  OLM  is  the  in- 
clination of  the  plane  CD  to  the  plane  EH  ^.     For  the  d  4.  def.  2- 
same  reason  the  angle  MEN  is  the  inclination  of  the      Sup. 
plane  AB  to  the  plane  EH.     But  because  EN  and  LO 
are  parallel,  being  the  common  sections  of  the  parallel 
planes  AB  and  CD  with  a  third  plane,  the  interior  angle 
NEM  is  equal  to  the  exterior  angle  OLM  * ;  that  is,  e  29.  i. 
the  inclination  of  the  plane  AB  to  the  plane  EH  is  equal 
to  the  inclination  of  the  plane  CD  to  the  same  plane  EH, 
Therefore,  &c.     Q.  E.  D. 
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PROP.  XVI.     THEOR. 


a  14.  2. 
Sup. 


b2.6. 


ell.  5. 


If  two  straig/it  lines  be  ctct  by  parallel  planes 
theii  shall  be  cut  in  ike  same.  raUoi 

it  .  .  .  ' 

Let  the  straight  lines  AB,  CD  be  cut  by  the  parallel 
planes  GH,  KL,  MN,  in  the  pointg.A,  Ey  B  ;.  C,  F,.D  : 
As  AE  is  to  EB,  so  IS  CF  t6  ED. 

Join  AC,  BD,  AD,  and  let  AD  ineet  the,  plane  KL 
in  the  point  X ;  and  join 
EX,  XF  :  Because  the  twg 
parallel  planes  KLfMNare 
cut  by  the  plane  EBDX, 
the  common  secttipns  ]^X, 
BD,  are  parallel  *.  For  the 
same  reason,  because  the 
two  parallel  planes  GH, 
EL  are  cut  by  the  plane 
AXFC,  the  common  sec- 
tions AC,  XF  are  paraltd. 
And  because  EX  is  parallel 
to  BD,  a  side  of  the  triangle 
ABD,  as  AE  to  EB,  so  is* 
AX  to  XD.  Agdn,  be- 
cause XF  is  parallel  to  AC^  ^' 
a  side  of  the  triangle  ADC^ 
as  AX  to  XD,  so  is  CF  to^FD:  And  it  was  proved 
that  AX  is  to  XD,  as  AE  to  EB:  Therefore ^  as  AE 
to  EB,  so  is  CF  to  FD.  Wherefore,  if  two  straight 
lines,  &c.     Q.  E.  D. 


PROP.  XVn.    THEOR. 


If  a  straight  line  be  at  right  angles  to  a  plane, 
every  mane  which  passes  through  that  line  is 
at  right  angles  to  the  first-mentioned  plane. 


Let  the  strsught  line  AB  be  at  right  angles  to  a  plane 
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CK ;  every  plane  which  passes  through  AB  ifl  at  right 
angles  to  the  plane  CK. .  .  / .  - 

Let  any  plane  DE  pass  jthroiigh  AB,  'and  let  CE  be 
the  common  section  of  the  plants. D£»  CK:  take  any 
point  F  in  CE,  from  whicb  draw. FG^in  .the  plane  DE 
at  right  angles  to  CE  ;  And  because  AB  is  perpendicular 
to  the  plane  CK,  there*  T) 


nooitn. 


a  1.  def.  it 
Sup. 


F       B       E 


fore  it  is  also  perpe^idir 
cular  to  every  straight 
line  meeting  it   in   that 

1)lane  *  ;  and  consequent- 
y  it  is  perpendicular  to    V^ 
CE :  Wherefore  ABF  is       \ 
a  right  angle ;  but  GFB 
is  likewise  a  right  angle  ; 

therefore  AB  IS  parallel '^  ,       ,        ^,^ 

to  FG.     And  AB  is  at  right  angles  to  the  plane  CK  ;  b  28. 1. 
therefore  FG  is  also  at  right  angles  to  the  same  plane  «,  ^  ^^  g^  g^p. 
But  one  plane  is  .at  right  angles  to  another  jiane,  when 
the  straight  lines  drawn  in  one  of  the  planes,  at  nght 
angles  to  their  common  section,  are  also  at  right  angles 
to  the  other  plane  * ;  and  any  stradght  Trae  FG  m  the  d  def.  2. 2. 
plane  DE,  which  is  at  right  angles  to  CE,  the  common 
section  of  the  planes,  has  been  proved  to  be  perpendicu- 
lar to  the  other  plane  CK ;  therefore  the  plane  DE  is  at 
right  angles  to  the  plane  CK.     In  like  manner,  it  may 
be  proved  that  all  the  planes  which  pass  through  AB  are 
at  right* angles  to  the  plane  CK.   Therefore,  if  a  straight 
line,  &c.     Q.  E.  D. 


PROP.  XVIII.     THEOR. 

If  two  planes  cutting  one  another  be  each  of  them 
perpendicular  to  a  third  plane,  their  common 
section  is  perpendicular  to  the  same  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpen- 
dicular  to  a  third  plane,  and  BD  be  the  common  section 
of  the  first  two ;  BD  is  perpendicular  to  the  plane  ADC. 

From  D  in  the  plane  ADC,  draw  DE  perpendicular 
to  AD,  and  DF  to  DC.     Because  DE  is  perpendicular 
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Siwtewwt  to  AD,  the  common  section  of  the  planes  AB  and  ADC; 

and  because  the  plane  AB  is  at  right  ^ 

angles  to  ADC,   DE    is  at  right 

a  def.  «.  2.  angles  to  the  plane  AB  »,  and  there- 

^"P"       fore  also  to  the  straTght  line  BD  in 

b  dcf.  1.  «.  that  plane  ^     For  the  same  reason, 

Sup.  J)p     jg    ^^     jlgjj^     ^gj^    ^    J^g  gj^^^ 

BD  is  therefore  at  right  angles  to 
both  the  lines  DE  and  l)F,  it  is  at 
right  angles  to  the  plane  in  which 
DE  and  DF  are,  that  is,  to  the 
c  4.  t.  Siip;  plane    ADC  «.       Wherefore,     &c. 

Q.  E,  D.  ^  P 


PROP.  XIX.    THEOR. 

,     ■       >  •   -  •  . 

»•  Txvo  straight  lines  not  in  the  same  plane  being 
given  m  position,  to  draw  a  straight  line  jwr- 
pendicular  to  them  both. 

Lfet  AB  and  CD  >  the  given  lines,  which  are  not  in 
the  same  plane,  it  is  required  to  draw  a  straight  line 
which  shall  be  perpendicular  both  to  AB  and  CD 

In  AB  take  any  point  E,  and  through  E  draw  EF 

;iO  2  Sup  r^¥  '^  ^?\«"'^  ^''  ^^  be  drawn  fer^nSar  to 
.10.8. Sup.  the  plane  which  passes  through  EB,  ]EF«.     Through 


^\^^T^  H*  a  plane  pass,  viz.  GK,  and  let  this  plane 
Tb        a"^^^  {™v  ^  ^"^"^  HK  perpendicular  to 

wr  '„""  n  ^       't^""  '"^  required.     Through  H,  draw 
HG  parallel  to  AB.  ° 
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Then,  since  HK  and  GE^-whicb  are  in  the  same  plane.  Book  lii 
are  both  at  right  apgles>  to  the  straight  line  AB,  they  are  ^-^-n--^*^ 
parallel  to  one  another.     And  because  the  lines  HG, 
HD  are  piEitallel  to  the  lines  £B,  £F,  each  to  each,  the 
plane  GHD  is  parallel  to  the  plane  ^  B£F ;  and  therchb  13.  f. 
fore  EG,  which  is  perpendicular  to  the  plane  BEF,  is  ^"P- 
perpendicular  also  to  the  plane®  GHD.    Ther^ore  HK,<^  ^^'  ^^ 
which  is  parallel  to  GE,   is  al^o  perpendicular  U>  the  *'  *"^ 
plane  GHD  **,  and  it  is  therefore  perpendicular  to  HD  *,  ^  '^'  *•  Sup. 
which  is  in  that  plane,  and  it  is  also  perpendicular  to « ^'  *•  *• 
AB ;  therefore  HK  is  drawn  perpendicular  to  the  two     ^"^ 
given  lines,  AB  and  CD.     Whicl^  was  to  be  done. 


PROP.  XX.     THEOR. 

If  a  solid  angle  be  contained  by  three  plane 
angles^  any  two  of  these  angles  are  greater 
than  the  third. 

Let  the  solid  angle  at  A  be  contained  by  the  three 
plane  angles  BAC,  CAD,  DAB.  Any  two  of  them  are 
greater  than  the  third. 

If  the  angles  BAC,  CAD,  DAB  be  all  equal,  it  is  evi- 
dent that  any  two  of  them  are  greater  than  the  third. 
But  if  they  are  not,  let  BAC  be  that  angle  which  is  not 
less  than  either  of  the  other  two, 
and  is  greater  than  one  of  them, 
DAB  :  and  at  the  point  A  in  the 
straight  line  AB,  make,   in   the 
plane  which  passes  through  BA, 

AC,  the  angle  BAE  equal*  to  /  J|A^  \^  a  23. 1. 
the  angle  DAB  ;  and  make  AE 
equal  to  AD,  and  through  E  draw  ^ 
BEC  cutting  AB,  AC  in  the^ 
points  B,  C,  and  join  DB,  DC.  And  because  DA  is 
equal  to  AE,  and  AB  is  common  to  the  two  triangles 
ABD,  ABE,  and  also  the  angle  DAB  equal  to  the  angle 
EAB  ;  therefore  the  base  DB  is  equal  ^  to  the  base  BE.  b  4.  i. 
And  because  BD,  DC  are  greater  c  than  CB,  and  one  of  c  20. 1. 
them  BD  has  been  proved  equal  to  BE,  a  part  of  CB, 
therefore  the  other  JOC  is  greater  than  the  remaining 
part  EC.     And  because  DA  is  equal  to  AE,  and  AC 

common,  but  the  base  DC  greater  than  the  base  EC, 

3 
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Supplement  therrfore  the  angle  DAC  is  greater  ^  than  the  angle 
d^lT^  EAQ ;  and,  by  the  construction,  the  angle  DAB  is 
equal  to  the  angle-  BAE:  wherefore  the  a]:\gle»  DAB 
DAC  tfre- together  greater  tbaii-BAE,  EAC,  that  is, 
•than'  the  nnigle  BAG.  But  BAC' is^ not ile^s  than  either 
6(  the  angl^^  D AB,  D AC ;  therefore  BAC,  Widi  either 
';  ^  '^o^theai,  is  greater  than  the  other.'  'Wherefore,  if  a  so- 

'''  "  Kd  angles  fee.     Q.  E:  D. 

..  .  «•     I,  '    '  ' 


f  ;. 


a  20.  2. 
Sup. 


b  32.  1. 


c  Cor.  1. 
32.  1, 


PROP.  XXI.     THEOR. 

The  plane  angles^  which  contain  any  solid  angle, 
are  together  less  than  four  right  angles. 

Let  A  |;)j^  a«  solid  angle  contaiped.  by  any  number  of 
plane  angles  BAC,  CAD,  DAE,  EAF,  FAB  ;  these  to- 
gether  are  less  than  four  right  angles. 

Let  the  planes  which  contain  the  solid  angle  at  B  be 
cut  by  another  plane,  and  lett  the  section  of  them  by  that 
plane  be  the  rectilineal  .figure  BCIJEF.  And  because 
the  solid  angle  at  B  is  contained  by  three  plane  angles 
CBA,  AB^  FBC,  of  which 
any  twb  are  greater*  than  the 
third ;  the  angles  CBA,  ABF 
are  greater  than  the  angle  FBC. 
For  the  same  reason,  the  two 
plane  angles  at  each  of  the  point's 
C,  D,  E,  F,  viz.  the  angles 
which  are  at  t^e  bases  of  the 
triangles  having  the  common  Q^ 
vertex  A,  are  greater  than  the 

third  angle  at  the  same  point,  '  

which  is  one  of  the  angles  of  D  E 

the  figure  BCDEF :  therefore  sH  the  angles  at  the  bases 
of  the  triangles  are  together  greater  than  all  the  angles 
of  the  figure :  and  because  all  the  angles  of  the  triangles 
.are  together,  equal  to  twice  as  many  right  angles  a3  there 
aire  tnangles^;  that,  is,,  as  there,  are,,  sides  in  the  figure 
BCDEF ;  and  because  all  the  an^es  bf  the  figure,  to. 
gether  with  four  right  angles,  ^re  likewise  equal  to  twice 
as  many  right  angles  as  there ^ are.  ^des  in  the  figure*^; 
therefore  dl  the  angles  of  the.  triangles  are'eqiid  to  aU 
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the  angles  of  the  rectilineal  figure,  together  with  four  r^~.^ 
right  angles.  But  all  the  angles  at  the  bases  of  the  tri- 
angles  are  greater  than  all  the  angles  of  the  rectilineal 
figure  as  has  been  proved.  Wherefore,  the  remaining 
angles  of  the  triangles,  viz.  those  at  the  vertex,  which 
contain  the  solid  angle  at  A,  are  less  than  four .  right 
angles.    Therefore  every  solid  angle,  &c.     Q.  E.  D. 

Otherwise. 

Let  the  sum  of  all  the  angles  at  the  bases  of  the  tri- 
angles =  S ;  the  sum  of  all  the  angles  of  the  rectilineal 
figure  BCDEF  =  s ;  the  sum  of  the  plane  angles  at 
A  ==:  X,  and  let  R  =  a  right  angle. 

Then,  because  S  +  X  =  twice  ^  as  many  right  angles  ^  ^^*  ^* 
as  there  are  triangles,  or  as  there  are  sides  of  the  rectili- 
neal figure  BCDEF,  and  as  S  +  4R  is  also  equal  to  twice 
as  many  right  angles  as  there  are  sides  of  the  same  fi- 
gure ;  therefore  S  +  X  =  2  +  4R.  But  because  of  the 
three  plane  angles  which  contain  a  solid  angle,  any  two 
are  greater  than  the  third,  S:p^^  ;  and  therefore  X-:i::4R ; 
that  is,  the  sum  of  the  plane  angles  which  contain  the 
solid  angle  at  A  is  less  than  four  right  angles.     Q.  E.  D. 


SCHOLIUM. 

It  is  evident,  that  when  any  of  the  angles  of  the  figure 
BCDEF   is   exterior, 
like  the  angle  at  D,  in  A 

the  annexed  figure,  the 
reasoning  in  the  above 

roposition    does    not 

old,  because  the  solid 
angles  at  the  base  ^e^ 
not  all  contained  by 
plane  angles,  of  which  j^s 
two  belong  to  the  tri- 
angular planes,  having  their  common  vertex  in  A,  and  the 
third  is  an  interior  angle  of  the  rectilineal  figure  or  base. 
Therefore,  it  cannot  be  concluded  that  S  is,  necessarily, 
greater  than  s.  This  proposition,  therefore,  is  subject  to 
a  limitation,  which  is  farther  explained  in  the  notes  on  this 
book. 
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boob;  III. 


OF  THE  COMPARISON  OF  SOLIDS. 


DEFINITIONS. 


I. 


A 


SOLID  is  that  which  has  length,  breadth,  and  thick-  Book  III. 
ness. 

11. 


Similar  solid  figures  are  such  as  are  contained  by  the     8eeN. 
same  numbers  of  similar  planes,  amilarly  situated,  and 
having  like  inclinations  to  one  another. 

III. 

A  pyramid  is  a  solid  figure  contained  by  planes  that  are 
constituted  betwixt  one  plane  and  a  point  above  it  in 
which  they  meet. 

s  S 
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Supplement  jy 

A  prism  is  a  solid  figure  contained  by  plane  figures,  of 
which  two  that  are  opposite  are  equal,  similar,  and  pa- 
rallel to  one  another;  and  the  others  are  parallelo- 
grams. 

y. 

A  parallelopiped  is  a  solid  figure  contained  by  six  quad* 
rilateral  figures,  whereof  every  opposite  two  are  pa- 
rallel. .^ 

I 

VI. 
A  cube  is  a  solid  figure  contained  by  six  equal  squares. 

VII. 

A  sphere  is  a  solid  figure  described  by  the  revolution  of  a 
semicircle  about  a  diameter,  which  remuns  unmoved. 

VIII. 

The  axis  of  a  sphere  is  the  fixed  straight  line  about  which 
the  semidrcle  revolves. 

IX. 

The  centre  of  a  sphere  is  the  same  with  that  of  the  semi- 
drcle. 

X 

The  diameter  of  a  sphere  is  any  straight  line  which  passes 
through  the  centre,  and  is  terminated  both  ways  by 
the  superficies  of  the  sphere. 


./ 


XI. 

A  cone  is  a  solid  figure  described  by  the  revolution  of  a 
right  angled  triangle  about  one  of  the  sides  containing 
the  right  angle,  wnich  ^de  remains  fixed. 

XII. 

The  axis  of  a  cone  is  the  fixed  straight  line  about  which 
the  triangle  revolves. 
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XIII.  ■«*  "^ 

The  base  of  a  cone  is  the  ciixJe  described  by  that  side, 
containing  the  right  angle,  which  revolves. 

XIV. 

A  cylinder  is  a  solid  figure  described  by  the  revolution  of 
a  right  angled  parallelogram  about  one  of  its  sides, 
which  remains  fixed. 

XV. 

The  axis  of  a  cylinder  is  the  fixed  straight  line  about 
which  the  parallelogram  revolves. 

XVI. 

The  basis  of  a  Cylinder  are  the  circles  described  by  the* 
two  revolving  opposite  sides  of  the  parallelogram. 

XVII. 

Similar  cones  and  cylinders  are  those  which  have  their 
ajcesy  and  the  diameters  of  their  bases  proportionals. 


£Ld£SxvTS 


PROP.  I.    THEOR. 


N. 


If  two  solids  he  contained  by  the  same  number  of 
equal  and  similar  planes^  similarly  situated, 
and  if  the  irtcUnation  of  any  two  contiguous 
planes  in  the  one  solid  be  the  same  with  the  in- 
clination of  the  two  eqtial,  and  similarly  si- 
tuaied  planes  in  the  other ^  the  solids  themselves 
Q(re  equal  and  similar. 

Let  AG  and  KQ  be  two  solids  contained  by  the  same 
number  of  equal  and  similar  planes,  similarly  situated,  so 
that  the  plane  AC  is  dmilar  and  equal  to  the  plane  KM, 
the  plane  AF  to  llie  planeEP  ;^  EG  to  LQ,  GD  to  QN, 
DE  to  NO^  and  FH  to  PR.  Let  also  the  indinatioa  of 
the  plane  AF  to  the  plane  AC  be  the  same  with  that  of 
the  plane  EP  to  the  plane'  EM,  and  so  of  the  rest ;  the 
splid  l^Q  is  equal  ana  amilar  to  the  solid  AG. 

Let  the  solid  EQ  be  applied  to  the  solid  AG,  so  that 
the  bases  EM  and  AC,  which  are  equal  and  similar,  may 


H 


N^ 


D 


_G 


A 


B 


8.  Az.  1.  coincide*,  the  point  N  coinciding  with  the  point  D,  E 
with  A^  L  with  B,  and  so  on.  And  because  the  plane 
EM  coincides  with  the  plane  AC,  and,  by  hypothesis, 
the  inclination  of  ER  to  KM  is  the  same  with  the  indina- 
tion  of  AH  to  AC,  the  plane  ER  will  be  upon  the  plane 
AH,  and  will  coincide  with  it,  because  they  are  similar 
and  equals  and  because  their  equal  sides  EN  and  AD 
coincide.  And  in  the  same  manner  it  is  shewn,  that  the 
other  planes  of  the  solid  EQ  coincide  with  the  other  planes 
of  the  solid  AG,  each  with  each :  wherefore  the  solids  EQ 
and  AG  do  wholly  coincide,  and  are  equal  and  similar  to 
one  another    Therefore,  &c.  Q.  £.  D. 
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PROP.  ll.    THEOR. 


Book  III. 


If  a  soHd  be  contained  by  sioo  planes^  two  cmd 
two  of  which  are  parallel^  the  opposite  planes 
are  similar  and  equal  paraUelqgrams. 

Let  the  solid  CD6H  be  contained  by  the  parallel  planes 
AC,  GF ;  BG,  C3E ;  FB,  AE :  its  opposite  planes  are 
similar  and  equal  parallelograms. 

Because  the  two  parallel  planes  BG,  CE,  are  cut  hy 
the  plane  AC,  their  common  sections  AB,  CD  are  paral- 
lel *.     Again,  because  the  two  parallel  planes  BF,  AE  *  ^*-  *• 
are  cut  by  the  plane  AC,  their  common  sections  AD,  BC      ^^ 
are  parallel  ^ :  and  AB  is  parallel  to  CD ;  therefore  AC 
is  a  parallelogram.     In  like  m^ner,  it  may  be  proved 
that  each  of  the  figures  CE,  FG,  ^ 
GB,  BF,  AE  is  a  parallelogram  : 
Join  AH,  DF;  and  because  AB 
is  parallel  to  DC,  andBH  to  CF, 
the  two  straight  lines  AB,  BH, 
which  meet  one  another,  are  pa- 
rallel to  DC  and  CF,  which  meet 
one  another ;  wherefore,  though 
the  first  two  are  not  in  the  same 

plane  with  the  other  two,  they  contain  equal  angles  ^ ;  b  9. 2.  Sap. 
the  angle  ABH  is  therefore  equal  to  the  angle  DCF, 
And  because  AB,  BH,  are  equal  to  DC,  CF,  and  the 
angle  ABH  equal  to  the  angle  DCF ;  therefore  the  base 
AH  is  equal  ^  to  the  base  DF,  and  the  triangle  ABH  to  c  4. 1. 
the  triangle  DCF :  For  the  same  reason,  the  triangle 
AGH  is  equal  to  the  triangle  DEF ;  and  therefore  the 
parallelc^am  BG  is  equal  and  similar  to  the  parallelo- 
gram CE.  In  the  same  manner,  it  may  be  proved,  that 
the  parallelogram  AC  is  equal  and  similar  to  the  paral- 
lelogram GF,  and  the  parallelogram  AE  to  BF.  There- 
fore, if  a  solid,  &c.     Q.  E.  D. 


^ 
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PROP.  III.    THEOR. 


If  a  solid  paraUelojnped  be  cut  by  a  plane  pa- 
rallel to  two  of  its  opposite  planes,  it  wiube 
divided  into  two  solias^  which  will  be  to  one 
another  as  their  bases. 

Let  the  solid  parallelopiped  ABCD  be  cut  by  the 
plane  EV,  which  is  parallel  to  the  oppoate  planes  AR, 
HD,  and  divides  the  whole  into  the  solids  ABFV, 
E6CD;  as  the  base  AEFY  to  the  base  EHCF,  sois 
the  solid  ABFV  to  the  solid  E6CD. 

Produce  AH  both  ways,  and  take  any  number  of 
straight  lines  HM,  MN,  each  equal  to  EH,  and  any  num- 
ber AK9  KL  each  equal  to  EA,  and  complete  the  paral- 
lelograms LO,  KY,  HQ,  MS,  and  the  sohds  LP,  KB, 


def*  1*  6* 


HU,  MT ;  then,  because  the  straight  lines  LK,  KA,  AE 
are  all  equal,  and  also  che  straight  lines  KO,  AY,  £F, 
which  make  equal  angles  with  LK,  KA,  AE,  the  paral- 
lelograms LO,  KY,  AF  are  equal  and  similar  &;  .and 
likewise  the  parallelograms  KX,  BK,  AG ;  as  also  ^  the 
'^  ^P' parallelograms  LZ,  KP,  AR,  because  they  are  opposite 
planes.  For  the  same  reason,  the  parallelograms  EC, 
HQ,  MS  are  equal  ^;  and  the  parallelograms  HG,  HI, 
IN,  as  also  ^  HDj'MU,  NT ;  therefore  three  planes  of  the 
solid  LP,  are  equal  and  similar  to  three  planes  of  the 
solid  KR,  as  also  to  three  planes  of  the  solid  AV :  but 
the  three  planes  opposite  to  these  three  are  equal  and  si- 
milar to  them  ^  in  the  several  solids ;  therefore  the  sdid& 
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LP,  KR,  AV  are  contained  by  equal  and  similar  planes.  Book  III.. 
And  because  the  planes  LZ,  KP,  AR  are  parallel,  and  ^^■•'v^^^ 
are  cut  by  the  plane  XV,  the  inclination  of  LZ  to  XP  is 
equal  to  that  of  KP  to  PB ;  or  of  AR  to  BV*' :  and  the  c  16. 2. 
same  is  true  of  the  other  contiguous  planes,  therefore  the      ^^ 
solids  LP,  ER,  and  AV,  are  equal  to  one  another  ^.  -  For  d  1. 3.  Sapw 
the  same  reason,  the  three  solids  ED,  HU,  MT,  are  equal, 
to  one  another  ;  therefore  what  multiple  soever  the  base 
LF  is  of  the  base  AF,  the  same  multiple  is  the  solid 
L V  of  the  solid  AV ;  for  the  same  reason,  whatever  mul- 
tiple the  base  NF  is  of  the  base  HF,  the  same  multiple  is 
the  solid  N V  of  the  solid  ED :  And  if  the  base  LF  be 
equal  to  the  base  NF,  the  solid  LV  is  equal  ^  to  the  soKd 
N V ;  and  if  the  base  LF  be  greater  than  the  base  NF, 
the  solid  LV  is  greater  than  the  solid  NV ;  and  if  less, 
less.     Since  then  there  are  four  magnitudes,  viz.  the  two 
bases  AF,  FH,  and  the  two  solids  AV,  ED,  and  of  the' 
base  AF  and  solid  AV,  the  base  LF  and  solid  LV  are 
any  equimultiples  whatever ;  and  of  the  base  FH  and 
solid  ED,  the  base  FN  and  solid  NV  are  anjr  equimul- 
tiples whatever ;  and  it  has  been  proved,  that  if  the  base 
LF  is  greater  than  the  base  FN,  the  solid  LV  is  greater 
than  the  solid  NV ;  and  if  equal,  equal;  and  if  less,  less : 
Therefore  %  as  the  base  AF  is  to  the  base  FH,  so  is  the  e  d«f.  ^  5< 
solid  AV  to  the  solid  ED.     Wherefore,  if  a  solid,  &c. 
Q.  E.  D. 

Cor.     Because  the  parallelogram  AF  is  to  the  paral- 
lelogram FH  as  YF  to  FC  ^  therefore  the  solid  AV  is  ^  1-  ^ 
to  the  solid  ED  as  YF  to  FC. 
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PROP.  IV.    THEOR. 


If  a  solid  paraUehpiped  he  cut  by  a  pkme  pass^ 
ing  through  the  diagonals  of  two  of  the  oppo- 
site planes^  it  will  he  cut  into  two  equal  prisms. 

Liet  AB  be  a  solid  parallelopiped,  and  DE,  CF  the 

diagonals  of  the  opposite  parallelograms  AH,  GB^  viz. 

those  which  are  drawn  betwixt  the  equal  angles  in  each ; 

axid  because  CD,  FE  are  each  of  them  parallel  to  GA, 

though  not  in  the  same  plane  with  it,  CD,  FE  are  paial- 
a  8.  S.  Sup.  lei » ;  wherefore  the  diagonals  CF, 

DE  are  in  the  plane  in  which  the 

parallels  are,  and  are  themselves 

parallels  *>:  the  plane  CDEF  cuts^j 

ihd  solid  AB  into  two  equal  parts* 
Because  the   tiiangle  CGF  is 

equal  ^  to  the  triangle  CBF,  and 

the  tiiangle  DAE  to  DHE  ;  and 

since  the  parallelogram   C A    is 
4.&3.i8iip^  equal  ^  and  oinularto  the  opposite 

om  BE;  and  the  parallelogram   ^ 

GE  to  CH :  therefore  the  planes  which  contain  the  prisms 

CAE,  CBE,  are  equal  and  similar,  each  to  each ;  and 

they  are  also  equally  inclined  to  one  another,  because  the 

planes  AC,  EB  are  parallel,  as  also  AF  and  BD,  and  they 
e  15. 2.  Sup.  are  cut  by  the  plane  CE  ^  Therefore  the  prism  CAE  is 
f  1. 3.  Sup.  equal  to  the  prism  CBE  ^,  and  the  solid  AB  is  cut  into 

two  equal  pnsms  by  the  plane  CDEF.     Q.  E.  D. 

N.  B.  The  insisting  straight  lines  of  a  parallelopiped, 
mentioned  in  the  following  propositions,  are  the  sides  of 
the  piurallelograms  betwixt  the  base  and  the  plane  paral- 
lel to  it 


b  14.  2. 

Sup, 

CS4.1. 
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PROP.  V.    THEOR. 


Solid  parallelopipeds  upon  the  same  hase^  md  of 
the  same  altittme,  the  insisting  straight  lines 
of  which  are  terminated  in  the  sam£  straight 
lines  in  the  plane  opposite  to  the  base,  are 
equal  to  one  another. 


Let  the  solid  parallelopipeds  AH,  AK  be  upon  the 
same  base  AB,  and  of  the  same  altitude,  and  let  their  in- 
sisting str£ught  lines  AF,  AG,  LM,  LN,  be  terminated 
in  the  same  straight  line  FN,  and  let  the  insisting  lines 
CD,  CE,  BH,  BK  be  terminated  in  the  same  straight 
line  DK ;  the  soHd  AH  is<  equal  to  the  solid  AK. 

Because  CH,  CK  are  parallelograms,  CB  is  equal  *  to  a  34.  l. 
each  of  the  opposite  sides  DH,  EK;  wherefore  DH  is 
equal  to  EE :  add,  or  take  away  the  common  part  HE ; 
then  DE  is  equal  to  HK :  Wherefore  also  the  trianglje 
GDE  is  equal  **  to  the  triangle  BHK :  and  the  paralldfo-  b  38- 1. 
gram  DG  is  equal  ^  to  the  parallelogram  HN.     For  the  c  36. 1. 
same  reason,  the  triangle  AFG  is  equal  to  the  triangle 
IiMN,  and  the  parallelogram  CF  is  equal*  to  the  paral-  d  2. 3*  Sup- 
lelogram  BM,  and  CG  to  BN ;  for  they  are  opposite. 


D 

.  H 

K 

K 
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// 

Therefore  the  planes  which  contain  the  prism  DAG  are 
jdmilar  and  equal  to  those  which  contain  the  prism  HLN, 
each  to  each ;  and  the  contiguous  planes  are  also  equally 
inclined  to  one  another  %  because  that  the  parallel  planes  e  15. 2.  Sup. 
AD  and  LH,  as  also  AJE  and  LK,  are  cut  by  the  same 
plane  DN ;  therefore  the  prisms  DAG,  H.LN  are  equal  ^.  f  l-  3.  Sup. 
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9t/ttknmi  If,  therefore,  the  prism  LNH  betaken  from  the  solid,  of 
^^^"""^  which  the  base  is  the  parallelogram  AB,  and  FDKN  the 
plane  opposite  to  the  oase ;  am  if  from  this  same  solid 
there  be  taken  the  prism  AGD,  the  remiuning  solid,  viz. 
the  parallelopiped  AH,  is  equfid  to  the  remaining  paral- 
lelopiped  AE.  Therefore  solid  paralldopipSs,  &c. 
Q.  E.  D. 


PROP.  VI.     THEOR. 

Solid  paraUelopipeds  upon  the  same  basef  and 
of  the  same  altitudey  the  insisting  straight 
lines  of  which  are  not  terminated  in  the  same 
straight  lines  in  the  plane  opposite  to  the  base, 
are  equal  to  one  anotfier. 

Let  the  parallelopipeds  CM,  CN  be  upon  the  same 
base  AB,  and  of  the  same  altitude,  but  their  in^ting 
straight  lines  AF,  AG,  LM,  LN,  CD,  CE,  BH,  BK, 
not  terminated  in  the  same  straight  lines ;  the  solids  CM, 
CN  are  equal  to  one  another. 

Produce  FD,  MH,  and  NG,  KE,  and  let  them  meet 

one  another  in  the  points  0,  P,  Q,  R ;  and  join  AO, 

•  def.  5. 3.  LP>  BQ,  CR.    Because  the  planes  •  LBHM  and  ACDF 

Sup. 


are  parallel,  and  because  the  plane  LBHM  is  that  in 
which  are  the  parallels  LB,  MHPQ  %  and  in  whidi  also 
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is  the  figure  BLPQ ;  and  because  the  plane  ACDF  is  ,****  ™' 
that  in  which  are  the  parallels  AC,  FDOR,  and  in  ' 
which  also  is  the  figure  CAOR:  therefore  the  figures 
BLPQ,  CAOR,  are  in  parallel  planes.  In  like  manner, 
because  the  planes  ALNG  and  CBEE  are  parallel,  and 
the  plane  ALNG  is  that  in  which  are  the  parallels  AL, 
OPGN,  and  in  which  also  is  the  figure  ALPO,  and  the 
plane  CBEE  is  that  in  which  are  the  parallels  CB, 
RQEE,  and  in  which  also  is  the  figure  CBQR ;  there- 
fore the  figures  ALPO,  CBQER  are  in  parallel  planes. 
But  the  planes  ACBL,  ORQP  are  also  parallel ;  there- 
fore the  solid  CP  is  a  parallelopiped.  Now  the  solid  ps^ 
rallelopiped  CM  is  equal  ^  to  the  solid  parallelepiped  CP ;  b  5.  &  Sup 
because  they  are  upon  the  same  base,  and  their  insisting 
straight  lines  AF,  AO,  CD,  CR;  LM,  LP,  BH,  BQ 
jure  terminated  in  the  same  strsdght  lines  FR,  MQ ;  and 
the  solid  CP  is  equal  ^  to  the  solid  CN ;  for  they  are 
upon  the  same  base  ACBL,  and  their  insisting  straight 
lines  AO,  AG,  LP,  LN  ;  CR,  CE,  BQ,  BE  are  termi- 
nated  in  the  same  straight  lines  ON,  RE :  Therefore 
the  solid  CM  is  equal  to  the  solid  CN.  Wherefore  ^solid 
parallelopipedsi,  &c.    Q*  £•  !)• 
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PROP.  VII.    THEOR. 

Solid  par allehpipeds  which  are  upon  equal  bases 
ana  of  the  same  altitude,  are  equal  to  one  ano^ 
ther. 


Let  the  solid  patallelopipeds,  AE,  CF,  be  upon  equal 
bases  AB,  CD,  and  be  of  tbe  isame  altitude ;  the  solid 
AE  is  equal  to  the  solid  CF.  • 
^  '  Case  1.  Let  the  insisting  straight  lines  be  ait  right 
angles  to  the  bases  AB,  CD,  and  let  the  bases  be  placed 
in  the  same  plane,  and  so  as  that  the  ades  CL,  LB  be 
in  a  straight  line ;  therefore  the  straight  line  LM,  which 
is  at  ri^ht  angles  to  the  plane  in  which  the  bases  are,  in 

all.2.Sup.the  point  L,  is  common^  to  the  two  solids  AE,  CF ;  let 
the  other  insisting  lines  of  the  solids  be  AG,  HK,  B£ ; 
DF,  OP,  CN :  and  first,  let  the  angle  ALB  be  equal  to 

b  14,  J.  the  angle  CLD ;  then  ALj  LD  are  in  a  Straiffht  line  ^ 
Produce  OD,  HB,  and  let  them  meet  in  Q,  ana  complete 
the  solid  parallelopiped  LR,  the  base  of  which  is  the  pa- 
rallelogram LQ,  and  of  which  LM  is  one  of  its  insisting 
straight  lines :  therefore,  because  the  parallelogram  AB 
is  equal  to  CD,  as  the  base  AB  is  to  the  base  LQ,  so  is® 
the  base  CD  to  the  same  LQ ;  and  because  the  solid  par- 
rallelopiped  AR  is  cut  by  the  plane  LMEB,  which  is  pa- 
rallel to  the  opposite  planes  AE,  DR ;  as  the  base  AB  is 


c  7*  5. 


A     S 


H    T 


dS.aBop.to  the  base  LQ,  so  is^  the  solid  AE  to  the  solid  LR:  for 
the  same  reason,  because  the  solid  parallelopiped  CR  is 
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cut  by  the  plane  LMFD,  which  is  parallel  to  the  of^po^  Book  HL 

ate  planes  CP,  BR :  as  the  base  CD  to  the  base  LQ ;  so'"'^     "' 

is  the  solid  CF  to  the  solid  LR :  but  as  the  base  AB  to 

the  base  LQ,  so  the  base  CD  to  the  base  LQ,  as  has  been 

proved :  therefore^  as  the  solid  AE  to  the  solid  LR,  so  is 

the  solid  CF  to  the  solid  LB ;  and  therefore  the  solid  AE 

is  equal®  to  the  solid  CF.  e  9. 5. 

But  let  the  solid  parallelopipeds  SE,  CF  be  upcxi  eqiuil 
bases  SB,  CD,  and  be  of  the  same  altitude,  and  let  their 
insisting  straight  lines  be  at  right  angles  to  die  bases ;  and 

Jlace  the  bases  SB,  CD  in  the  same  plane,  so  that  CL, 
jB  be  in  a  straight  line ;  and  let  the  angles  SLB,  CLD 
be  unequal ;  the  solid  SE  is  also  in  this  case  equal  to  the 
solid  CF.  Produce  DL,  TS  until  they  meet  in  A,  and 
from  B  draw  BH  parallel  to  DA ;  and  let  HB,  OD  pro- 
duced meet  in  Q,  and  complete  the  solids  AE,  LR: 
therefore  the  solid  AE,  of  which  the  base  is  the  paralle- 
logram LE,  and  AK  the  plane  c^posite  to  itj  is  equal  ^  to  £5.  3.  Sup. 
the  solid  SE,  of  which  the  base  is  LE,  and  SX  the  plane 
oppodte ;  for  they  are  upon  the  same  base  LE,  and  of 
the  same  altitude,  and  their  insisting  straight  lines,  viz. 
LA,  LS,  BH,  BT ;  MG,  MU,  EK,  EX  are  in  the  same 
straight  lines  AT,  GX :  and  because  the  parallelogram 
AB  IS  equal  ^  to  SB,  for  they  are  upon  the  same  base  g  3^.  l. 
LB,  and  between  the  same  parallels  LB,  AT;  and  be- 
cause the  base  SB  is  equal  to  the  base  CD ;  therefore  the 
base  AB  is  equal  to  the  base  CD ;  but  the  angle  ALB  is 
equal  to  the  angle  CLD ;  therefore,  by  the  first  case,  the 
solid  AE  is  equal  to  the  solid  CF  :  but  the  solid  AE  is 
equal  to  the  solid  SE,  as  was  demonstrated ;  therefore 
the  solid  SE  is  equal  to  the  solid  CF. 

Case  S.    If  the  insisting  straight  lines  AG,  HE,  BE, 
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SaMfttMMBtLM ;  CN,  RS,  DF,  OP  be  not  at  right  angles  to  the 
"^-^r  ^^'  bases  AB,  CD ;  in  this  case  likewise  the  solid  AE  is  equal 
U>  the  solid  CF.     Because  solid  parallelopipeds  on  the 
li  6.  S.  Sup.  same  base,  and  of  the  same  altitude,  are  equal  \  if  two 
solid  parallelopipeds  be  constituted  on  the  oases  AB  and 
CD  of  the  same  altitude  with  the  solids  AE  and  CF,  and 
with  their  insisting  lines  perpendicular  to  their  bases,  they 
will  be  e^ual  to  the  solids  AE  and  CF  ;  and,  by  the  first 
case  of  this  proposition,  they  will  be  equal  to  one  another ; 
'  wherefore  the  solids  AE  and  CF  are  also  equal.   Where- 
fore, solid  parallelopipeds,  &c.     Q.  E.  D. 


PROP.  VIII.     THEOR. 

Solid  parallelopipeds  which  have  the  same  aiti- 
tude  are  to  one  another  as  their  hoses. 

Let  AB,  CD  be  solid  parallelopipeds  of  the  same  alti- 
tude :  they  ate  to  one  another  as  their^bases ;  that  is,  as 
the  base  AE  to  the  base  CF,  so  is  die  solid  AB  to  the 
solid  CD, 

To  the  straight  line  FG  apply  the  parallelogram  FH 
«Cor.45.l.  equal ""  to  AE,  so  that  the  angle  F6H  be  equal  to  the 


angle  LCG ;  and  complete  the  solid  pfirallelopipeds  GE 
upon  the  base  FH,  one  of  whose  insisting  lines  is  FD, 
wnereby  the  solids  CD,  GK  must  be  of  the  same  altitude. 
hiT.  3.  Sup.  Therefore  the  solid  AB  is  equal  ^  to  the  solid  GK,  be- 
cause they  are  upon  equal  bases  AE,  FH,  and  are  of  the 
same  altitude :  and  because  the  solid  parallelopiped  CK  is 
•     cut  by  the  plane  DG  which  is  parallel  to  its  opposite 
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planes,  the  base  HF  is  ^  to  the  base  FC,  as  the  solid  HD  Book  III. 
to  the  solid  DC :  But  the  base  HF  is  equal  to  the  base  '^J^STJ*^ 
AE,  and  the  solid  GK  to  the  solid  AB :  therefore,  as  the  ^""^ 

base  AFl  to  the  base  CF,  so  is  the  solid  AB  to  the  solid 
CD.     Wherefore  solid  parallelepipeds,  &c.     Q.  £.  D. 

Cor.  1.  From  this  it  is  manifest,  that  prisms  upon  tri- 
angular bases,  and  of  the  same  altitude,  are  to  one  an- 
other as  their  bases.  Let  the  prisms  BNM,  DPG,  the 
bases  of  which  are  the  triangles  AEM,  CFG,  have  the 
same  altitude ;  complete  the  parallelograms  AE,  CF,  and 
the  solid  parallelepipeds  AB,  CD,  in  the  first  of  which 
let  AN,  and  in  tne  other  let  CP,  be  one  of  the  insisting 
lines.  'And  because  the  solid  parallelepipeds  AB,  CD 
have  the  same  altitude,  they  are  to  one  another  as  the 
base  AE  is  to  the  base  CF ;  wherefore  the  prisms,  which 
are  their  halves^  are  to  one  another,  as  the  base  AE  to  a  4. 3.  Sap. 
the  base  CF;  that  is,  as  the  triangle  AISM  to  the 
triangle  CFG. 

Cor.  S.  Also  a  prism  and  a  parallelepiped,  which  have 
the  same  altitude,  are  to  one  another  as  their  bases ;  that 
is,  the  prism  BNM  is  to  the  parallelepiped  CD  as  the  tri- 
angle  AEM  to  the  parallelogram  LG.  For  by  the  last 
Cor.  the  prism  BNM  is  to  the  prism  DPG  as  the  triangle 
AME  to  the  triangle  CGF,  and  therefore  the  prism 
BNM  is  to  twice  the  prism  DPG  as  the  triangle  AME 
to  twice  the  triangle  CGF  ® ;  that  is  the  prism  BNM  is  e  4.  5. 
to  the  parallelepiped  CD  as  the  triangle  AME  to  the 
parallelogram  LG. 
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PROP.  IX.     THEOB. 

Solid  parallelepipeds  are  to  one  anotJter  in  the 
ratio  that  is  compotmded  of  the  7'atios  of  the 
areas  of  their  bases,  and  of  their  altitudes. 

Let  AF  and  GO  be  two  solid  parallelepipeds,  of  which 
the  bases  are  the  parallelograms  AC  and  6E,  and  the  al- 
titudes, the  perpendiculars  let  fall  on  the  planes  of  these 
bases  from  any  ppint  in  the  raposite  planes  EF  and  MO ; 
the  solid  AF  is  to  the  solid  60  in  a  ratio  compounded  of 
the  ratios  of  the  base  AC  to  the  base  GK,  and  of  the 
perpendicular  on  AC,  to  the  perpndicular  dn  GK. 

Case  1.  -When  the  insisting  lines  are  perpendicular  to 
the  bases  AC  and  GK,  or  when  the  s(^ds  are  upright. 

In  GM,  one  of  the  insisting  lines  of  the  solid  GO,  take 
GrQ  equal  to  AE,  one  of  the?  insisting  lines  of  the  solid 
AF,  and  through  Q  let  a  plane  pass  paraJlel  to  the  plane 
GK,  meeting  the  other  insisting  lines  of  the  solid  GO  in 
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the  points  R,  S  and  T.     It  is  evident  that  GS  is  a  solid 

a  def.  6. 3.  parallelepiped  %  and  that  it  has  the  same  altitude  with 

Sup.       AF,  viz.  GQ  or  AE.     Now  the  solid  AF  is  to  the  solid 

GO  in  a  ratio  compounded  of  the  ratios  of  the  solid  AF 
b  def.  10. 6.  to  the  solid  GS  ^  and  of  the  solid  GS  to  the  solid  GO ; 
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but  the  ratio  of  the  solid  AF  to  the  solid  GS,  is  the  same  Book  III. 

with  that  of  the  base  AC  to  the  base  GK  %  because  their  J^J^'^f^ 

altitudes  AE  and  GQ  are  equal ;  and  the  ratio  of  the 

^id  GS  to  the  solid  GO,  is  the  same  with  that  of  GQ 

to  GM^;  therefore,  the  ratio  which  is  compounded  ofd&3.  Sup, 

the  ratios  of  the  solid  AF  to  the  solid  GS,  and  of  the  so- 

fid  GS  to  the  solid  GO,  is  the  same  with  the  ratio  which 

is  compounded  of  the  ratios  of  the  base  AC  to  the  base 

GK,  and  of  the  altitude  AE  to  the  altitude  GM  ^     But  e  F.  s. 

the  ratio  of  the  solid  AF  to  the  solid  GO,  is  that  which 

is  compounded  of  the  ratios  of  AF  to  GS,  and  of  GS  to 

GO;  therefore,  the  ratio  of  the  solid  AF  to  the  soHd  GO 

is  compounded. of  the  ratios  of  the  base  AC  to  the  base 

GE,  aiid  of  the  altitude  AE  to  the  altitude  GM. 

Case  2.  When  the  insisting  lines  are  not  perpendicular 
to  the  bases. 

Let  the  parallelograms  AC  and  GK  be  the  bases  as 
before,  and  let  AE  and  GM  be  the  altitudes  of  the  two 
parallelepipeds  Y  anfl  Z  on  these  bases.  Then,  if  the 
upright  parallelepipeds  AF  and  GO  be  constituted  on 
the  bases  AC  and  GK,  with  the  altitudes  AE  and  GM, 
they  will  be  equal  to  the  parallelepipeds  Y  and  Z  *.  Now,  d  7. 3.  Sup. 
the  solids  AJP  and  GO,  by  the  first  case,  are  in  the  ratio 
compounded  of  the  ratios  of  the  bases  AC.  and  GK,  and 
of  the  altitudes  AE  and  GM  :  therefore  also  the  solids 
Y  and  Z  have  to  one  another  a  ratio  that  is  compounded 
of  the  same  ratios.     Therefore,  &c.     Q.  E.  D. 

CoE.  1.  Hence,  two  straight  lines  may  be  found  having 
the   same  ratio  with   the   two  parallelepipeds  AF  and 
GO.    To  AB,  one  of  the  sides  of  the  parallelogram  AC, 
apply  the  parallelogram  BV  equal  to  GK,   having   an 
angle  equal  to  the  angle  BAD  ® ;  and  as  AE  to  GM,  so  e  44, 1. 
let  AV  be  to  AX  ^  then  AD  is  to  AX  as  the  solid  AF  ^  12.  6- 
to  the  solid  GO.     For  the  ratio  of  AD  to  AX  is  com- 
pounded of  the  ratios «  of  AD  to  AV,  and  of  AV  to  g  ^^'  l^-  ^ 
AX  ;  but  the  ratio  of  AD  to  AV  is  the  same  with  that 
of  the  parallelogram  AC  to  the  parallelogram  BV^  or^  1.  6. 
GK,  and  the  ratio  of  AV  to  AX  is  the  same  with  that 
of  AE  to  GM ;  therefore,  the  ratio  of  AD  to  AX  is 
compounded  of  the  ratios  of  AC  to  GK,  and  of  AE  to 
GM  ^.     But  the  ratio  of  the  solid  AF  to  the  solid  GO  k  E.  5. 

T  2 
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^^PP^*"'*^  is  Qompounded  of  the  same  catioi^;  therefore,,  as  AD  to 
'^^^'^^^^  j^X,  so  is  the  solid  AF  to  the  solid  GrO. 

\  Cos.  3.  If  AF  and  GO',  are  two  parallelepipeds^  and 

if  to  AB,  to  the  perpendioular  from  A  upon  DC,  and  to 
the  altitude  of  die  parallelepiped  AF,  thenumbers  L^  M, 
N  be  proportioDal ;  and  if  to  AB,  tO'  OH,  to  the  paipeo- 
diaular  from  6  on  LE^  and  to  the  altitude  of  the  par 
ndlelepiped  60,  the  numbers  L,  2^  m,  n  be  propor- 
tional ;  the  solid  AF  is  to  the  scdid  GO  as  L  x  M  x  N  to 
Ixmxn. 

For  it  may  be  proved,  as  m  the  7th  of  the  1st  of  the 
Sup.  that  LxMxN  is  to  Ixfnxn  in  the  ratio  com- 
pounded of  the  ratio  of  L  x  M  to  2  x  m,  and  of  the  ratio 
of  N  to  n.  Now  the  ratio  ofLxM  toJxmis  that  of 
the  area  of  the  parallelogram  AC  to  that  of  the  paral- 
lelogram GK ;  and  the  ratio  of  N  to  n  is  the  ratio  of  the 
altitudes  of  the  parallelepipeds,  by  hvpotheais ;  therefore, 
the  ratio  of  LxM  xNtoIxmx^is  compounded  of  the 
ratio  of  the  areas  of  the  bases,  and  of  the  ratio  of  the  al- 
titudes of  the  parallelempeds  AF  and  GO ;  and  the  ra- 
tio of  the  paratldejnpeds  themselves  is  shewn,  in  this 
proposition,  to  be  compounded  of  the  same  ratios ;  there- 
fore  it  is  the  same  with  that  of  the  (woduct  L  x  M  X  N  to 
the  product  Ixmxn. 

Con.  B.    Hence  all  prisms  are  to  one  another  in  the 

ratio  compounded  of  tne  ratios  of  their  bases,  and  of 

their  altitudes.     For  every  prism  is  equal  to  a  parallele- 

s.  SttiH       piped  of  the  some  altitude  with  it,  and  of  an  equal  base^. 
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PROP.  X.     THEOR. 


Skdid  parallelepipeds^  which  Jutue  their  bases  and 
altitudes  reciprocally  vrjopottiimal,  are  equal ; 
and  parallelepipeds  which  are  eqtuil^  have  their 
bases  and  altitudes  reciprocally  proportional , 


Let  AG  and  EQ  be  two  solid  parallelepipeds,  of  which 
the  bases  are  AC  and  EM^  and  the  altitudes  AE  and 
EO,  and  let  AC  be  to  EM  as  EO  to  AE ;  the  solids 
AG  and  EQ  are  equal. 

As  the  base  AC  to  the  base  EM,  so  let  the  straight 
line  EO  be  to  the  straight  line  S.     Then,  since  AC  is  to 
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EM  as  EO  to  9,  and  also  by  hypothesis,  AC  to  KM, as 

EO  to  AE,  EO  has  the  same  ratio  to  S  that  it  has  to 

AE  • ;  wherefore  AE  is  equal  to  S  ^     But  the  solid  AG  all.  5. 

is  to  the  solid  EQ^  in  the  ratio  compounded  of  the  ratios  b  9.  5. 

of  AE  to  EO,  and  of  AC  to  EM  %  that  is,  in  the  ratio  c  9.  3.  sup. 

compounded  of  the  ratios  of  AE  to  EO,  and  of  EO  to 

6.     And  the;  ratio  of  A£  to  S  is  tdso  compounded  of  the 

fiame  ratios^;  therefore,  the  solid  AG  has  to  the  solid  ^ def.  to. 6. 

EQ  the  same  ratio  that  AE  has  to  S.     But  A&  Was 

proved  to  be  equal  to  S,  therefore  AG  is  equal  to  EQ. 
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SiqpplenMnt  Again,  if  the  solids  AG  and  EQ  be  equal,  the  base 
^^"^^  AC  IS  to  the  base  KM  as  the  altitude  KO  to  the  altitude 
AE.  Take  S,  so  that  AC  may  be  to  EM  as  EO  to  S, 
and  it  will  be  shewn,  as  was  done  above,  that  the  solid 
AG  is  to  the  solid  EQ  as  AE  to  S ;  now,  the  solid  AG 
is,  by  hypothesis^  equal  to  the  solid  EQ ;  therefore,  AE 
is  equal  to  S,  but,  by  construction,  AC  is  to  EM  as 
EO  is  to  S ;  therefore,  AC  is  to  EM  as  EO  to  AE. 
Therefore,  &c.     Q.  E.  D. 

CoR.  In  the  same  manner,  it  may  be  demonstrated, 
that  equal  prisms  have  thar  bases  and  altitudes  redpro- 
cally  proportional,  and  conversely. 


PROP.  XI.    THEOR. 


Sup. 


Similar  solid  parallelepipeds  are  to  one  another 
in  the  triplicate  ratio  oj  their  homohgcms  sides. 


AB 

solid 
to  EL. 

Because  the  solids  are  similar,  the  parallelograms  AF, 
EF  are  fflmilar%  as  also  the  parallelograms  AH,  EB; 


therefore,  the  ratios  of  AB  to  EL,  of  AE  to  EO,  and  of 
t)4ef.  1.6.  AD  to  EN  are  all  e<q[ual^  But  the  ratio  of  the  solid 
AG  to  the  solid  EQ  is  compounded  of  the  ratios  of  AC 
to  EM,  and  of  AE  to  EO.  Now,  the  ratio  of  AC  to 
EM,  because  they  are   equiangular  parallelograms,  is 
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compounded ""  of  the  ratios  of  AB  to  KL,  and  of  AD  to  B<»k  III. 
KN.     Wherefore,  the  ratio  of  AG  to  KQ  is  compound- ^^^[^-J^^ 
ed  of  the  three  ratios  of  AB  to  EL,  AD  to  EN,  and  AE 
to  EO ;  and  these  three  ratios  have  already  been  proved 
to  be  equal ;  therefore,  the  ratio  that  is  compounded  of 
them,  VIZ.  the  ratio  of  the  solid  AG  to  the  solid  EQ  is 
triplicate  of  any  of  them^;   it  is  therefore  triplicate  ofdde£i2.5. 
the  ratio  of  AB  to  EL.     Therefore,  similar  solid  paral- 
lelepipeds, &c.     Q.  E.  D. 

Cob.  1.  If  as  AB  to  EL,  so  EL  to  m,  and  as  EL  to 
fTi,  so  is  m  to  n,  then  AB  is  to  n,  as  the  solid  AG  to  the 
solid  EQ.  For  the  ratio  of  AB  to  n  is  triplicate  of  the 
ratio  of  AB  to  EL  ^  and  is  therefore  equal  to  that  of 
the  solid  AG  to  the  solid  EQ. 

Gob.  2.  As  cubes  are  similar  solids,  therefore  the  cube 
on  AB  is  to  the  cul^e  on  EL  in  the  triplicate  ratio  of  AB 
to  EL,  that  is,  in  the  same  ratio  mth  the  solid  AG  to 
the  solid  EQ.  Similar  solid  parallelepipMeds  are  there- 
fore to  one  another  as  the  cuoes  pn  their  homologous 
sides. 

Cob.  3.  In  the  same  manner  it  is  proved,  that  similar 
prisms  are  to  one  another  in  the  triplicate  ratio,  or  in  the. 
ratio  of  the  cubes,  of  their  homologous  sides. 
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PROP.  XII.     THEOR. 


If  two  triangviar  pyramids,  which  have  equal 

bases  and  altiludes^  he  cut  by  planes  that  are 

parallel  to  the  hoses,  and  at  equal  distances 

jrom  them,  the  sections  are  equal  to  one  an- 

other. 


Let  ABCD  and  EFGH  be  two  pyramids^  baving 
equal  bases  BDC  and  FGH»  and  equal  altitudes,  yiz. 


the. perpendiculars  AQ^  and  ES,  drawn  from  A  and  E 
upon  the  planes  BDC  and  FGH  :  and  let  them  be  cut 
by  planes  parallel  to  BDC  and  FGH,  and  at  equal  alti- 
tudes QR  and  ST  above  those  planes,  and  let  the  sec- 
tions be  the  triangles  KLM,  NOP;  KLM  and  NOP 
are  equal  to  one  another. 

Because  the  plane  ABD  cuts  the  parallel  planes  BDC, 

a  14  2.      KLM,  the  common  sections  BD  and  KM  are  parallel*. 

Sup.         For  the  same  reason,  DC  and  ML  are  parallel.     Since 

therefore  KM  and  ML  are  parallel  to  BD  and  DC,  each 

to  each,  though  not  in  the  same  plane  with  them,  the 

b  9.  t.  Sup.  angle  KML  is  equal  to  the  angle  BDC  ^.  /In  like  manner 
the  other  angles  of  these  triangles  are  proved  to  be^ual ; 
therefore^  tbe  triangles  are  equiangular^  and  consequent- 
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ly  similar ;  and  the  same  is  true  of  the  triangles  NOP,   *«*  W^* 
FGH.  ^ — ^^^ 

Now,  since  the  straight  lines  ARQ,  AKB  meet  the 
parallel  planes  BDC  and  KML,  they  are  cut  by  them 
proportionally  c,  or  QR :  R A  : :  BK :  KA ;  and  AQ  :  AR  «  ^®-  *• 
: :  AB:  AKS  for  the  same  reason,  ES :  ET  : :  EF :  EN ;  ^  1 1^  5. 
therefore,  AB :  AK : :  EF :  EN,  because  AQ  is  equal 
to  BS,  and  AR  to  ET.  Again,  because  the  triangles 
ABC,  AKL  are  similar, 

AB  :  AK  : :  BC  :  EL ;  and  for  the  same  reason, 
EF :  EN ; :  FG :  NO ;  therefore, 
BC  :  KL  : :  FG :  NO.     And  when  four  straight 
lines  are  proportionals,  the  similar  figures  described  on 
them  are   also   proportionals  • ;    therefore  the  triangle «  *'•  ^• 
BCD  is  to  the  tnangle  ELM  as  the  triangle  FGH  to  the 
triangle  NOP  ;  but  the  triangles  BDC,  FGH  are  equal ; 
therefore,  the  triangle  ELM  is  also  equal  to  the  triangle  f  1.  5. 
NOP '.     Therefore,  &c.     Q.  E.  D. 

Coa.  1.  Because  it  has  been  shewn  that  the  triangle 
ELM  is  umilar  to  the  base  BCD ;  therefore,  any  sec- 
tion of  a  triangular  pyramid  parallel  to  the  base  is  a  tri« 
angle  similar  to  the  base.  And  in  the  same  manner  it  is 
shewn,  that  the  flecti<»s  parallel  to  the  base  of  a  polygo- 
nal pyramid  are  similar  to  the  base. 

Cob.  %  Hence  also,  in  polygonal  pyramids  of  equal 
bases  and  altitudes,  the  sections  parallel  tothe  bases,  and 
at  equal  distances  from  them,  are  equal  to  one  another. 
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PROP.  XIII.     THEOR. 

A  series  of  prisms  of  the  same  altitudemay  be 
circumscribed  about  any  pyramid,  suck  that 
the  sum  of  the  prisms  shaU  exceed  the  pyramid 
by  a  3<^  less  than  any  given  solid. 

Let  ABCD  be  a  pyramid  and  Z  *  a  given  solid ;  a  se- 
ries of  prisma,  having  all  the  same  altitude,  may  be  cir- 
cumscrioed  about  the  pyramid  ABCD,  so  that  tn^r  sum 
shall  exceed  ABCD  by  a  solid  less  than  Z. 

Let  Z  be  equal  to  a  prism  standing  on  the  same  base 
with  thejwramidj  viz.  the 
triangle  BCD,  and  having 
for  ita  altitude  the  perpen- 
dicular drawn  from  a. cer- 
tain point  E  in  the  line  AC 
upon  the  plane  BCD.  It 
is  evident,  that  CE  multi- 
phed  bv  a  certwn  number 
«»  will  be  greater  than  AC ; 
(Uvide  CA  into  as  many  e- 
qual  parts  as  there  are  units 
in  m,  and  let  these  be  CF,K 
F6,  GH,  HA,  each  of 
which  will  be  less  than  CE. 
Through  each  of  the  pcnnts 
F,  G,  H  let  planes  be  made  B 
to  pass  parallel  to  the  plane  i\* 
BCD,  making  with  the  sides 
of  the  pyramid  the  sections 
FPQ,  GRS,  HTU,  which 
a  1.  cor.  18.  ^^^  be  all  umilor  to  one  another,  and  to  the  base  BCD  *. 
1  Sup.  From  the  point  B  draw  m  the  plane  of  the  triangle  ABC, 
the  straight  Une  BK  parallel  to  CF,  meeting  FP  [»wlu- 
ced  in  E.    In  like  manner,  from  D  draw  DL  parallel  to 


>t  nprMcnted  id  th*  figure  of  thii  or  the  follair- 
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CF,  meeting  FQ  in  L :  Join  KL,  and  it  is  plain,  that  Book  III*, 
the  solid  EBCDLF  is  a  prism  b.     By  the  same  ^^uTTT^ 
struction,  let  the  prisms  PM,  RO,  TV  be  described.    Al-    su'p. 
so,  let  the  straight  line  IP,  which  is  in  the  plane  of  the 
triangle  ABC,  oe  produced  till  it  meet  BC  in  h ;  and  let 
the  line  MQ  be  produced  till  it  meet  DC  in  g :  Join  hg ; 
then  hCgQFP  is  a  prism,  and  is  equal  to  the  prism  PM  \  d  1.  cor.  a 
In  the  same  manner  is  described  the  prism  mS  equal  to    ^^^ 
the  prism  RO,  and  the  prism  qU  equal  to  the  prism  TV. 
The  sum,  therefore,  of  all  the  inscnbed  prisms  hQ,  mS, 
and  qU  is  equal  to  the  sum  of  the  prisms  PM,  RO,  and 
TV,  that  is,  to  the  sum  of  all  the  circumscribed  prisms 
except  the  prbm  BL :  wherefore  BL  is  the  excess  of  the 
prisms  circumscribed  about  the  pyramid  ABCD  above  >^ 

the  prisms  inscribed  within  it.  But  the  prism  BL  is  less 
than  the  prism  which  h^  the  triangle  BCD  for  its  base,  and  - 
for  its  altitude  the  perpendicular  from  E  upon  the  plane 
BCD  ;  and  the  pnsm  which  has  BCD  for  its  base,  and 
the  perpepdicular  from  £  for  its  altitude,  is  by  hypo- 
thesis equal  to  the  mven  solid  Z :  therefore,  the  excess 
of  the  circumscribed,  above  the  inscribed  prisms,  is  less 
than  the  given  solid  Z.  But  the  excess  of  the  circum- 
scribed  prisms  above  the  inscribed  is  greater  than  their 
excess  above  the  pyramid  ABCD,  because  ABCD  is 
greater  than  the  sum  of  the  inscribed  prisms.  Much 
more„  therefore,  is  the  excess  of  the  circumscribed  prisms 
above  the  pyramid,  less  than  the  solid  Z.  A  series  of 
prisms  of  the  same  altitude  has  therefore  been  circum- 
^«cribed  about  the  pyralnid  ABCD  exceeding  it  by  a  so- 
lid less  than  the  ^ven  solid  Z.     Q.  E.  D. 
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PROP.  XIV.     THEOR. 

Pyramids  that  have  equal  bases  and  altitudes 

are  equal  to  one  CTWther. 

Ldt  ABCD,  EF&R  be  two  pynumdg  that  have  equal 
bases  BCD,  F6B,  and  alsb  equal  altltudeis,  vi^.  tbe  per- 
pendiculars  drawn  ttom  the  vertices  A  and  £  upon  the 
planes  BCD,  FGH  :  The  pyramid  ABCD  in  equal  to 
the  pyramid  EFGH. 

It  they  fire  not  equal,  let  the  pyramid  iE^FGH  exceed 
the  pyramid  ABCD  by  die  solid  Z*    Then,  a  series  of 


prisms  of  the  same  altitude  may  be  described  about  the 
OTramid  ABCD  that  shall  exceed  it,  by  a  solid  less  than 
Z  * ;  let  these  be  the  prisms  that  have  for  their  bases  the 
triangles  BCD,  NQL,  ORI,  PSM.  Divide  EH  into 
the  same  number  of  equal  parts  into  which  AD  is  di- 
vided, viz.  HT,  TU,  UV,  VE,  and  through  the  pcrints 
T,  U  and  V,  let  the  sections  TZ W,  UeX,  V4»Y  be  made 
psunDel  to  the  base  FGH.  '  The  section  NQL  is  equal 
to  the  secticm  WZT  '^ ;  as  also  ORI  to  XsU,  and  PSM 
to  YoV ;  and  therefore,  also  the  prisms  that  stand  upon 
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the  equal  sections  are  equal  %  that  is,  the  prism  which  &««k  UI» 
stands  on  the  base  BCD,  and  which  is  between  the  planes  'T'^'"^ 
BCD  and  NQL  is  equal  to  the  prism  which  stands  on  the^3  g„^* 
base  FGH,  and  which  is  between  the  planes  FGH  and 
WZT  ;  and  so  of  the  rest,  because  they  have  the  same 
altitude  :  wherefore,-  the  sum  of  all  the  prisms  described 
about  the  pyramid  ABCD  is  equal  to  the  sum  of  all  those 
described  about  the  pyramid  EFGH.     But  the  excess  of 
the  prisms  describea  about  the  pyramid  ABCD  above 
the  pyramid  ABCD  is  less  than  Z  ^ ;  and,  therefore,  the  d  13. 3w 
excess  of  the  prisms  described  about  the  pyramid  EFGH   8up« 
above  the  pyramid  ABCD  is  also  less  than  Z.     But  the 
excess  of  the  p3rramid  EFGH  above  the  pyramid  ABCD 
is  equal  to  Z,  by  hypothesis;    therefore,  the  pyramid 
EFGH  exceeds  the  pyramid  A6CD,  more  than  the 
prisms  described  about  EFGH  exceed  the  same  pyramid 
ABCD.     The  pyramid  EFGH  is  therefore  greater  than 
the  sum  of  the  prisms  described  about  it,  which  is  impos- 
sible.   The  pyramids  ABCD,  EFGH,  therefore,  are  not 
unequal^  that  is,  they  are  equal  to  one  another.     There- 
fore, pyramids,  &c.   Q.  E.  D. 
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Sttpptement 


PEOP.  XV.     THEOK. 


Every  prism  having  a  triangular  base  may  be 
divided  into  three  pyi^dmids  that  have  triangu- 
lar baseSy  and  that  are  equal  to  one  anothei\ 

Let  there  be  a  prism,  of  which  the  base  is  the  triaogle 

ABC,  and  let  DEF  be  the  triangle  opposite  the  base : 

The  prism  ABCDEF  may  be  divided  mto  three  equal 

pyramids  having  triangular  bases; 

Join  AE,  EC,  CD ;  and  because  ABED  is  a  paral- 
lelogram, of  which  AE  is  the  diameter,  the  triangle  ADE 
a  34. 1.      is  equal  •  to  the  triangle  ABE.:  therefore  the  pyramid  of 

which  the  base  is  the  triangle  ADE,  and  vertex  the  point 
bi4.3.       C,  is  equal  ^  to  the  pyramid,  of 
Sup.         which  the  base  is  the  tnangle  ABE, 

and  vertex  the  point  C.     But  the 

pyramid  of  which  the  base  b  the  ^ 

triangle  ABE,  and  vertex  the  point 

C,  that  is,  the  pyramid  ABCE,Js 

equal  to  the  pyramid  DEFC  **,  for 

they  have  equal  bases,  viz.  the  tri- 
-  angles  ABC,  DEF,  and  the  same 

altitude,  viz.  the  altitude  of  the 

prism  ABCDEFi     Therefore,  the 

three  pyramids  ADEC,  ABEC, 

DFEC  are  equal  to  one  another. 

But  the  pyramids  ADEC,  ABEC,  Ai 

DFEC  make  up  the  whole  prism 

ABCDEF ;  therefore  the  prism  ABCDEF  is  divided 

into  three  equal  pyramids,     Wherefore,  &c.     Q.  E.  D* 
CoE.  1.     From  this  it  is  manifest,  that  every  pyramid 

is  the  third  part  of  a  prism  which  has  the  same  oase,  and 

the  same  altitude  with  it ;  for  if  the  base  of  the  prism  be 

^any  other  figure  than  a  triangle,  it  may  be  divided  into 

pnsms  having  triangular  bases. 
Cob.  2  Pyramids  of  equal  altitudes  are  to  one  another 

as  their  bases ;  because  the  prisms  upon  the  same  bases, 
c  1.  cor.  38.  and  of  the  same  altitude,  are  ^  to  one  another  as  their 
Sup.      bases. 
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Book  III. 


PROP.  XVl.     THEOR. 

If  from  any  point  in  the  circumference  of  the 
base  of  a  cylifide7\  a  straight  line  be  drawn 
perpendicular  to  the  plane  of  the  base,  it  will 
be  wholly  iy.  the  cylindric  superjicies. 

Let  ABCD  be  a  cylinder,  of  which  the  base  is  the 
circle  AEB,  DEC  the  circle  opposite  to  the  base,  and 
6H  the  axis ;  from  E,  any  point  in  the  circumference 
AEB,  let  EF  be  drawn  perpendicular  to  the  plane  of  the 
circle  AEB ;  the  strmght  line  EF  is  in  the  superficies  of 
the  cylinder. 

Let  F  be  the  point  in  which  EF  meets  the  plane  DFC 
opposite  to  the  base ;  join  EG  and 
FH ;  and  let  AGHD  be  the  rect- 
angle*  by  the  revolution  of  which  D 


al4der.a 

the  cylinder  ABCD  is  described.       N n  ..-^  A^      Sup. 

Now,  because  GH  is  at  right 
angles  to  GA,  the   straight  hne 
which  by  its  revolution  describes 
the  circle  AEB,  it  is  at  right  an- 
gles to  all  the  straight  lines  in  the 
plane  of  that  circle  which  meet  it 
in  G,  and  it  is  therefore  at  right 
angles  to  the  plane  of  the  circle 
AEB.    But  EF  is  at  right  angles  A^ 
to  the  same  plane ;  therefore,  EF 
and  GH  are  parallel^,  and  in  the 
same  plane.     And  since  the  plane  through  GH  and  EF    ®-  *•  ^"P 
cuts  the  parallel  planes  AEB,  DFC,  in  the  straight  lines 
EG  and  FH,  EG  is  parallel   to   FH  \      The  figure 
EGHF  is  therefore  a  parallelogram,  and  it  has  the  angle 
EGH  a  right  angle,  therefore  it  is  a  rectangle,  and  is 
equal  to  the  rectangle  AH,  because  EG  is  equal  to  AG. 
Therefore,  when  in  the  revolution  of  the  rectangle  AH, 
the  straight  line  AG  coincides  with  EG,  the  two  rect- 
angles  AH  and  EH  will  coincide,  and   the  straight  line 
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S^^mt  ^jj)  ^  coincide  with  the  straight  line  EF.  But  AD  is 
always  in  the  superficies  of  the  cylinder,  for  it  describes 
that  superficies ;  therefore,  £F  is  also  in  the  superficies 
of  the  cylinder.     Therefore,  &c.     Q.  E.  D. 


PROP.  XVII.     THEOR. 

A  cylinder  and  a  parallelepiped  having  equal 
bases  and  altitudes^  are  eqiud  to  one  another. 

Let  ABCD  be  a  cylinder,  and  £F  a  parallelepiped 
havingequal  bases,  viz.  the  circle  A6B  and  the  parallelo- 
gram EH,  and  having  also  equal  altitudes;  the  cylinder 
ABCD  is  equal  to  the  paralleie{nped  EF. 


Q  S 


PRN 


If  not,' let  them  be  unequal ;  and  first,  let  the  cylinder 
be  lesi^than  the  parallelepiped  EF  ;  and  from  the  paraL- 
lelepped  EF  let  there  be  cut  off  a  part  EQ  by  a  pUme 
FQ  parallel  to  NF,  equal  to  the  cylinder  ABCD.  In 
the  curcle  A6B  inscribe  the  polygon  AGKBLM  that  shall 
difiPer  from  the  circle  by  a  space  less  than  the  paralldo- 
a  eor.  1.  i,  gram  PH  %  and  cut  off  uroin  the  parallelogram  EH,  apart 
1.  Sap.  OR  equal  to  the  polygon  AGKBLM.  The  point  R  ^ill 
fall  between  P  and  N.  On  the  polygon  AGEbLM  let  an 
upright  prism  AGBCD  be  constituted  of  the  same  altU 
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tude  with  the  cylinder,  which  will  therefore  be  loss  than  Book  XUp 
the  cylinder,  because  it  is  within  it  ** ;  and  if  through  the  iJ'iJ3[g^ 
point  R  a  plane  RS  parallel  to  NF  be  made  to  pass,  it  °^ 

will  cut  on  the  parallelepiped  ES  equal  ®  to  the  prism  c  2.  cor.  8. 
AGBC,  because  its  base  b  equal  to  that  of  the  prism,  and  ^  ^^P* 
its  altitude  is  the  same.  But  the  prism  AGvC  k  less 
than  the  cylinder  ABCD,  and  the  cylinder  ABCD  is 
equal  to  the  parallelepiped  EQ,  by  hypothesis ;  therefcn^ 
ES  is  less  than  EQ,  and  it  is  also  greater,  which  is  im- 
possible.  The  cylinder  ABCD,  tnerefore,  is  not  less 
than  the  parallelepiped  EF ;  and  in  the  same  manner,  it 
may  be  snewn  not  to  be  greater  than  £F.  Therefore 
they  are  equal.    Q.  E.  D. 


S06 


ELEMENTS 


Supplmieiit 


PROP.  XVII  r.  -  THEOR. 

Jfa  ame  and  a  cylhider  have  the  same  base  and 
the  same  altituae,  the  cone  is  the  third  part  of 
the  cylinder. 

Let  the  cone  ABCD,  and  the  cylinder  BFKGhave 
tb^  samebase,  viz.  the  circle  BClX  and  the  same  alti- 
tude, viz.  the  perpendicular  Arom  the  point  A  upon  the 
Eiane  BCD ;  tne  cone  ABCD  is  the  third  part  of  the  cy- 
nder  BFEG. 

If  not,  let  the  cone  ABCD  be  the  third  part  of  ano- 
ther cylinder  LMNO,  having  the  same  altitude  with  the 
cylinder  BFEG,  but  let  the  bases  BCD  and  LIM  be 
unequal ;  and  first,  let  BCD  be  greater  than  LIM. 


Then,  because  the  circle  BCD  is  greater  than  the  dr- 
cle  LIM,  a  polygon  may  be  inscribed  in  BCD,  that  shall 
4 1.  Sup,  differ  from  it  less  than  LIM  does%  and  which,  therefore, 
will  be  greater  than  LIM.  Let  this  be  the  polygon 
BECFD ;  and  upon  BECFD  let  there  be  constituted 
the  pyramid  ABECFD,  and  the  prism  BCFKHG. 

Because  the  polygon  BECFD  is  greater  than  the  cir- 
ple  LIM,  the  prism  BCFKHG  is  greater  than  the  py^ 

3 
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Under  LMNO,  for  they  have  the  same  altitude,  but  the  Book  lu. 
prism  has  the  greater  base.     But  the  pyramid  ABECFD  ^^^^^'''-^ 
is  the  third  part  of  the  prism  *»  BCPKHG,  therefore  it  is  b  15.  a 
greater  than  the  third  part  oi  the  cylinder  LMNO.  Now,     ^"P" 
me  ccHie  ABECFD  is,  by  hypothesis,  the  third  part  of 
the  cylinder  LMNO ;  therefore,  the  pyramid  ABECFD 
is  greater  than  the  cone  ABCD,  and  it  is  also  less,  be-, 
cause  it  is  inscribed  in  the  cone,  which   is   impossible. 
Therefore,  the  cone  ABCD  is  not  less  than  the  third  part 
of  the  cylinder  BFKG :  And,  in  the  same  manner,  by 
circumscribing  a  polygon  about  the  circle  BCD,  it  may 
be  shewn,  that  the  cone  ABCD  is  not  greater  than  the 
third  part  of  the  cylinder  BFKG  ;  therefore,  it  is  equal 
to  the  third  part  of  that  cylinder.     Q.  E.  D.  • 


PROP.  XIX.  THEOR. 

If  a  hemisphere  and  a  cone  have  equal  bases  and 
altitudes,  a  series  of  cylinders  may  be  inscrib- 
ed in  the  hemisphere,  and  another  series  may 
be'  described  about  the  cone,  having  all  the 
same  altitudes  with  one  another,  and  such  that 
their  sum  shall  differ  from  the  sum  of  the 
Itemisphere,  and  the  cone,  by  a  solid  less  than 
any  given  solid. 

Let  ADB  be  a  semicircle,  of  which  the  centre  is  C,  and 
let  CD  be  at  right  angles  to  AB;  let  DB  and  DA  be 
squares  described  on  DC,  draw  CE,  and  let  the  figure 
thus  constructed  revolve  about  DC :  then,  the  sector  BCD, 
wiiicb  is  the  half  of  the  semicircle  ADB,  will  describe  a 
Ipiemisphere  having  C  for  its  centre  ^,  and  the  triangle  a  7.  def.  a 
CDE  will  describe  a  cone,  having  its  vertex  atC,  and     ^"P* 
having  for  its  base  the  circle^  described  by  DE,  equal  to b  11. def.  3. 
tib^i;  described  by  BC,  which  is  the  base  of  the  hemi-    ^"P- 
sphere.     Let  W  be  any  given  solid.     A  series  of  cylin* 
ders  may  be  inscribed  in  the  hemisphere  ADB,  and  mio- 
ther  described  about  the  cone  EC  I,  so  that  their  sum 
shall  differ  from  the  sum  of  the  hemisphere  and  the  cone, 
by  a  solid  less  than  the  solid  W. 

u  2 
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SttpplcnMit     Upon  the  base  of  the  hemisphere  kt  a  cylinder  be  oon^ 
stittited  equal  to  W,  and  let  its  aldiude  be  CX.   Divide 
CD  into  such  a  number  of  equal  parts,  that  each  of  than 
shall  be  less  than  CX;  let  these  be  CH,  HG,  OF,  and 
PD.    Through  the  points  F,  G,  H,  drav  FN,  GO,  HP 
parallel  to  CB,  meetuie  the  circle  in  the  points  K,  L  and 
M ;  and  the  straight  line  CE  in  the  pomts  Q,  K  amd  S. 
From  the  points  if,  L,  M  draw  Kf,  JL^,  Mh  perpendicu- 
lar to  GO,  HP  and  CB;  and  fh)m  Q,  R  and  S,  draw 
Qq,  Br,  Ss  perpendicular  to  the'.same  lines.     It  is  evi- 
dent, that  the  figure  being  thus  constructed,  if  the  whole 
revolve  about  CD,  the  rectangles  Ff,  Gg,  Hh  will  de- 
scrU>e  erlinders*  that  will  be  circumscribed  by  the  hemi- 
sphere BDA ;  and  Aat  the  rectangles  DN,  Pq,  Gr,  Hs 
will  also  describe  cylinders  that  will  circumscribe  the  cone 
ICE.     Now,  it  may  be  demonstrated,  as  was  done  of  the 
prisms  inscribed  in  a  pyramid  *,  that  the  sum  of  aU  the 
cylinders  described  within  the  hemisphere,  is  exceeded  by 
tne  hemisphere  by  a  solid  less  than  the  cylinder  gene- 


c  14.  def. 
a  Sup. 


13.3. 

Sap. 


rated  by  the  rectangle  HB,  that  is,  by  a  solid  lessthan 
W,  for  the  cylinder  generated  by  HB  is  less  than  W.  In 
the  same  manner,  it  may  be  demonstrj^ted,  that  the  sum 
of  the  cylinders  drcumscribing  the  cone  ICE  is  greater 
than  the  cone  by  a  solid  less  than  the  cylinder  generated 
by  the  rectangle  DN,  that  is,  by  a  solid  less  than  W. 
Therefore,  since  the  sum  of  the  cylinders  inscribed  in  the 
hemisphere,  togetfier  with  a  solid  less  than  W,  is  equal  to 
the  hemisphere ;  and,  since  the  sum  of  the  cylinders  de- 
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scribed  about  the  cone  is  equal  to  the  cone  together  with  ^h^  lil* 
a  solid  less  than  W ;  adding  equals  to  equals,  the  sum  of 
all  Uiese  cylindenS)  together  with  a  solid  less  than  W>  is 
ecjual  to  the  sum  of  the  hanifqphere  and  the  cone  together 
with  a  solid  less  than  W.  Therefore,  the  differeiloe  be- 
tween the  whole  of  the  (flinders  and  the  sum  of  the  lie- 
misphere  and  the  cone,  is  equal  to  the  difference  of  two 
solids,  whidi  are  each  of  them  less  than  W ;  but  this  dif- 
ference must  also  be  less  than  W,  therefore  the  difference 
between  the  two  series  of  cylinders  and  the  sum  of  the 
hemisphere  and  cone  is  less  than  the  given  solid  W. 
Q.  E.  D. 


PROP.  XX. 

The  same  things  being  supposed  as  in  the  last 
proj)osition,  the  sum  of  all  the  cylinders  in-- 
scribed  in  the  hemisphere^  and  described  about 
the  cone^  is  equal  to  a  cylinder^  having  the 
same  base  and  altitude  with  the  hemisphere. 

Let  the  figure  DCB  be  constructed  as  before,  and  sup- 
posed to  revolve  about  CD ;  the  cylinders  inscribed  in  the 
hemisphere,  that  is,  the  cylinders  described  by  the  revo- 
lution of  the  rectangles  Hii,  €rg,  Ff,  together  with  those 
described  about  the  cone,  that  is,  the  cylinders  described 
by  the  revolution  bf  the  rectangles  Hs,  Gr,  Fq,  and  DN 
are  equal  to  -the  cylinder  described  by  the  revolution  of 
the  rectangle  DB. 

Liet  L  be  the  point  in  which  GO  meets  the  circle 
ADB,  then,  because  CGL  is  a  right  angle,  if  CL  be  join- 
ed, the  circles  described  with  the  distances  CG  and  GL 
are  equal  to  the  ciide  described  with  the  distance  CL  '^  &  2-  ^^'  ^- 
or  GO ;  now,  CG  is  equal  to  GR,  because  CD  is  equal  ^'  ^^^ 
to  D£,  and  therefore,  also,  the  circles  described  with  the 
distances  GR  and  GL  are  together  ecjual  to  the  eircle 
described  with  the  distance  GO,  that  is,  the  circles  de- 
scribed by  the  revolution  of  GR  and  GL  about  the  point 
G,  are  together  equal  to  the  circle  described  by  the  revolu- 
tion of  Go  about  the  same  po'mt  G ;  therefore  also,  the  cy- 
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SuppUoMBt  linders  that  stand  upon  the  iwo'^rst  of  these  circles  ha- 
ying the  common  altitudes  GH,  are  equal  to  the  cylin- 
der which  stands  on  the  remaining  circle,  and  which  has 
the  same  altitude  GH.  The  cylinders  described  by  the 
revolution  of  the  rectangles  Gs  and  Gr  are  therefore 
equal  to  the  cylinder  describea  by  the  rectangle  GP. 
And  as  the  same  may  be  shewn  of  all  the  rest,  dierefore 
the  cylinders  described  by  the  rectangles  Hh,  Gg,  Ff, 
arid  by  the  rectangles  Hs,  GR,  Fq,  DN,  are  together 
equal  to  the  cylinder  described  by  DB,  that  is,  to  the 
cylinder  having  the  same  base  q.nd  altitude  with  the  he- 
misphere.    Q.  £.  D. 


PROP.  XXI. 

Every  sphere  is  two-thirds  of  the  circumscribing 

cylinder. 


a  18.  3. 

Sup. 


1^20;  3. 
Sup. 


Let  the  figure  be  constructed  as  in  the  two  last  propo- 
sitions, and  if  the  hanisphere  described  by  BDC  oe  not 
equal  to  two-thirds  of  the  cylinder  described  by  BD,  let 
it  be  greater  by  the  solid  W.  Then,  as  the  cone  de- 
scribeclby  CDE  is  one-third  of  the  cylinder  *  described 
by  BD,  the  cone  and  the  hemisphere  together  wiU  exceed 


the  cylmder  by  W. .  But  that  cylinder  is  equal  to  the 
sum  of  all  the  cylinders  described  by  the  rectangles  Hh, 
Gg,  Ff,  Hs,  Gr,  Fq,  DN  ^ ;  therefore  the  hemisphere 
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and  the  cone  added  together  exceed  the  sum  of  all  these  •^^J^* 
cylinders  by  the  given  solid  W  2  which  is  absurd,  for  it  ^^^^"'^ 
li^  been  shewn  %  that  the  hemisphere  and  the  cone  to-  c  i».  3. 
gather  differ  from  the  sum  of  the  cylinders  by  a  solid  less  Sup- 
than  W.    The  hemisphere  is  therefore  equal  to  two-thirds 
of  the  cylinder  described  by  the  rectangle  BD ;   and 
therefore  the  whole  sphere  is  equal  to  two-thirds  of  the 
cylinder  described  by  twice  the  rectangle  BD,  that  is,  to 
two-thirds  of  the  circumscribing  cylinder.     Q.  E.  D« 
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TBI60N0METBY  IS  the  application  of  Arithmetic  to 
Geometry  ;  or,  more  precisely,  it  is  the  application 
of  number  to  express  the  relations  of  the  sides  and  angles 
of  triangles  to  one  another.  It  therefore  necessarily  sup- 
poses the  elementary  operations  of  arithmetic  to  be  un- 
derstood, and  it  borrows  from  that  science  several  of  the 
signs  or  characters  which  peculiarly  belong  to  it.  Thus, 
the  product  of  two  numbers  A  and  B,  is  either  denoted 
by  A.B  or  AxB;  and  the  products  of  ..two  or  more  in- 
to one,  or  into  more  than  one,  as  of  A+B  into  C,  or  of 
A  -h  B  into  C  +  D,  are  expressed  thus:  (A  +  B)  C, 
(A  +  B)  (C  +  D),  or  sometimes  thus,  A  +  B  x  C,  and 

A  +  BxCTfT). 

The  quotient  of  one  number  A,  divided  by  another  B, 

is  written  thus,  — . 

B 

The  sign  J  is  used  to  signify  the  square  root.     Thus 

V  M  is  the  square  root  of  M,  or  it  is  a  number  which,  if 

multiplied  into  itself,  will  produci  M.  So  also,  a/M*+N* 
is  the  square  root  of  M*  +  N*,  &c.  The  elements  of 
Plane  Trigonometry,  as  laid  down  here,  are  divided  into 
three  sections,  the  first  explains  the  principles ;  the  se- 
cond delivers  the  rules  of  calculation  :  the  tnird  contains 
the  construction  of  trigonometrical  tables,* together  with 
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the  investigation  of  some  theorems,  useful  for  extending 
trigonometry,  to  the  solution  of  the  more  difficult  pro- 
blems. 


SECTION  I. 


LEMMA  I. 


An  mgle  ut  the  centre  of  a  circle  is  to  four  right 
mgS^  as  the  arch  on  which  it  stomas  is  to  the 
wh(^  nrcumference. 

Let  ABC  be  an  angle  at  tlie  centre  of  the  drde  ACF, 
standing  on  the  drcumference  AC ;  llie  ande  ABC  is  to 
four  right  angles  as  the  arch  AC  to  l3ie  whole  drcumfe- 
rcnce  ACF. 

Produce  AB  till  it  meet  the  drde  in  £,  and  draw  DBF 
perpendicular  to  AE. 

Then^  because  AJBC 
ABD  are  two  angles  at  the 
centre  of  the  drae  ACF, 
the  angle  ABC  is  to  the 
angle  ABD  as  the  arch  AC 
to  the  arch  AD,  (83.  6.) ; 
and  therefore  idso,  the  an- 
ffle  ABC  b  to  four  times 
me  an^  ABD  as  the  fteh 
AC  to  four  times  the  arch 

AD1*,S.) 

But  ABB  is  a  rijght  angk,  and  therefore  four  times 
the  ardd  AD^is  equal  to  the  whole  circumference  ACF; 
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therefore  the  angle  ABC  .is  to  Cdut  rigbt  angles  as  the 
arch  AC  to  the  whole  circumference  ACF. 

Cor.  Equal  ansles  at  the  centres  of  different  cindes 
stand  on  arches  which  have  the  same  ratio  to  their  cir- 
cumferences. For,  if  the  angle  ABC,  at  the  centre  of 
the  circles  ACE,  6HE,  stand  on  the  arches  AC,  OH, 
AC  is  to  the  whole  circumference  of  the  circle  ACE,  as 
the  angle  ABC  to  four  right  angles ;  and  the  ardi  HG  is 
to  the  whole  circumference  of  the  circle  6HE  in  the 
same  ratio.     Therefore,  &c. 


DEFINITIONS. 


I. 


If  two  straight  Knes  intersect  one  another  in  the  centre 
of  a  circle,  the  arch  of  the  circumference  intercepted 
between  them  is  called  the  Measure  of  the  angle  which 
they  contain.  Thus,  the  arch  AC  is  the  measure  of 
the  angle  ABC. 

II. 

If  the  circumference  of  a  circle  be  divided  into  360  equal 
parts,  each  of  these  parts  is  called  a  Degree ;  and,  if  a 
degree  be  divided  into  60  equal  parts,  each  of  these  is 
called  a  Minvie ;  and  if  a  minute  be  divided  into  60 
equal  parts,  each  of  them  is  called  a  Second^  and  so  on. 
And  as  many  degrees,  minutes,  seconds,  &c.  as  are  in 
any  arch,  so  many  degrees,  minutes,  seconds,  &c.  are 
said  to  be  in  the  angle  measured  by  that  arch. 

Cor.  1.  Any  arch  is  to  the  whole  circumference  of 
which  it  is  a  part,  as  the  number  of  degrees,  and  parts  of 
a  degree  contained  in  it,  is  to  the  number  360.  And 
any  angle  is  to  four  right  angles  as  the  number  of  degrees 
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and  parte  of  a  d^fveeja  Om  arch,  which^iB  tha  meaaire  of 
that  angle,  is  to  ^0. 


Cob.  2*  Hence  also,  thf;  .arches  which  measure  the 
same  angle,  whatever  be  the  radii  with  which  they  are 
deacribed,  contain  the  same  niraiber  of  degrees,  and  parts 
ofn  degree.  For  the  number  of  degrees,  and  parts  of  a 
decree,  cootained  in  eadi  of  these  arches  has  the  same 
ratio  to  the  number  360,  that  the  angle  which' they  mea- 
suse  has  to  four  right  angles  (Cor.  Lem.  1.) 

The  degrees,  minutes,  seconds,  &c.  contained  in  any 
arch  or  angle,  are  usually  written  as  in  this  example,' 
49°.  8&.  M'.  ^" ;  that  is,  49  degrees,  S6  minutes,  24 
«econd8,  and  42  thirds. 

Two  anglei^  which  are  together  equal  to  two  right  angles, 
or  two  arches  which  are  together  equal  to  a  semicircle, 
are  called  the  Supplements  of  one  another. 

IV. 

A  straight  line  CD  drawn  through  C,  one  of  die  extre- 
tremiUes  of  the  arch 
AC,  perpendicular  to 
the  mameter  passing 
through  the  other  ex- 
tremity A,  is  called  the 
Sine  of  the  arch  AC, 
or  of  the  angle  ABC,  F 
of  which  AC  is  the 
nbeasure. 

Coa. ,  I.'  Ifh^  sane  of  a 
quadi^ant,  or  (^  a  right 
angles  is  equal  to  the 
itdius.   >     ' 

Cob.  2.  ISiesine  of  an  arch  is  half  the  chord  of  twice 
that  arch :  this  is  evident  by  pit>ducing|[the  sin6  of 

any  arch  till  it  cut  the  ciroumference. 

.....     •.•...., 

'.  '  .      .V.     ..  -      •    - 

Thfe  segment  DA  bf  the  diameter  passbg^  through  A, 
one  extremity  of  the  arch  AC,  between  the  sbc  CP 
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and  the  point  A,  is  called  the  Verted  tine  of  the  arcb 
AC,  or  of  the  angle  ABC. 


A  straight  line  AE  touching  the  circle  at  A,  me  extre. 
mit^  of  the  arch  AC,  ana  meeting  the  diameter  BC, 
which  passes  through  C  the  other  extr^nily,  is  called 
the  TavgeTU  of  the  axch  AC,  or  c^  the  angle  ABC. 

Cob.  The  tangent  of  balf^a  right  angle  b  equal  to  the 
radius. 


The  strught  line  BE,  between  the  centre  and  the  extre- 
mity of  the  tangent  AE,  is  called  the  Secant  of  the 
arch  AC,  or  of  the  angle  ABC. 

Cob.  to  Def.  4,  6,  7-  The  aine,  taog^t,  and  secant  of 
any  angle  AJ!C,  are  likewise  the  sme,  tangent,  and 
secant  of  its  supplement  CBF. 

It  is  manifest  from  Def.  4,  that  CD  is  the  sine  of  the 
uigle  CBF.  Let  CB  be  produced  till  it  meet  the 
circle  again  in  I ;  and  it  is  also  manifest,  that  AE  is 
the  tangent,  and  BE  the  secant,  of  the  angle  ABI,  or 
CBF,  from  Def.  6,  7. 

Cob.  to  Def.  4,  6,  6,  ^.  The  ane,  versed  ane,  tangent. 
and  secant  of  an  arch, 

which  is  the  measure  of  -  — -^^ 

any  given  angle  ABC  is 
to  t&  sign,  versed  ane, 
tangent  and  secant,  of 
any  other  arch  which  is 
the  measure  of  the  same 
angle,  as  the  radius  of 
the  first  arch  is  to  the  B. 
radius  of  the  second. 


0  M  D 


Let  AC,  MN  be  measures  of  the  angle  ABC,  according 
to  Def.  1. ;  CD  the  ane,  DA  the  versed  ane,  AE  the 
tangent,  and  BE  the  secant  of  the  arch  AC,  according 
to  Def  4,  5,  6,  7;  NO  the  ane,  OM  the  versed  ane, 
MP  the  tangent,  md  BP  the  secant]  (ri"  the  arch  MN, 


SM 
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aceofediiig  to 'the  siuae  diBimtions,  Sncie  CD,  NO, 
AE,  MP  ate  parallel,  CD  :NO: :  rad.  CB  :fad.  NB, 
and  AE  ;  MP  : :  rad.  AB  :  rad.  BM,  also  BE  :  BP:: 
AB :  BM ;  likewise,  becniue BC :  BD: :  BN : BO, that 
is,  BA  :  BD  : :  BM  :  BO,  by  conyeniom  and  alterna- 
tion, AD :  MO : :  AB  :  MB.  Hence  the  c(»oIlary  is 
manifest.  And  therefore,  if  tablea  be  oon9tn]cted, 
exhibiting  in  numbers  the  sines,  tangents,  secants,  and 
versed  sinfes  of  certmn  ansles  to  a  given  radius,  they 
will  exhibit  the  ratios  of  the  sines,  tangents,  &c.  of  the 
same  angles  ta  any  radius  whatsoever. 

» 

In  such  tables,  which  are  called  Trigonometrical  Tables, 
the  radius  is  either  supposed  1,  or  some  number  in  the 
series  10, 100,  lOOQi,  &c.  The  use  and  oonatruction 
of  these  tables  aije  about  to  be  expUined. 

VIII. 

The  difference  between  any  angle  and  a  right  angle,  or 
between  any  arch  and 
a  quadrant,  is  called 
the  Complement  of  that 
angle,  or  of  that  arch. 
Thus,  if  BH  be  per- 
pendicular to  AB,  the  . 
angle  CBH  is  the  com- 
plement.  of  the  angle 
ABC,  and  the  arch 
HC  the  complement 
of  AC ;  also  the  com- 
plement of  the  obtuse 
angle  FBC  is  the  angle  HBC,  its  excess  above  a  right 
angle ;  and  the  complement  of  the  arch  PC  is  HC. 

IX. 

• 

The  rinq,  tangent,  or  secant  of  the  complement  of  any 
angle  is  called  the  Cosine^  Cotmigent^  or  Cosecant  of 
that  angle.  Thus,  let  CL  or  DB,  which  is  equal  to 
CL,  be  the  sine  of  the  angle  CBH ;  HK  the  tSigent, 
and  BK  the  secant  of  the  same  angle ;  CL  or  K)  is 
the  cosine,  HK  the  cotangent,  and  BK  the  cosecant 
of  the  angle  ABC. 


PLANE  TRIGONOMET&Y. 


SSI 


CoE.  1.  The  radius  is  a  mean  proportiooal  between  the 
tangent  and  the  oo<tangent  of  anj  angle  ABC;  that  is, 
tan.  ABC  x  cot  ABC  =  Jl*. 

For,  since  HE,  B  A  are  parallel,  the  angles  HEB,  ABC 
are  equal,  and  EHB,  IBAE  are  right  angles;  the 
triangles  BAE,  EHB>  are  similar,  and  therefore  AS 
is  to  AB»  as  BH  or  BA  to  HK. 

Cor.  2.  The  radius  is  a  mean  prc^pcnrtional  bejtween  the 
cosine  and  secant  of  any  angle  ABC  ;  or 

cos.  ABC  X  sec.  ABC  =  R* 

Since  CD,  A£  are  parallel,  BD  is  to  BC  or  BA,  as  BA 
to  BE. 

PROP.  I.     • 

In  the  right  angled  plane  triangle,  as^  the  hypo- 
tenuse to  either  of  the  sides,  so  is  the  radius  to 
the  sine  of  the  angle  opposite  to  that  side :  and 
as  either  of  the  sides  is  to  the  other  side,  so  is 
the  radium  to  the  tangent  of  the  angle  opposite 
to  that  side. 

Let  ABC  be  a  right  angled  plane  triangle,  of  which 
BC  is  the  hypotenuse.  From  the  centre  C,  with  anynu 
dius  CD,  describe  the  arch  DE;  draw  DF  at  right 
angles  to  CE,  and  from  E  draw  EG  touching  the  <nrcle 
in  E,  and  meeting  CB  in  G ;  DF  is  the  sine,  and  EG 
the  tangent  of  the  arch  DE,  or  of  the  angle  C. 

The  two  triangles  DFC,  BAC  are  equiangular,  be* 
cause  the  angles  DFC, 
BACareright  angles,  and 
the  angle  at  C  is  common. 
Therefore,  CB  :  B A  :  : 
CI) :  DF ;  but  CD  is  the 
radius,  and  DF  the  sine 
of  the  angle  C,  (Def.  4.); 
therefore  CB :  BA  : :  R  : 
sin.  C.  /^ 

Also,  because    EG 
touches  the  circle  in  E,  CEG  is  a  right  angle,  and  therefore 
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equal  to  the  angle  BAG ;  and  since  the  an^le  at  C  is 
common  to  the  triangles  CBA^  CGE^  these  triangles  are 
equiangular,  wherefore  CA :  AB  : :  CE  :  EG ;  but  C£ 
is  the  radius,  and  EG  the  tangent  of  the  angle  C  ;  there- 
fore, CA  :  AB  : :  R :  tan.  C. 

Cor.  1.  As  the  radius  to  the  secant  of  the  angle  C,  so 
the  side  adjacent  to  that  angle  to  the  hypotehuse.  For 
CG  is  the  secant  of  the  an^e  C  (def.  7.),  and  the  triiui- 
gles  CGE-  CBA  bring  equiangular,  CA :  CB  : :  CE : 
CG,  that  is,  CA  :  CB: :  R:  sec.  C. 

Coa.  2.  If  the  analogies  in  this  proposition,  and  in  the 
above  corollary,  be  arimmetically  expressed,  making  the 

radius  =  1,  they  pve  sin.  C  =  ^;  tan.C=jp> 

BP 
sec.   C  =Tp-     Also,  since  an.  C  =  cos.  B,  because  B  is 

*  AB 

the  complement  of  C,  cos.  B  =  t^r^ ,  and,  for  the   same 

BC 

AC 

reason,  cos.  C  =  ^^ . 

CoR.  3.  In  every  triangle,  if  a  perpendicular  be  drawn 
ftom  any  of  the  angles  on  the 
opposite  side,  the  segments  of 
that  side  are  to  one  another  as 
^  the  tangents  of  the  parts  into 

which  the  opposite  angle  is  di- 
vided by  the  perpendicular. 
For,  if  m  the  triangle  ABC, 
AD  be  drawn  perpendicular  to 
the  base  BC,  each  of  the  triangles  CAD,  >ABD  bebg 
right  angled,  AD  :  DC  : :  R :  tan.  CAD;  and  by  inver- 
sin  DC  :  AD : :  tan.  CAD  :  R;  and  AD:  DB  : :  R :  tan. 
DAB  ;  therefore,  ex  aequo,  DC  :  DB : :  tan.  CAD :  tMi. 
BAD 
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SCHOLIUM. 

The  proposition  just  demonstrated,  is  most  easily  re- 
membered, by  stating  it  thus :  If  in  a  right  angled  tri- 
angle the  hypotenuse  be  made  the  radius,  the  sides  be- 
come the  sines  of  the  opposite  angles ;  and  if  one  of  the 
sides  be  made  the  radius,  the  other  side  becomes  the  tan- 
gent of  the  opposite  angle,  and  the  hypotenuse  the  secant 
of  it 


PROP.  II. 


The  sides  of  a  plane  triangle  are  to  one  another 
as  the  sines  of  the  opposite  angles. 

From  A  any  angle  in  the  triangle  ABC,  let  AD  be 
drawnperpendiculartoBC.  And  ^ 

because  the  triangle  ABDisright 
angled  at  D,  AB :  AD : :  R :  sin. 
B;  and,  for  the  same  reason, 
AC  :  AD  : :  R  :  sin.  C,  and  in- 
versely,  AD  :  AC  : :  sin.  C :  R ; 
therefore,    ex  sequo  inversely, 
AB :  AC  : :  sin.  C  :  an.  B.     In^_ 
the  same  manner,  it  may  be  de-B 
monstrated,  that  AB  :  BC  : :  ain.  C  :  sin.  A.     Therefore, 
&c.    Q.  E.  D. 

x£ 
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PROP.  III. 


The  sum  cf  the  sines  qf  any  two  arches  of  a 
circle^  is  to  the  difference  y^  their  sines ^  as  the 
tangent  qf  half  the  sum  of  the  arches  to  the 
tangent  qf  half  their  difference. 


Let  AB^  AC,  be  two  arches  of  a  circle  ABCD;  let  E  be 

the  centre,  and  AEG  the  diameter  which  passes  thro^  A : 

flin.  AC  +  sin.  AB:sin.  AC — sin.  AB: :  tan.  ^  (AC  -|- AB): 

tan.  |(AC— AB.^ 

Draw  BF  parallel  to  AG,  meeting  the  circle  again  in 

F.     Draw  BH  and  CL  perpendicular  to  AE,  and  they 

will  be  the  sines  of  the  arches  AB  and  AC ;  produce  CL 

till  It  meet  the  circle  again  in  D ;  join  DF,  FC,  DE,  £B 

EC,DB. 

Now,  since  EL  from  the  centre  ift  perpendicular  to  CD, 

it  bisects  the  line'CD  in  L  afnd  the  mh  CAD  in  A :  DL 

is  therefore  equal  to  LC, . 

or  to  the  sine  of  the  arch 

AC  ;  and  BH  or  LK  be- 

ing  the  sine  of  AB,  DK 

is  the  sum  of  the  sines  of 
the  arches  AC  and  AB^ 
and  CK  it  the  difiivence 
of  their  sines;  DAB  also 6 
is  the  sum  of  the  arches 
AC  and  AB,because  AD 
is  equal  to  AC,  and  BC 
is  their  difference.  Now 
in  the  triangle  DFC,  be- 
cause FK  is  perpendicu- 
lar to  DC,  (&.  cor.  1.)  DK :  KC  : :  tan.  DFK  :  tan.  CFK; 
but  tan.  DFK  =  tan.  J  arc.  BD,  because  the  angle  DFK 
(20.  3.)  is  the  half  of  DEB,  and  is  therefore  measured  by 
half  the  arch  DB.  For  the  rame  reason,  tan.  CFK  = 
tin.  I  arc.  BC ;  and,  consequently,  DK :  KC : :  tan.  ^  arc.  BD : 
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tan.  I  arc.  BC.  But  DK  is  the  sum  of  the  sines  of  the 
arches  AB  and  AC ;  and  KC  is  the  difference  of  their 
sines ;  also  BD  is  the  sum  of  the  arches  AB  and  AC, 
and  BC  the  difierence  of  those  arches.  Therefore,  &c. 
Q.  E.  D. 

Cob.  1.  Because  EL  is  the  cosine  of  AC,  and  EH  of 
AB,  FE  is  the  sum  of  these  cosines,  and  KB  their  dif- 
ference; forFK=:  jPB  +  EL=:EH  +  EL,andKB= 
LH=EH— EL.  Now, FK :  KB:;  tan.  FDKttan.  BDK; 
and  tan.  FDK  =cotan.  DFK,  because  DFK  is  the  com- 
plement of  FDK ;  therefore,  FK  :  KB  : :  cotan.  DFK  : 
tan.  BDK ;  that  is  FK:  KB : :  eotan.  ^  arc.  DB  :  tan.  ^ 
arc  BC.  The  sum  of  the  coEtnes  of  two  arches  is  thei^o- 
fore  to  the  difference  of  the  same  cosines,  as  the  cotan- 
gent of  half  the  sum  of  the  arches  to  the  tangent  of  half 
their  difference. 

Cor.  ^.  In  the  right  angled  triangle  FKD,  PK  :  KD: : 
R :  tan.  DFK.  Now  FK  =  coe  AB  +  cos  AC,  KD= 
8in.  AB  +  sin.  AC,  and  tan.  DFE=tan.  4  (AB+AC)^ 
therefOTe  cos.  AB  +  cos.  AC  :  sin.  AB  +  sin.  AC  : :  II : 
tan.  i  (AB  +  AC).  ^ 

In  the  same  manner,  by  help  of  the  triangle  FKC,  it 
may  be  shown  that  cos.  AB  +  cos.  AC  :  sin.  AC — sin. 
AB : :  R :  tan.  ^  (AC— AB). 

CoE.  8.  If  the  two  arches  AB  and  AC  be  together 
equal  to  90°,  the  tangent  of  half  their  sum,  that  is,  of  45% 
is  equal  to  the  fadius.  And  the  arch  BC  being  the  ex- 
cess of  DC  above  DB,  or  above  90%  the  half  of  the  arch 
SC  will  be  equal  to  the  excess  of  the  half  of  DC  above  ^ 
the  half  of  DB,  that  is,  to  the  excess  of  AC  above  45" : 
therefore,  when  the  sum  of  two  arches  is  90,  the  sum  of 
the  sines  of  thoae  arches  is  to  their  difference  as  the 
radius  to  the  tangent  of  the  difference  between  either  of 
them  and  45°. 


326  PLANE  TEIGONOMETEY 


PROP.  IV. 

The  svm  ^any  two  sides  of  a  triartffle  is  to 
their  difference,  as  the  tangent  of  haff' the  sum 
of  the  angles  apposite  to  those  sides,  to  the 
tangent  yhalf  their  difference. 

Let  ABC  be  any  plane  triangle ; 
CA  +  AB  :  CA— AB  : :  tan  J  (B+C) :  tan.  ^  (B— C). 
For  (2.)  CA  :  AB  : :  sin.  B  :  nn.  C ; 
and  therefore  (E.  5.) 

CA  +  AB :  CA— AB ; :  sin.  B  +  sin  C  :  sin.  B— sin.  C. 
But,  by  the  last,  sin.  B  4^  sin.  C  :  sm.  B— Hsin.  C  :  : 
tan.  J  (B  -f  C)  :  tan.  J  (B— C) ;  therefore  also,  ^(11.  5.) 
CA  +  AB:CA— AB::tan.  \  (B  +  C):tan.  J  (B— C). 
Q.  £.  D. 
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Otherwise,  without  the  3d. 


Let  ABC  be  a  triangle ;  the  sum  of  AB  and  AC  any 
two  sides,  is  to  the  difference  of  AB  and  AC  as  the  tan- 
gent of  half  the  sum  of  the  angles  ACB  and  ABC,  to  tlie 
tangent  of  half  their  difference. 

About  the  centre  A  with  the  radius  AB,  the  greater 
of  the  two  sides,  describe  a  circle  meeting  BC  produced 
in  D,  and  AC  produced  in  E  and  F.  Join  DA,  EB, 
FB ;  and  draw  FG  parallel  to  CB,  meeting  EB  in  G. 


Because  the  exterior  angle  EAB  is  equal  to  the  two 
interior  ABC,  ACB,  (32.  1.) ;  and  the  angle  EFB,  at 
the  circumference  is  equal  to  half  the  angle  EAB  at  the 
centre  (20.  3.)  ;  therefore  EFB  is  half  the  sum  of  the 
angles  opposite  to  the  sides  AB  and  AC. 

Again,  the  exterior  angle  ACB  is  equal  to  the  two  in- 
terior CAD,  ADC,  and  therefore  CAD  is  the  difference 
of  the  angles  ACB,  ADC,  that  is,  of  ACB,  ABC,  for 
ABC  is  equal  to  ADC.  Wherefore  also  DBF,  which  is 
the  half  of  CAD,  or  BFG,  which  is  equal  to  DBF,  is 
half  the  difference  of  the  angles  opposite  to  the  sides  AB, 
AC. 

Now  because  the  angle  FBE  in  a  semicircle  is  a  right 
angle,  BE  is  the  tangent  of  the  angle  EFB,  and  BG  the 
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tangent  of  the  angle  BFG  to  the  radius  FB ;  and  BE  is 
theraore  to  BG*  lis  the  tangent  of  half  the  sum  of  the 
angles  ACB,  ABC  to  the  tangent  of  half  their  difference. 
Also  C£  is  the  sum  of  the  sides  of  the  triangle  ABC, 
and  CF  thdr  difference ;  and  because  BC  is  parallel  to 
FG,  CE  :  CP  : :  BE  :  BG,  («.  6.)  ;  that  is,  tie  sum  of 
the  two  sides  of  the  triangle  ABCis  to  th^  difference  as 
the  tangent  of  half  the  sum  of  the  angles  oppodit^  to 
those  sides  to  the  tangent  of  half  dieir  difference. 
Q.  E.  D. 

PROP*  V. 

tfa  perpendicular  he  drawn  from  any  angle  of 

a  triangle  to  the  opposite  side,  or  hase ;  the 

sum  of  the  segments  of  the  base  is  to  the  sum 

of  the  other  two  sides  of  the  triangle  as  the 

^  difference  qf.  tJiose  sides  io  the  difference  of 

the  segments  of  the  base. 

For  (K.  6.),  the  rectangle  under  the  sum  and  differ- 
ence of  the  segments  ^ef  the  base  is  equal  to  the  rectangle 
under  the  sum  and  difference  of  the  sides,  and  therefore 
(16.  6.)  the  sum  of  the  segments  of  the  base  is  to  the 
sum  of  the  sides  as  the  di£^rence  of  the /sides  to  the  dif-^ 
ference  of  the  segments  of  the  base.    Q.  E.  D. 


;  -H 
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PROP.  VI. 


In  nny  triangle,  twice  the  rectangle  contained 
by  any  two  sides  is  to  the  dijff^erence  between 
the  sum  of  the  squares  of  those  sides^  and  the 
square  qf  the  base,  a^-  the  radius  to  the  cosine 
(fthe  angle  included  by  the  two  sides. 


Let  ABC  be  aiiy  triangle,  SAB^BC  is  to  the  difference 
between  AB*  +  BC*  and  AC* 
as  radius  Co  cos  B. 

From  A  draw  AD  perpen- 
dicular to  BC,  and  (12.  and 
33,  S.)  the  difference  between 
the  sum  of  the  squares  of  AB 
and  BC,  and  the  square  on 
AC  is  equal  to  2BC.BD. 

But    BC.BA  :  BC.BD  : 
BA:  BD : :  R :  cosB,  there- 

fore  also  ^BCBA :  2BC.BD : :  R :  cos  &   Now  2BC.BD 
is    the    difference   between 

AB*+BC*  and  AC* ;  there-  ^ 

fore  twice  the  rectangle 
AB.BC  is  to  the  difference 
between  AB*  +  BC*,  and 
AC*  as  radius  to  the  co- 
sine of  B.  Wherefore,  &c. 
Q.  E.  D. 

Cob.  If  the  radius  =  1,  Q" 
BD=BAxcos  B,  (1.),  and 
2BC.B A  X  cos  B  =  2BC.BD,  and  therefore  when  B  is 
acute,  2BC.BAXCOS  B=BC*  +  BA«— AC*,  and  adding 
AC*  to  both;  AC«+2  cos  BxBC.BA=BC*+BA»; 
and  taking  2  cos  Bx BC.BA  from  both,  AC*=:BC*— 
2  cos  BxBC.BA+BAr  Wheref(»e  ACz^V  (BC*— 
acosBxBC.BA+BA*). 

If  B  is  an  obtuse  angle,  it  is  shewn  in  the  same  way 

that  AC= V  (BC*-}.^  cos  Ax  BC.BA 4- BA*). 
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PROP.  VII. 

JPVmr  times  the  rectangle  contained  hy  any  two 
sides  of  a  triangle^  is  to  the  rectangle  contain- 
ed by  two  straight  lilies^  of  which  one  is  the 
base  or  third  side  of  the  triangle  increased  by 
the  difference  of  the  two  sides^  and  the  other 
the  base  diminished  by  the  difference  of  the 
same  sides,  as  the  square  of  the  radius  to  the 
square  of  the  sine  of  half  the  angle  included 
between  the  two  sides  of  the  triangle. 

Let  ABC  be  a  triangle,  of  which  BC  is  the  base,  and 
AB  the  greater  of  the  two  sides ;  4AB.AC :  {BC  +  (AB 
—  ACU  X  {BC  —  (AB  —  AC)}  : :  R« :  (sin  \  BAC)« 

Produce  the  ade  AC  to  D,  so  that  AD  =  AB  ;  job 


BD,  and  draw  AE,  CF  at  right  angles  to  it ;  from  the 
centre  C,  with  the  radius  CS,  describe  the  semicircle 
GDH,  cutting  BD  in  E,  BC  in  G,  and  meeting  BC 
produced  in  H. 

It  is  plain  that  CD  is  the  difference  of  the  sides,  and 
therefore  that  BH  is  the  base  increased,  and  BG  the  base 
dinunished  by  the  difference  of  the  sides ;  it  is  also  evi- 
dent, because  the  triangle  BAD  is  isosceles,  that  DE  b 
the  half  of  BD,  and  DF  is  the  half  of  DK,  wherefore 
DE— DF=:the  half  ofiBD— DK,  (6,  6.)  that  is  EF= 
J  BK.  And  because  AE  is  drawn  parallel  to  CF,  a  side 
of  the  triatigle  CPD,  AC  :  AD  : :  EF.:  ED,  (2,  ft) ;  and 
rectangles  of  the  same  altitude  being  as  their  bases 
ACAD :  AD* : :  EF.ED :  ED*,  (1,  6.),  and  therefore 
4AC.AD  :  AD^  :  :  4EF.ED  :  ED*,  or  alternately, 
4AC.AD  :  4EF.ED  : :  AD* :  ED*. 
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But  since  4EF=2BK,  4EF.ED=2BK.ED=2ED.BK 
=DB.BK=HB.BG;  therefore,  4AC.AD  :  HB.BG  :  : 
AD« :  ED^  Now  AD  :  ED  : :  R :  sin  EAC=sin  J  BAG 
(I.  Trig.)  and  AD* :  ED* : :  R* :  (sin  J  BAG)* :  therefore, 
(11.5.)  4AG.AD  :  HB.BG  : :  R* :  (sin  i  BAG)',  or  since 
AB  =  AD,  4AG.AB  :  HB.BG  :  :  R«  :  (sin  i  BAC)«. 
Now  4AC.AB  is  four  times  the  rectangle  contained  by 
the  sides  of  the  triangle ;  and  HB.BG  is  the  rectangle 
contained  by  AC  +  (AB— AG)  and  BC~(AB— AG). 
Therefore,  &c.     Q.  E.  D. 

Otherwise, 

*  Let  ABG  be  a  triangle,  of 
^  which  BG  is  the  base,  and 

*  AB  the  greater  of  the  two 
^  sides ! 

^4AB.AC:{BC  +  (AB  — 
'  AG)}  {BG  —  (AB  —  AG)} 

*  : :  R«  :  (sin  i  BAG)*. 

'  Draw   AD   bisecting   the  j^^ 
'  angle  B A  G,  and  BD,GE  per- 

*  pendiculars  to  AD. 

'  The  triangles  BAD,  GAE,  are  manifestly  equiangu- 
«  lar,  and  have  the  angles  ABD,  AGE  equal :  Aerefore, 
«  (4.  6.  and  by  Altern.)  BA  :  AG  :  :  BD  :  GE ;  hence 
'  the  rectangles  BA.AC,  BD.CE  will  be  similar  figures 

*  (Def  1.  6.),  and  therefore,  BA,AG  :  BD.GE  :  :  BA* 
^  :  BD*  (Gor.  3,  20, 6.),  and  4BA.AG  :  4BD.GE  : :  BA* 
'  :  BD«  :   now  4BD.GE  =  {BG  +  (AB-^AC)}   {BC 

*  —  (AB  —  AG)},  (N.  6.)  and  BA  :  BD  :  :  R  :  sin 
'  BAD  =  sin  i  BAG,  (1.  Trig.)  and  BA«  :  BD«  :  :  R« 

*  :  (sin  J  BAG)^  (22.  6.)    Therefore, 

'  4AB.AG  :  {BG  +  (AB  —  AG)}  {BG  —  (AB  — 
'  AG)}  : :  R«  :  (sin  j  BAG)«.     That  is,  &c.     Q.  E.  D. 

GoR.  Hence  2VAG.AD  :  VHB.BG  : :  R  :  sin  i  BAG. 


tefl  >LAK£  tillCOKOMStE¥. 


PBOP.  VIIL 


t\mr  times  the  rectangle  contained  by  amy  two 
sidee  of  a  trian^.  is  to  the  rectanme  contmn- 
ed  by  two  strutght  Unes,  of  whwh  the  ame  is 
the  sum  of  those  sides  increased  by  the  ba^se  of 
the  triangle^  and  the  other  the  svm  of  the  same 
sides  diminifhed  by  the  base,  a^  the  square  of 
the  radius  to  the  square  of  the  cosine  ofhmf 
the  angle  included  between  the  two  sides  of 
the  triangle. 

lift  ABC  be  a  tridngle^  of  which  fiC  is  the  base,  and 
AB  the  greater  of  the  other  two  ades ;  4AB AC  :  { AB 
+«AC  +  BC}  {AB  +  AC— BC}  : :  R*  :  (cos  i  BAC)*. 

Ffom  the  centre  C,  with  the  radius  CB,  describe  the 
circle  BLM,  meeting  AC,  produced,  in  L  and  M.  Pro- 
duce AL  to  N9  so  that  AN  =  AB ;  also,  let  AD  =  AB; 
draw  AE  perpendicular  to  BD ;  Join  BN,  and  let  it  meet 
it»  circle  again  in  P ;  let  CO  oe  perpendicular  to  BN, 
«nd  let  it  meet  AE  in  R. 

It  is  evident  that  MN=±:AB+AC4-BC;  and  that  LN 
= AB+AC — BC.  Now,  because  BD  is  Insected  in  E> 
(3.S.)  and  DN  in  A^  BN  is  paraQel  to  AE,  and  is  there- 
fere  perpendictdar  to  BD,  and  the  triangles  DAE,  DNB, 
are  eamangidar ;  wberefore,  smce  Drf  =  S AD^  BN  =: 
%&£,  and  BPz:i2BO=2R£;  also  PN=zSiCR. 


PLANE  TAIGONOMIITRY. 


98S 


But  because  the  triangles  ARC  and  AED  are  equian- 
gular, AC  :  AD  :  :  AR  :  AE,  and  because  rectangles  of 


the  same  altitude  are  as  their  bases,  (1.  6.)  AC^AD  : 
AD« : :  AR.AE :  AE«,  and  alternately  ACAD  :  AR.AE 
:  :  AD«;  AE«,  and  4AC^D :  4AR.AE  :  :  A  D«  AE* 
But  4ABAE=  2AR  x  2AE  =  NP.NB  =  MNJ^L; 
therefore  4AC.  AD  :  MN.NL : :  AD* :  AE*.  But  AD : 
AE : :  B :  COS  DAE  (1.)  =  cos  §  (BAC)  :  Wherefore 
4AC. AD :  MN.NL ; :  H* :  (cos  i  BAC)*. 

Now  4AC.  AD  is  four  times  the  rectangle  under  the 
sides  AC  and  AB,  (for  AD  =  AB),  and  MN.NL  is  the 
rectangle  un|}er  the  sum  of  the  sides  increased  by  the 
base,  and  the  sum  of  the  sides  diminished  by  the  base. 
Therefore,  &c.     Q.  E.  D. 

I 
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^  Othenvise, 

*  Let  ABC  be  a  triangle  of 
which  BC  is  the  base, 
^  4  AB  .  AC  :  { AB  +  AC  + 

*  BC}  {AB  +  AC— BC}::R*: 

*  (cos  J  BAC)*. 

^  Draw  AD  bisecting  the  an- 

*  gle  BAC,  and  BD,  CE  per- 
^  pendicular  to  AD. 

'The  triangles  BAP,  CAE 

*  are  evidently  equiangular,  and  have  the  angles  BAD, 

*  C AE  equal ;  Therefore  (4.6  and  by  altem.)  BA  :  AC  :  : 

*  AD  :  AE,  hence  the  rectangle3  B A .  AC,  AD .  AE 
^  will  be  similar  figures  (def.  1.  6.)  ;  and,  therefore,  BA . 

*  AC :  AD.  AE: :  BA*:  AD«  (cor.  3.  20,  6.),  and4BA. 
'  AC:4AD . AE ::  BA*:  AD*.  Now,  4AD .  AE  =  {AB 

*  +  AC  +  BC}  {AB  +  AC  — BC}:  (O  6)  and  BA: 

*  AD : :  R :  COS.  BAD  =  cos.  J  BAC,  (i.  Trig.)  and  BA* 
* :  AD ; :  R* :  (cos.  J  BAC)*  (22.  6.).  Therefore,  4 AB . 
^AC  :  {AB  +  AC  +'BC}  {AB  + AC  — BC}  :  R*: 
'  (cos.  J  BAC)*.    That  is,  &c.     Q.  E.  D. 


Cor.  1.  Hence  2VAC.AB  :  VMN.NL :  :R :  cos  i  BAG. 

Cob.  2.  Since  by  Prop.  7. 4AC.  AB :  (BC  +  (AB— AC)) 
(BC— (AB— AC))  :  :  R*  :  (sin  i  BAC)* ;  and  as  has 
been  now  proved,  4AC.AB  :  (AB+AC  +  BC)  (AB+ 
AC — BC)  :  :  R*  :  (cos  J  BAC)* ;  therefore  ex  aequo, 
(AB  +  AC+BC)  (AB+AC— BC):(BC+  (AB— AC)) 
(BC— (AB— AC)) : :  (cos  J  BAC)*":  (sin  J  BAC)*  But 
the  cosine  of  any  arch  is  to  the  sine,  as  the  radius  to  the 
tangent  of  the  same  arch ;  therefore,  (AB  +  AC  +  BC) 
(AB+ AC— BC) :  (BC + (AB— AC))  (BC— (AB— AG)) 

:  :  R* :  (tan.  §  BAG)*;  and 

^/  (AB  +  AC  +  BC)  (AB  +  AC— BC) ;    • 
V(BC+AB— AC)  (BC— ( AB— AC))  : :  R :  tan.  J  BAG 
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LEMMA  II. 


If  there  he  two  unequal  maffiiitudeSy  half  their 
difference  added  to  half  their  sum  is  equal  to 
the  greater ;  and  half  their  difference  taken 
from  half  their  sum  %s  equal  to  the  less. 

Let  AB  andBC  be  two  unequal  magnitudes,  of  which  ' 
AB  is  the  greater ;  suppose  AC  bisected  in  D,  and  AE 
equal  to  BC.     It  is  mani- 
fest, that  AC  is  the  sum,  A  E      D      B  C 
and  EB  the  difference  of 

the  magnitudes.  And  because  AC  is  bisected  in  D,  AD 
is  equal  to  DC ;  but  AE  is  also  equal  to  BC,  therefore 
DE  is  equal  to  DB,  and  DE  or  DB  is  half  the  difference 
of  the  magnitudes.  But  AB  is  equal  to  BD  and  DA, 
that  is  to  half  the  difference  added  to  half  the  sum ;  and 
BC  is  equal  to  the  excess  of  DC,  half  the  sum  above 
DB,  half  the  difference.     Therefore,  &c.     Q.  E.  D. 

CoE.  L  Hence,  if  the  sum  and  the  difference  of  two 
magnitudes  be  given,  the  magnitudes  themselves  may  be 
found ;  for,  to  half  the  sum  add  half  the  difference,  and  it 
will  give  the  greater ;  from  half  the  sum  subtract  half  the 
difference,  and  it  will  give  the  less. 

*  CoR.  2.  Hence,  also,  if  from  the  greater  of  two  mag- 
^  nitudes  half  the  sum  be  taken,  there  will  remain  a  mag- 
^  nitude  equal  to  half  their  difference. 


SS9 
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'  PROP.  IX. 


*  The  cosine  oflialfthe  di^erence  of  any  two  un- 

*  equal  avgles  ojany  triangle^  is  to  the  cosine  of 

*  hay^  their  sum  as  the  sum  of  the  sides  opposite 

*  to  those  angles  to  the  thira  side. 


*  Let  ABC  be  any  plane  triangle  of  which  the  ^de  BA 
^  is  greater  than  the  side  ^» 

*AC  ;  and»  therefore,  the 
^  angle  ACB  greater  than 
*  ABC  (18.  1.)  :  COS.  J 
<  (ACB— ABC)  :  cos  i 


«  (ACB  +  ABC)  :  :  AB 
f +AC:BC. 

*  Produce  BA ;  make 
A£  and  AF  each  equal 
to  AC  j<»n ;  CE,  CF, 

and  draw  AD  parallel  to  CE,  meeting  CB  in  D  and  CF 
in  G., 

^  Because  the  lines  AE,AC,  AF  are  equal,  the  point 
C  is  in  the  circumference  of  a  circle,  of  which  EF  is  the 
diameter ;  therefore  ECF  is  a  right  angle  (SI.  3.),  and 
CE  is  perpendicular  to  CF;  and  AG,  which  is  parallel 
to  EC,  is  also  perpendicular  td  CF :  And  because  AC 
=  AF,  the  angles  ACF,  AFC  are  equal  (5.  1.)  ;  now, 
the  sum  of  the  angles  ACF,  AFC  is  equal  to  the  sum 
of  the  angles  ACB,  ABC,  for  each  pair,  toother  with 
BAC  make  two  right  angles  (3^.  1.) ;  theretore  ACF 
or  AFC,  that  is  ACG  or  AFG,  is  half  the  sum  of  the 
angles  ACB,  ABC  ;  and,  hence,  (by  cor.  ^.  lemma  S.) 
FCB  is  half  their  difference. 

^  Now  the  triangles  BAD,  BEC  being  manifestly  equi- 
angular (29. 1.),  BA :  BD : :  BE  :  BC  (4. 6.);  but  BA: 
BD  :  :  riaBDA  :  sin  BAD  (2.)  ;  therefore  sin  BDA 
sinBAD::BE:BC:  NowsinBDA=sin  ADC(cor.todeC 
4.  6.  7.)  =  cos  DCG  (32. 1.)  =  cos  J  (ACB  —ABC), 
and  an  BAD  =  cos  AFG  =  cos  5  (ACB  +  ABC) ;  and 
BE  =  AB  +  AC,  therefore,  cos  J  (ACB  —  ABC) :  cos  J 
(ACB  +  ABC) : :  AB  +  AC  :  BC. 
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'  PROP.  X. 


'  The  sine  of  half  the  difference  of  any  two  un- 
'equal  angles  of  a  tri&nffley  is  to  the  sine  of 
*  half  their  sum  as  the  d^erence  of  the  sides 
^  opposite  those  angles  to  the  third  side. 


c 
i 

€ 

c 

c 
c 

6 
6 
6 

i 
i 
i 
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'  Let  ABC  be  any  triangle,  of  which  the  side  AB  is 
greater  than  the  side  AC,  ^« 

and  therefore  the  angle 
ACB  greater  than  the 
angle  ABC,  (18,  1.) 
:  sin.  i  (ACB  —  ABC)  : 
sin.  i  (ACB  +  ABC) 
:  :  AB  —  AC  :  BC. 

^  For,  making  the  same 
construction  as  in  Prop. 

ix.     since      sin.     BCF  :W  D  C 

sin  BFC  : :  BF :  BC  ;  and,  from  what  was  proved  in  Prop, 
ix.  sin.  BCF  =  sin.  i  (ACB  —  ABC)  ;  and  sin.  BFC 
=  sin.  AFC  =  sin.  ^  (ACB  +  ABC) ;  and  BF  =  AB 
•—  AC ;  therefore,  sin.  i  (ACB  —  ABC)  :  sin.  i  (ACB 
+  ABC)  : :  AB  — AC  :  BC.     Q.  E.  D. 
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SECT.  II. 


OF  THE  RULES  OF  tRlGOKOMETRlCAL 
CALCULATION. 


'I 


'  TjaE  General  Problem  whidi  Trigonometry 
pr^oB^  to  resolve  is ;  In  ijknyptane  trtxtnglCj  of 
the  three  sides  and  the  thifee  angles,  any  t/iree 
being  givefiy  and  one  of  these  three  being  a  side, 
to  find  arihf\ofHhe  other  tkret.      -    ' 

*  - 

Th6  things  here  4Mttd  to  be  0iv^,  are  trbder^tood  to  be 
expressed  bj^  ih^r  ^uioienbd  values ;  the  Angles,'  in'  de- 
grees, minutes,  8ec.  ;  and  the  sides  in  feet,  or  any  other 
known  measure. 

.'The  reason  of  the  restriction  in  this  problem  to  those 
cases  in  \^hich  at  least  one  side  is  given,  is  evident  from 
this,  that,  by  the  aiagles  alone  being  g^ven,  the  magni- 
tudes of  the  sides  are  not  determined.  Innumerable  tri- 
angles^ equiangular  to  one  another,  may  exist,  without 
the  sides  of  any  one  of  them  being  equal  to  those  of  any 
other ;  though  the  ratios  of  their  sides  to  one  another  wiH 
be  the  same  in  them  all,  (4.  6.).  If,,  therefore,  only  the 
three  angles  are  given,  nothing  can  be  determined  of  the 
triangle  but  the  ratios  of  the  sides,  which  may  be  found 
by  tngonometf  y,  as  being  the  same  with  the  ratios  of  the 
«nes  of  the  opposite  angles. 

For  the  conveniency  of  calculation,  it  is  usual  to  divide 
the  general  problem  into  two ;  according  as  the  triangle 
has,  or  has  not,  one  of  its  angles  a  right  angle. 
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PROB.  I. 

In  a  right  angled  triangle^  of  the  three  sides  and 
three  angles^  any  txvo  being  given,  besides  the 
right  angle  J  ana  one  of  those  two  being  a  side, 
it  IS  required  lojind  the  other  three. 

I*  is  €v44ent,  thafe-when  otieof  the  aciUe*  angles  of"  a* 
nght  angled  triangle  is  given,  the  other  is-  given^  beitig^ 
the  complement  dt'the  former  to  a  right  angle;  itis  also 
evident,  that  the  sine  of  aiiy  of  the  acute  angles  is  the  co- 
sine of  the  other.  .     .^  ..  — 

This  problem  admits  of  several  caifies^  and  the  solutions,^ 
or  rules  for  calculation,  which  all  depend  on  the  first  Pro^ 
poidtioti,  may  be  cmiveniently  exhibited  in  the  form  dfa 
Table  '^  where  the  first  colun9ih>  contains,  the  things  given  ;' 
the  second,  the  things  required ;  and  the  third,  the  rule^ 
or  proportions  by  which  they  are  found. 


M* 


GIVEN. 


SOUGHT. 


CB  and  B,  the 
hypotenuse  and  an 
angle. 


AC    and    C,    a 

side,   and    one   of 
the  acute  angles. 


CB  and  BA,  the 
hypotenuse  and  a 
side. 


AC  and  AB,  the 
two  sides. 


AC. 
AB. 


BC. 
AB 


C. 
AC. 


C. 
CB. 


•*»■■« 


fiOJCfUTIOKi 


%- 


R:sinBr:CB:AC. 
R:cosB::CB:  AB. 


CosC:R::  AC:BC. 
R :  tan  C : :  AC  :  AB. 


CB  :  BA  ; :  R :  sin  C. 
R  :  cos  C  : :  CB  :  AC. 


i 


AC  :  AB : :  R :  tan  C. 
CosC:R::AC:CB. 


'1 
9, 


4 


5 
6 


7 
8 


y3 
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Remarks  on  tfie  Solutions  in  the  Table. ' 

In  the  second  case,  when  AC  knd  C  are  given  to  find 
the  hypotenuse  BC,  a  solution  may  also  be  obtained  by 
help  of  the  secant,  for  CA  :  CB  :  :  R  :  sec  C ;  if,  there- 
fore, this  proportion  be  made,  R  :  sec.  C  :  :  AC  :  :  CB, 
CB  will  be  found. 

In  the  third  case,  when  the  hypotenuse  BC  and  the  side 
AB  are  given  to  find  AC,  this  may  be  done  either  as  di- 
rected in  the  Table,  or  by  the  47th  of  the  first ;  for,  since 
AC*  =  BC«— BA«,  AC  =  ^BC«— BA«.  This  value  of 
AC  will  be  easy  to  calculate  by  logarithms*  if  the  quantity 
BC*— -BA'  be  separated  into  two  multipliers,  which  may 
be  done ;  because  (Cor.  6. 2.),  BC*— BA*  =  (BC  +  BA). 
(BC— BA).  Therefore  AC=V(BC+BA)  (BC— BA). 

When  AC  and  AB  are  given,  BC  may  be  found 
from  the  47th,  as  in  the  [nreceding  instance,  for  BC=: 
VBA*  +  AC*.  But  BA*+  AC*  cannot  be  separated  in- 
to two  multipliers ;  and  therefore,  when  BA  and  AC  are 
large  numbers,  this  rule  is  inconvenient  for  coinput^on 
by  logarithms.  It  is  best  in  such  cases  to  seek  first 
for  the  tangent  of  C,  by  the  analogy  in  the  Table 
AC  :  AB  :  :  R  :  tan.  C  ;  but  if  C  itself  is  not  required, 
it  is  suflicient,  having  found  tan.  C  by  this  proportion,  to 
take  from  the  Trigonometrical  Tables  the  cocine  that  cor- 
responds  to  tan.  C,  and  then  to  compute  CB  from  the 
proportion  cos.  C  :  R  : :  AC  :  CB. 
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PROBLEM  II. 

In  an  oblique  angled  triangle^  of  the  three  sides 
and  three  angles,  any  three  oein^  given,  and 
one  of  these  three  being  a  side,  tt  ts  required 
to  find  the  other  three. 

This  problem  has  four  cases,  in  each  of  which  the  so- 
lutioD  depends  on  some  of  the  foregoing  propositions. 

CASE  I. 

Two  angles  A  and  B,  and  one  side  AB,  of  a  triangle 
ABC,  being  given,  to  find  the  other  sides. 


SOLUTION. 

Because  the  angles  A  and  B  are  given,  C  is  also  given, 
being  the  supplement  of  A  +  B  ;  and,  (2.) 
Sin  C  :  sm  A  :  :  AB  :  BC  ;  also. 
Sin  C  :  sin  B  :  :  AB  :  AC, 
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CASE  II. 


Two  ades  AB  and  AC,  and  the  angle  B  opposite  to 
one  of  them  b^g  giy^i^v  ^<>  ^^^  ^}}^  other  angles  A  and 
C,  aAd  also  the  other  side  "SC       '        '    ' 


SOLUTIOir. 


Thf^  imgk  C  is  found  ficom  this  proportjoii,  AC  :  AB  : : 
^n  ;P::pn  G-  Also,  A  =31 180° ^B~C  :  and  tben, 
sin  B  :  sin  A : :  AC :  CB,  by  Case  I. 

In  this  case,  the  angle  C  may  have  two  values  ;  for  its 
sine  being  found  by  the  proportion  above,  the  angle  be- 
longing to  that  idne  may  either  be  that  which  is  found  in 
the  tables,  or  it  may  be  the  sMppleme;^^  of  it  (Cor.  d^f.  4.). 
This  ambiguity^  w\i^6'i^r,  dblei  iKot^arigie,  fVoBQ' day  defect 
in  the  solution,  but  from  a  circumstance  essential  to  the 
problem,  viz.  that  whenever  AC  is  less  than  AB,  and 
B  is  an  acute  angle,  there  are  two  triangles  which  have 
the  sides  AB,.  AC,  and  the  angle  at  B  of  the  same  mag- 
nitude in  each,  but  which  are  nevertheless  Ujnequal,  the 
angle'  oppositef  to  AB  in<  the  on^,  being  the-  supplement 
of  that  idiich  is  ojqpdsite  tait  t$s  the  othaTi.  •  Tm  iruth 
of  this  appears  by  describing  from  the  centre  A  with 


the  radius  AC,  an  arch  intersecting  BC  in  C  and  C ; 
then,  if  AC  and  AC  be  drawn,  it  is  evident  that  the  tri- 
angles  ABC,  ABC  have  the  side  AB  and  the  angle  at  B 
common,  and  the  sides  AC  and  AC  equal,  but  have 
not  the  remaining  side  of  the  one  equal  to  the  remain- 
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ing  side  of  the  other,  that  is,  BC  to  BC,  nor  their  other 
angles  equal,  viz.  BC'A  to  BCA,  nor  BAC  to  BAG. 
But  in  these  triangles  the  angles  ACB,  AC'B  are  the 
supplements  of  one  another.  For  the  triangle  C  AC  is 
isosceles,  and  the  angle  ACC  =::  the  angle  AC'C,  and 
therefore,  ACB,  which  is  the  supplement  of  ACC,  is 
also  the  supplement  of  ACC  or  ACB ;  and  these  two  an- 
gles, ACB,  ACB  are  the  angles  found  by  the  computa- 
tion above. 

From  these  two  angles,  the  two  angles  BAG,  BAC 
will  be  found :  the  angle  BAC  is  the  supplement  of  the 
two  angles  ACB,  ABC,  (32.  1 .)  and  therefore  its  sine  is 
the  same  with  the  sine  of  the  sum  of  ABC  and  ACB. 
But  BAC  is  the  difference  of  the  angles  ACB,  ABC  j 
for  it  is  the  difference  of  the  angles  AC'C  and  ABC,  be- 
cause ACC,  that  is  ACC  is  equal  to  the  sum  of  the 
angles  ABC,  BAC,  (32.  l.J.  Therefore  to  find  BC, 
having  found  C,  make  sin  C  :  sin  (C  -|-  B)  : :  AB  :  BC  ; 
and  again,  sin  C :  sin  (C — B)  ; :  AB  :  BC. 

Thus,  when  AB,  the  side  adjacent  to  the  given  acute 
angle,  is  greater  than  AC,  the  side  opposite  to  it,  there  are 
two  triangles  which  satisfy  the  conditions  of  the  question. 
But  when  AC  is  greater  than  AB,  the  intersections  C  and 
C  fall  on  opposite  sides  of  B,  so  that  the  two  triangles 
have  not  the  same  angle  at  B  common  to  them,  and  the 
solution  ceases  to  be  ambiguous^  the  angle  required  be- 
ing necessarily  less  than  B,  and  therefore  &n  acute  angle. 


CASE  III. 

Two  sides  AB  and  AC,  and  the  angle  A,  between 
them,  being  given,  to  find  the  other  angles  B  and  C,  and 
also  the  side  BC. 


SOLUTION  I. 


Firsts  make  AB  +  AC :  AB— AC : :  tan  :  i  (C  +  fi)  ; 
tan  J  (C— B).  Then,  since  J  (C  +  B)  and  J  (C— B) 
are  both  given,  B  and  C  may  be  found.  For  B  = 
S  (C  +  B)  +  i  (C-B),  and  C  =  HC  +  B)  _|(C^B): 
(Lem  2.). 
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To  find  BC. 


Having  found  B,  make  sin  B  ;  sin  A  : :  AC  :  BC. 
But  BC  may  also  be  found  without  seeking  for  the  angles 

B  and  C  ;  for  BC  =  V  AB«— 2  cos  A AB.  x  AC  +  AC, 
Prop.  6. 

This  method  of  finding  BC  is  extremely  useful  in  many 
geometrical  investigations,  but  it  is  not  very  well  adapted 
for  computation  by  logarithms,  because  the  quantity  un- 
der the  radical  sign  cannot  be  separated  into  ample  mul- 
tipliers. Therefore,  when  AB  and  AC  are  expressed  by 
large  numbers,  the  other  solution,  by  finding. the  angles, 
and  then  computing  BC,  is  preferably. 


SOLUTION  II. 


^  When  two  sides  AB,  AC  and  the  included  angle  A 
^  are  given,  to  find  the  side  BC  we  may  as  before  find 

<  I  [C — B)  by  the  proportion, 

*  AB  +  AC  :  AB— AC  : :  tan  J  (C+B)  :  tan  J  (C— B) 
^  and  then  find  BC  by  either  of  these  proportions : 

*  Cos  I  (C— B)  :  cos  i  (C+B)  : :  AB  +  AC  :  BC 

*  (See  Prop.  IX.) 

*  Sin  J  (C— B)  :  sin  J  (C+B)  :  :  AB— AC  :  BC 

*  (Prop.  X.). 

^  But  since  in  calculation  a  verification  of  any  resuh  is 

*  always  desirable,  it  will  be  practically  useful  to  find 

*  BC  Jby  both  proportions.  We  may  also  verify  the 
^  value  of  BC  found  by  the  first  method  by  this  propor- 
^  tion  sin  C  :  sin  A  : :  AB  :  BC  ;  but  the  value  of  BC 
^  is  found  in  this  way  with  more  labour  than  in  the  other. 
^  By  the  first  method  a  verified  value  of  BC  requires 
'  t^n  different  openings  of  the  trigonometrical  tables,  and 

*  by  the  second  only  five,  because  in  the  latter  the  log^ 

*  sine  and  cosine  oi  |  (C+B^  and  }  (C  — ^  B)  are  found 
'  in  the  same  line  with  their  log.  tangents,  and  the  log  of 

<  AC  +  AB  and  of  AC  —  AB  occur  twice.' 
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CASE  IV. 

The  three  sides  AB/  BC,  AC,  being  given,  to  find 
the  angles  A,  B,  C. 


SOLUTION  I. 


Take  F  sUch  that  BC  :  BA  +  AC  : :  BA  —  AC  ;  F, 
then  F  is  either  the  sum  or  the  difference  of  BD,  DC, 
the  segments  of  the  base  (5V  If  F  be  greater  than  BC, 
F  is  the  sum,  and  BC  the  difference  of  BD,  DC  ;  but,  if 
F  be  less  thaa  BC,  BC  is  the  sum,  and  F  the  difference 
of  BD  and  DC.  In  either  case,  the  sum  of  BD  and  DC, 
and  their  difference  being  given,  BD  and  DC  are  found. 
(Lem.  2.) 

Then,  (1.)  CA  :  CD  : :  R  :  cos  C  ;  and  BA:  BD  :  : 
R  :  cos  B  :  wherefore  C  and  B  are  given,  and  conse- 
quently A. 


C    B 


SOLUTION  II. 


Let  Dbe  the  difference  of  the  sides  AB,  AC .  Then(Cor.7.) 
2  V  AB.BC  :  V  (BC  +  D)  (BC— D) : :  R :  sin  J  BAC. 


SOLUTION  III. 


Let  She  the  sum  of  the  sidesBAand  AC.  Then  (1.  Cor.  8.) 
2  V.  AB.  AC  :  V(S  +  BC)(S~BC)::R:cosiBAC 


3 
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SOLUTION  IV. 

S  and  D  retaining  the  rignifications  above,  (^  Cor.  8.) 
V(S+BC)(S— BC):VlBC+D)(BC— D)::R:tan  J  BAC. 

It  is  also  convenient  to  reduce  this  last  solution  into 
another  form,  by  putting  P  fas  half  the  perimeter  of  the 
triangle.  Then  S  +  BC  =  2P,  and  S— BC = 2P— 2BC ; 
and  thereforQ.(S  +.  BC)  i^S^BC)  ?f  2P.  ,(?P— «PC):?:4P 
rP— BC).  In  like  manner,'  BC  +  D  =c  2P— 2AC,  apd 
BC— D  z^  2P— SAB  ;  wherefore  (BC  +  D|(BC— t))'= 
(2P~2AC)  (gP— 2AB)=:4(P— AC)  (P— AB).    Hence 

V  P(P— BC)  :  V  (P— AC)  (Jf— AB)  : :  R  :  Un  J  BAC. 

<  Note, —••When  two,  and  consequently  all,  the.  angles 
^  of  the  triangle  ABC  are  to  be  found,  the  et^siest  way 
^  will  -be,  to.  find,  first,  half  the  sum  of  two  :angl^  by  the 
^.  iburth  fidution,  and.  then  hsit  their  difference  by  ^roft 
^  IV.  But,  to  adapt  the  fourth  solution  to  this  purpose^ 
^  it  must  be  observed,  that  R :  tan  |  BAC  : :  cot.  ^  BAC 

*  :  R  (Cor.  1.  to  Def.  9.)  :  Now.  cot  J  BAC  = 
« tan  1*(C  +  B);  because  J  BAC  +  J  (C  +  B)  =  aright 
<  angle.    Hence,  and  by  inverting  the  proportion  of  So- 

'  lution    IV^  we    obtain  V  ,(BC  +   D)   (BC  —  D)  : 

^  ^  (S  +  BC)  (S— BC)  : :  B;  :  tan  J  (C  +  B); 

'  And  by  Prop  IV. 

*  AB+  AC :  AB~AC  : :  tan.  J  (C+B) :  tan.  |  (C— B)- 

*  Having  now  J  (C  +  B)  and  J  (C— B),  the  angles  C  and 
^  B  may  be  found  by  Lemma  II.'' 

It  may  be  observed  of  these  four  solutions,  that  the 
first  has  the  advantage  of  being  easily  remembered,  but 
that  the  others  are  rather  more  expeditious  in  calculation. 
The  second  solution  is  preferable  to  the  third,  when  the 
angle  sought  is  less  than  a  right  angle;  on  the  other  hand, 
the  third  is  preferable  to  the  second,  when  the  angle 
sought  is  greater  than  a  right  angle;  and  in  extreme  cases, 
that  is,  when  the  angle  sought  is  very  acute  or^  very  ob- 
tuse, this  distinction  'is  very  material  to  be   con^dered. 
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The  reason  is,  that  the  sines  of  angles,  which  arc  nearly 
=  0°,  or  the  cosines  of  angles,  which  are  nearly  =  90° 
vary  very  little  for  a  considerable  variation  in  the  corre- 
sponding angles,  as  may  be  seen  from  looking  into  a 
table  of  sines  and  cosines.  The  consequence  of  this  is, 
that  when  the  sine  or  cosine  of  such  an  angle  is  given, 
(that  is,  a  sine  or  cosine  nearly  equal  to  the  radius,)  the 
angle  itself  cannot  be  very  accurately  found.  If,  for  in- 
stailce,  the  natural  sine  .9998500  is  given,  it  will  be  im- 
mediately perceived  from  the  tables,  that  the  arch. corres- 
ponding is  between  8Q°  and  89°  1^ ;  but  it  cannot  be 
found  true  to  seconds,  because  the  sines  of  89°  and  bf 
89°  1^  differ  only  "by  5^0  (in  the  tWo  last  places)  whereas 
the  arches  themselves  differ  by  60  seconds.  Two  arche's, 
therefore,  that*  differ  by  1",  or  even  by  biore  than  V/, 
have  the  same  Bine  in  the  tables,  if  they  fall  in  the  ladt 
degree  of  the  quadrant. 

The  fourth  solution,  which  finds  the  angle  from  its 
tangent,  is  not  liable  to  this  objection  ;  nevertheless,  wh^n 
an  arch  approaches  near  to  90^,  the  variations  of  tbe 
tangents  become  vdry  great,  and  too  irregular  to  allciw 
the  proportional  parts  to  be  found  with  exactness,  so  that 
when  the  angle'  bought  is  extremely  obtuse,  and  its  half 
of  consequence  very  near  to  90%  the  third  solution  is  the 
best.  •        . 

It  may  always  be  known,  whether  the  angle  sought  is 
greats  or  le^s-  th^n  a  right  angle  by  the  square  of  the 
side  opposite  to  it  being  greater  or  less  than  the  squares 
of  the  other  two  dd^s. 

It  may  be  useful  to  have  all  the  solutions  of  the  ob- 
lique angled  triangle  reduced  to  a  form  purely  arithme- 
tical, not  requiring  the  inspection '  of  a  diagram,  and 
brought  together  in  one'  table. 

Let  A,  B/C,  be  the  angles  of  the  triangle,  and  a,  6,  c, 
the  sides,  respectively  opposite  to  them. 
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GIVEN. 


SOUGHT. 


SOLTTTION. 


1. 


A,  B,  and  c. 


2. 


by  c,  and  B. 


8. 


by  Cy  and  A. 


4f. 


a,  6,  c. 


c, 

a, 
b. 


A, 
C, 
a. 


B, 
C, 

a. 


0=180— A—B 
sin  A 

8in  C 
1^    on  B 

6=-:— T^XC. 

sin  C 


sin  C=^xsmB. 

A=18a-B— C. 

nn  A   , 
fl=-r--=5-xft. 
sm  B 


C+B=180— A. 
tan  J(C-B)=£=?tan  J  (C+B). 

sin  A    T     1 
a=r-: — ^xo;  also, 

sm  B 


a=^  c*-J86c  cos  A+6^. 

^^co«(C+B)    . 
co8(C— B)^^  ^^ 

sin  (C — B)    ^        ^ 


Let  2p=ra4-6+c 


B. 
C. 


'J(p—b)(p—c) 


tan  I  (r+tt)-Vr/'-ft>)rp— g>> 


tan  i(C-B)=^xtan  J  (C+B) 
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SECTION  III. 


CONSTRUCTION  OF  TRIGONOMETRICAL  TABLES^ 


In  all  the  calculations  performed  by  the  preceding 
rules,  tables  of  sines  and  tangents  are  necessarily  employ-' 
ed,  the  construction  of  which  remains  to  be  explained. 

These  tables  usually  contain  the  sines,  &c.  to  every 
minute  of  the  quadrant  from  1'  to  90%  and  the  first  thing 
required  to  be  done  is  to  compute  the  »neof  1%  or  of*  the 
least  arch  in  the  tables. 

1.  If  ADB  be  a  circle,  of  which  the  centre  is  C,  DB 
any  arch  of  that  circle,  and  the  arch  DBE  double  of  DB; 
and  if  the  chords  DE,  DB  be  drawn,  and  also  the  per- 
pendiculars to  them  from  C,  viz.  CF,  CG,  it  hstf  been 


demonstrated,  (8.  1.  Sup.)  that  CG  is  a  mean  propor- 
tional between  AH,  half  the  radius,  and  AF  tne  line 
made  up  of  the  radius  and  the  perpendicular  CF.  Now- 
CF  is  the  cosine  of  the  arch  13D,  and  CG  the  cosine  of 
the  half  of  BD ;  whence,  the  cosine  of  the  half  of  any  arch 
BD,  of  a  circle  of  which  the  radius  =  1,  is  a  mean  pro- 
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• 
portional  between  |  and  1  +  cos  BD.    Or  for  the  greater 
generality,  supposing  A  =  any  arch,  cos  J  A  is  a  mean 
proportional  Jsetween  J  and  1  +  cos  A,  and  therefore 

(cos  i  A)'  =  J  (1  +  cos  A),  or  cos  J  A  =  y  J  (1-f-cosA). 

2.  From  this  theorem,  (which  is  the  same  that  is  de- 
monstrated  8.  1.  Sup.,  only  that  it  is  here  expressed  tri- 
goDomeliically),  it  is  evident,  that  if  the  cosine  df  any 
arch  be  given,  the  co^ne  of  half  that  arch  may  be  foundf. 
Let  SD,  therefore,  be  e<j[ual  to  60"",  so  that  the  chord 
BPl  =  radius,  then  the  .cosine  or  perpendicular  CF  was 
shewn.  (9. 1*  Sup.)  tp  be  =  i,  dQ^  therefore  cos  |  BD^  ta 

cos3P°==Vi  (V.+  i)  =  ^^l,^"^s*  tn  t}ie same naanner, 

cos  16°  -  VUI+cos30°),  and  cos  T*,  Sffrr^/Kl+coslS^, 
&c.  In  this  way  the  cosine  of  5°,  45^,  of  1%  SS',  8(y/, 
and  so  on,  will  oe  eomputed,  till  after  twelve  bisections 
of  the  arch  pf  60%  the  cosine  of  5^^^.  W!.  O&^^^L  46\  is 
found.  But  from  the  cosine  of  an  arch  its  sine  may  be 
found ;  for  if,  from  the  square  of  the  radius,  that  is,  from 
1,  the  square  of  the  cosine  be  taken  away,  the  remainder 
is  the  square  of  the  sine,  and  its  square  root  is  the  ane 
itself.     Thus,  the  «ine  of  5^.  44(''.  03"".  46\  is  found. 

3.  But  it  is  manifest,  that  the  sines  of  very  small  arches 
are  to  one  another  nearly  as  the  arches  themselves.  For 
it  has  been  shewn,  that  the  number  of  the  sides  of  an 
equilateral  polygon  inscribed  in  a  circle  may  be  so  great, 
that  the  perimeter  of  the  polygon  and  the  circumference 
of  the  circle  may  differ  by  a  hne  less  than  any  ^ven  line, 
or,  which  is  the  same,  may  be  nearly  to  one  another  in 
the  ratio  of  equality.  Therefore  their  like  parts  will  also 
be  nearly  in  the  ratio  of  equality,  so  that  the  side  of  the 
polygon  will  be  to  the  arch  which  it  subtends  nearly  in 
the  ratio  of  equality ;  and  therefore,  half  the  ^de  of  the 
polygon  to  half  the  arch  subtended  by  it,  that  is  to  say, 
the  sine  of  any  very  small  arch  will  he  to  the  arch  itself 
nearly  in  the  ratio  of  equality.  Therefore,  if  two  arches 
are  both  very  small,  the  first  will  be  to  the  second  as  the 
sine  of  the  first  to  the  sine  of  the  second.  Hence,  from 
the  sine  of  Sr.  44^^^.  03^^^  45^  being  found,  the  sine  of 
1^  becomeslinown .;  for,  as  52^^.  44^''^.  OS'"'.  iS\  to  1%  so  is 


PLANE  TRIGOKOMETHY. 


851 


the  sine  of  the  former  arch  to  the  sine  of  the  latter.    Thus 
the  sine  of  1^  is  found  -  0.0002908882. 

4.  The  sine  of  1^  being  thus  found,  the  sines  of  9!^  of 
8^,  or  of  any  number  of  minutes,  are  found  by  the  fol- 
lowing  proposition. 


THEOREM. 


Let  AB,  AC,  AD  be  three  such  arches,  that  BC  the 
difference  of  the  first  and  second  is  equal  to  CD  the  dif- 
ference of  the  second  and  third ;  the  radius  is  to  the  co- 
sine of  the  common  difference  BC  as  the  sine  of  AC,  the 
middle  arch^  to  half  the  sum  of  the  sines  of  AB  and  AD, 
the  extreme  arches.  , 

Draw  CE  to  the  centre ;  let  BF,  CG,  and  DH  per- 
pendicular to  AE,  be  the  sines  of  the  arches  AB,  AC, 
AD.  Join  BD,  and  let  it  meet  CE  in  I ;  draw  IK  per- 
pendicular to  AE,  also  BL  and  IM  perpendiculiEu:  to 
DH.  Then,  because  the  arch 
BD  is  bisected  in  C,  EC  is  at 
right  angles  to  BD,  and  bi- 
sects it.in  J ;  jdso  BI  is  the  sine, 
and  EI  the  cosine  of  BC  or 
CD.  And)  since  BD  is  bisect- 
ed in  I,  and  IM  is  parallel  to . 
BL,  (2.  6.),  LD  is-  also  bisect- 
ed in  M.  Now  BF  is  equal 
to  HL,  therefore,  BF  +  DH 
=  DHh-HL  =  DL  +  2LH=^  _ 
2LM+2LH  =  2MHor2KI;^  ^ 
and  therefore  IK  is  half  the  sum  of  BF  and  DH.  But 
because  the  triangles  CGE,  IKE  are  equiangular,  CE  : 
EI : :  CG :  IK,  and  it  has  been  shewn,  that  EIz=:cos  BC, 
and  IK=  J  (BF-j-DH);  therefore  R  :  cos  BC  : :  sin  AC : 
i  (sin  AB  +  sin  AD).     Q.  E,  D. 
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Cor.  Hence,  if  the  point  B  Goincide  with  Ay 
R :  cos  BC  : :  sin  BC  :  i  sin  BD,  that  is,  the  radius  is  to 
the  cosine  of  any  arch,  as  the  sine  of  the  arch  is  to  half 
the  sine  of  twice  the  arch  ;  or  if  any  arch  =  A,  ^  sin  2A  = 
sin  A  X  cos  A,  or  sin  ^A  =:  2  sin  A  X  cos  A 

Therefore  also,  sin  2^=r  2  sin  l^  x  cos  1^ ;  so  that  from 
the  sine  and  cosine  of  one  minute  the  sine  of  2^  is  found. 

Again,  1',  2^,  3^  being  three  such  arches  that  the  dif- 
ference between  the  first  and  second  is  the  same  as  be- 
tween the  second  and  third,  R  :  cos  1^  :  :  ^  2^  : 
i  (sin  1^  -I-  sin  8^,  or  sin  1^  +  sin  8^  =  2  cos  I''  x  sin  2^, 
and  taking  sin  1'  from  both,  sin  3^  =  2  cos  1^  X  sin  2^  — 
sin  r. 

In  like  manner,  sin  4'  =  2  cos  1'  x  sin  3' —  sin  2^, 

sin  5^  =  2  cos  I''  x  sin  4/ —  sin  8', 
sin  6'  =  2  cos  1'  X  sin  6^ —  sin  4fj  &c. 

Thus  a  tabl^  containing  the  sines  for  every  minute  of 
the  quadrant  may  be  computed ;  and  as  the  multiplier, 
cos  1'  remains  always  the  same,  the  calculation  is  easy. 

For  computing  the  sines  of  arches  that  differ  by  more 
.  than  1'  the  method  is  the  same.  Let  A,  A+B,  A  H-2B 
be  three  such  arches,  then,  by  this  theorem,  R :  oosB  : : 
sin  (A  +  B)  :  i  (sin  A  +  sin  (A  +  2B)) ;  and  therefore 
making  the  radius  1, 
sin  A+sin  (A  +  2B)=:  2  cos  B  x  sin  (A  -|-B), 

or  sin  (A  +  2B)=  2  cos  B  x  sin  (A  -|-  B)--^ii  A. 

By  means  of  these  theorems,  a  tabl'^  of  the  sines,  and 
consequently  also  of  the  cosines,  of  arches  of  any  num- 
her  of  xlegrees  and  minutes,  from  0  to  90^,  may  be  con- 

sm  J^ 

structed.     Then,  because  tan  A  = ,  the  table  of 

'  cos  A 

tangents  is  computed  by  dividing  the  sine  of  any  arch  by 
the  cosine  of  the  same  arch.  When  the  tangents  have 
"heen  found  in  this  manner  as  far  as  45%  the  tangents  for 
the  other  half  of  the  quadrant  may  be  found  more  easily 
by  another  rulei  For  the  trangent  of  an  inch  above  45° 
being  the  co-tangent  of  an  arch  as  much  mider  46^  ;  and 
the  radius  being  a  mean  proportional  between  the  tan- 
gent and  co-tangent  of  any  arch,  (1.  Cor.  def.  9-)  it  fol- 
lows, if  the  difference  between  any  arch  and  45°  be  call- 
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«d  D,  that  tan  (46°^D) :  1 : :  1 :  tan  (46° +D),  so  that 
tan  (4S^+D)=.^j^^^ 

Lastly,  the  decants  are  calculated  from.  Cor.  2.  d^.  9, 
where  it  is  shewn  that  the  radius  is  a  mean  proportional 
between  the  coidne  and  the  secant  of  any  arch,  so  that 

if  A  be  any  arch,  «ec  A=  f  •    ■  >.  : 

•^  QOS  A. 

The  .versed  sines  are  found  by  subtractiog  the  coanes 
from  the  radius. 

5.  The  preceding  Theorem  is  one  of  four,  which,,  when 
arithmetically  expressed,  are  frequently  .used  in  the  ap^ 
plication  of  tri^nometry  to  the  solution  of  problems. 

ImOj  If,  in  the  last  Theoreni,  the  arch  AC=A,  the  arch 
BC=B,  and.the  radius  EC=:1,  then  AD=A+B,  and 
AB=A — B  ;  and  by  what  has  just  been  demonstrated, 

1  :  cos  B  : :  sin  A :  J  rin  (A  +B)  +  }  sin  (A*— B), 

and  therefore 

sin  AxcoiS  B=J  sin  (A+B)+  |  sin  (A — B). 

S(29,  Becaose  BF,  IE,  DH  are  parallel,  the  straight 
lines  BD  and  FH  are  cut  proportionally,  whence  FH, 
the  difference  of  the  straight  lines  F£  and  HE,  is  bi- 
sected  in  K ;  and  therefore,  as  was  shewn  in  the  last 
Theorem,  K^  is  half  the  sum  of  F£  and  JEIE,  that  is,  of 
the  cosines  of  the  arches  AB  and  AD.  But  because  of 
the  similar  triangles  EGC,  EKI,  JIC  :  EI : :  GE  :  EK ; 
now,  GE  is  the  cosine  of  AC,  therefore, 

R  :  cos  BC  : :  cos  AC  :  |  cos  AD  +  J  cos  AB, 

or  1 :  cos  B  : :  cos  A  :  J  cos  (A+B)+  J  cos^A — B) ; 

and  therefore, 

cos  Axcos  B=J  cos  (A+B)  +  J  cos  (A — B). 

SHo^  Again,  the  triangles  IDM,  CEG  are  equiangu- 
lar, for  the  angles  KIM,  EID  are  equal,  being  both 
right  angles,  and,  therefore,  taking  away  the  angle  EIM, 
the  angle  DIM  is  equal  to  the  angle  EIE,  that  is  to  the 
angle  ECG ;  and  the  angles  DMI,  CGE  are  also  equal. 
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being  both  riffht  angles,  andtherefore,  the  triangles  IDM, 
C6£  have  the  sides  about  their  equal  angles  proportion- 
als, and  consequently,  EC  :  CG : :  DI :  IM ;  now,  IM 
is  half  the  difference  of  the  cosines  FE  and  EH,  diere- 
fore, 

R :  sin  AC  : :  an  BC  :  J  cos  AB^  |  cos  AD, 
or  1 :  sin  A : :  sin  B  :  I  cos  (A — ^B)—  i  cos  (A+B) ; 

anddso, 
'     An  Axsin  B=i  cos  (A— -B)— 2  cos  (Aii^B). 

4to,  Lastly,  in  the  same  triangles  EC6,  DIM,  EC : 
EG : :  ID  :  DM ;  now,  DM  is  half  the  difference  of  the 
sines  DH  and  BF,  therefore,   * 

R :  cos  AC  : :  sin  BC  :  \  sin  AD — J  an  AB, 
or  1 :  cos  A : :  sin  B  :  J  sin  (A+B)— J  on  (A — ^B) ; 

and  therefore, 
cos  Axsin  B=rJ  sin  (A+B)-— J  sin  (A — ^B). 

6.  If,  therefore^  A  and  B  be  any  two  arches  whatsoeyer, 
the  radius  being  supposed  1 ; 

I.  sin  Axcos  B=:^  sin  (A+B)+|  sin  (A — ^B). 
11.  cos  Axcos  B=J  cos  (A— B)+ J  cos  (A+B). 

III.  sin  Axsin  B=^  cos  (A— B)— ^  cos  (A+B). 

IV.  cos  Axsin  B= J  tan  (A+B)— J  sin  (A— B). 

From  these  four  Theorems  are  also  deduced  other  four. 

For  adding  the  first  and  fourth  together, 
sin  Axcos  B+cos  Axsin  B=:sin  (A+B). 

Also^  by  taking  the  fourth  from  the  first, 
on  Axcos  B— cos  Axsin  B=:an  (A — B). 


OF  GEOMETRY.  355 

Again,  adding  the  second  and  third, 
cos  Ax  cos  B+sin  Axsin  B=cos  (A — B) ; 
And,  lastly,  subtracting  the  third  from  the  second, 
cos  Axcos  B — sin  Axsin  B=:cos  (A+B). 

7.  Again,  since  by  the  first  of  the  above  theorems, 
sin  A  x  cos  B = J  sin  ( A + B)  +  J  sin  (A— B),  if  A+B=S, 

and  A— B=D,  then  (Lem.  2.)  A=^^,  and  B=?=5!; 

wherefore,  sin— ^ — xcos— -1^  =  J  sin  S  + J  sin  D. 

But  as  S  and  D  may  be  any  arches  whatever,  to  preserve 
the  former  notation,  they  may  be  called  A  and  B,  which 
also  express  any  arches  whatever :  thus, 

sin    'J    X cos— ^^^=  \  sin  A+J  sin  B,  or 

2  8in:^±J^Xcos^~^=  sin  A+sin  B. 
In  the  same  manner,  from  Theor.  %  is  derived, 
2  cos4±5x  cos^^=?=cos  B+€os  A.      From  the  3d, 

2  sin — J— X  sin — ^l-=:cos  B — cos  A ;  and  from  the 

'4th,  2  cos^^±?x  sin:^=l=sin  A— sin  B. 

.  In  all  these  theorems,  the  arch  B  is  supposed  less  than 
A. 

The(H*ems  of  the  same  kind  with  respect  to  the  ta:n. 
gents  of  arches  may  be  deduced  from  the  preceding.  Be- 
cause the  tangent  of  any  arch  is  equal  to  the  sine  of  the 

arch  divided  by  its  cosine,  tan  (A+B)=^^"a  ^} 

^  »  V     -r    >r     COS  (A  +  B). 

But  it  has  just  been  shewn,  that 

sin  (A  +  B)  =  sin  Ax  cos  B  +  cos  Ax  sin  B,  and  that 
cos  (A  +  B)  =  cos  A  X  cos  B — sin  A  X  sin  B ;  therefore 

z  9. 
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sbAxcoflB  +  cosAxanB     , ,. , 
tan  (A  +  B)  =oob  AxcqbB -on  A  xan& *^^^^»- 

ding  both  the  numerator  and  denominator  of  this  fracdoo 
by  006  A xcos  B,  tan  (A  +  B)=,     tan  A  +  tan  B 

in  like.manner,  tan  (A— B)  =■   *"^~^^. 

^  ^     1+tanAxtanB 

9.  If  the  theorem  demonstrated  in  Prop.'  8.  be  ex- 
pressed in  the  same  manner  with  those  above,  it  gives 

an  A  +  sinB     tan  j  (A+B) 
» sin  A — an  B     tan  i  (A— B)* 
Also  by  Cor.  1.  to  the  8d, 

cos  A  +  cos  B_  cot  I  (A  +  B) 
cos  A — cos  B"~  tan  ^  ^( A — B)* 
And  by  Cor.  S.  to  the  same  propooilion, 

sinA  +  sinB    tan-i(A  +  B)  ^^ ^^  ^  .^  ^^ 
cosA  +  cosB  R  ' 

supposed  ==  1,-5LA±£EJL=  tan  S  (A  +  B). 
*^*^       'cosA  +  cosB  '^    ^^ 

10.  In  all  the  preceding  theorms,  B  the  radius  is 
supposed  =zl,  because  in*  mis  way  the  propositions  are 
most  concisely  expressed,  and  are  also  most  readily  ap- 
plied to  trigonometrical 'calculation.  But  if  it  be  required 
to  enunciate  any  of  them  geometrically,  die  multiplier  B, 
which  has  disappeared,  oy  beine  made  =  1,  must  be 
restore,  and  it  will  always  be  evident  from  inspection  in 

what  terms  this  multiplier  is  wanting.     Thus,  Theor.  1, 
2  rin  A  x  cos  B  =  dn  ( A  4:  B)  +  sin  ( A — B),  is  a  true 

proposicion,  taken  arithmetically ;  but  -  taken  geometn- 
cally,  is  absurd,  unless  we  sujmly  the  radius  as  a  mulu- 

Elier  of  the  terms  on  the  right  hand  of  the  agn  of  equa- 
ty.  It  then  becomes  S  sin  A  x  cos  B  =  R  (sm  (A  +  ,S) 
+  sin  ( A  -^  B))  ;  or  twice  the  rectangle  under  the  sine 
of  A,  and  the  cosine  of  B  equal  to  the  rectangle  under 
the  radius^  and  the  sum  of  the  sines  of  A  +  B  and 
A  — B. 


■J  ^ 
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In  general  the  number  of  Jmear  multipliers^  that  is^  of 
lines  whose  numerical  values  are  multiplied  together, 
must  be  the  same  in  every  term,  otherwise  we  will  com- 
pare unlike  magnitudes  with  one  another. 

The  propositions  in  this  section  are  useful  in  many  of 
the  higher  branches  of  the  Mathematics,  and  are  the 
foundation  of  what  is  called  the  Arithmetic  of  Sines. 


ELEMENTS 


OF 


SPHERICAL 


TRIGONOMETRY. 


PROP.  I. 


If  a  sphere  be  cut  by  a  plane  through  the  centre i 
the  section  is  a  circle^  having  the  same  centre 
with  the  sphere^  and  equal  to  the  circle  by  the 
revolution  of  which  the  spfiere  has  been  de- 
scribed. 

FOR  all  the  straight  lines  drawn  from  the  centre  to  the 
superficies  of  the  sphere  are  equal  to  the  radius  of 
the  generating  semicircle ;  (Def.  7.  3.  Sup.)  Therefore 
the  common  section  of  the  spherical  superiicies,  and  of  a 
plane  passing  through  the  centre,  is  a  line,  lying  in  one 
plane,  and  having  all  its  points  equally  distant  from  the 
centre  of  the  sphere ;  therefore  it  is  the  circumference  of 
a  circle,  (Def.  11.  1.),  having  for  its  centre  the  centre  of 
the  sphere,  and  for  its  radius  the  radius  of  tlie  sphere ; 
that  is,  of  the  semicircle  by  which  the  sphere  has  been 
described.  It  is  equal,  therefore,  to  the  circle,  of  which 
that  semicircle  was  a  part.     Q.  E.  D. 
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JUEFIKKTIONS. 


I. 


Any  circle,  which  is  a  section  of  a  sphere  by  a  plane 
through  its  centre,  is  called  a  great  circle  of  the  sphere. 

Cob.  All  sreat  cb:t!les  of  a  spblste  are  equal ;  and  any 
two  of  them  oisect  one  another. 

They  are  all  equal,  having  all  the  same  radn^  as  has 
just  been  shewn ;  and  any  two  of  them  bisect  one  another : 
for,  as  they  have  the  same  centre,  their  common  section 
is  a  diameter  oil  both,  and  therefore  bisects  bodi. 

11. 

The  pole  of  a  great  circle  of  a  sphere  is  a  point  in  the  su- 

Serficies  of  the  sphere,  &om  which  all  straight  lines 
rawn  to  the  circumference  of  the  circle  are  equal. 

in. 

■ 

A  spherical  angle  (is  an  angle  on  the  superfides  of  a 
sphere,  contained  by  the  arches  of  two  great  circles 
which  intersect  one  another ;  and  is  the  same  with  the 
inclination  of  the  planes  of  diese  great  circles. 

IV. 

A  spherical  triangle  is  a  figure,  upon  the  superficies  of  a 
sphere,  comprehended  by  three  arches  ot  three  great 
circles^  each  of  which  is  less  than  a  semicircle. 


«> 
/ 
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PROP.  IL 


The  arch  of  a  great  circle ^  between  the  pole  and 
the  circumference  of  another  great  circle^  is  a 
quadrant. 

Let  ABCD  be  a  great  circle,  and  D  its  pole ;  if  DC5 
an  arch  of  a  circle,  pass  through  D^  and  meet  ABC  in 
C,  the  arch  DC  is  a  quadrant. 

.  Let  the  circle,  of  which  CD  is  an  arch,  meet  ABC 
again  in  A,  and  let  AC  be 
the  common  section  of  the 
planes  of  these  great  circles, 
which  will  pass  through  £, 
the  centre  of    the   sphere  : 
Join   DA,    DC.      Because 
AD  =t  DC,  (Def  2),  and  A^ 
equal   straight  lines,  in  the 
same  circle, '  cut  off    equal 
arches,  (2a  8.)  the  arch  AD  —  the  arch  DC ;  but  ADC 
is  a  semicircle,  therefore  the  arches  AD,  DC  are  each  of 
them  quadrants.     Q.  E.  D» 

CoR  1.  If  DE  be  drawQ,  the  an^le  AED  is  a  right 
angle ;  and  DE  being  therefore  at  right  ancles  to  every 
line  it  meets  with  in  the  plane  of  the  circle  ABC  is  at 
right  angles  to  that  plane,  (4.  %  Sup.)  Therefore  the 
straight  fine  drawn  from  the  pole  of  any  great  circle  to 
the  centre  of  the  sphere  is  at  right  angles  to  the  plane  of 
that  circle ;  and  conversely,  a  straight  line  drawn  from 
the  centre  of  the  sphere  perpendicular  to  the  plane  of  any 
great  circle,  meets  the  superficies  of  the  sphere  in  the 
pole  of  that  circle. 

Cos.  2.-  The  circle  ABC  has  two  poles,  one  on  each 
side  of  its  plane,  which  are  the  extremities  of  a  diameter 
of  the  sphere  perpendicular  to  the  plane  ABC  ;  and  no 
other  points  but  these  two  can  he  poles  of  the  circle  ABC. 

1 
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PROP.  III. 

If  the  pole  of  a  great  circle  he  the  same  with  the 
intersection  of  other  two  great  circles ;  the  arch 
of  the  first  mentioned  circle  intercepted  between 
the  other  two  is  the  measure  of  the  spherical 
angle  which  the  same  two  circles  make  with 
one  another. 

Let  the  great  circles  BA,  CA  on  the  superficies  of  a 
sphere,  of  which  the  centre  is  D,  intersect  one  another  in 
A,  and  let  BC  be  an  arch  of  anodier  great  circle,  of  which 
the  pole  is  A ;  BC  is  the  measure  of  the  spherical  angle 
BAG. 

Join  AD,  DB,  DC ;  since  A  is  the  pole  of  BC  ;  AB, 
AC  are  quadrants  (8.),  and  the 
angles  ADB,  ADC  are. right 
angles ;  therefore  (4.  def.  ^. 
Sup.),  the  an^le  CDB  is  the  iil- 
clination  of  the  planes  of  the 
circles  AB,  AC,  and  is  (def.  8.) 
equal  to  the  spherical  angle 
BAC ;  but  the  arch  BC  mea- 
sures  the  angle  BDC,  therefore 
it  also  measures  the  spherical  B' 
angle  BAC.    •  Q.  E.  D. 

Cor.  If  two  arches  of  ^reat  circles,  AB  and  AC, 
which  intersect  one  another  m  A,  be  each  of  them  qua- 
drants, A  will  be  the  pole  of  the  great  circle  which  passes 
through  B  and  Cj  the  extremities  of  those  arches.  For, 
since  the  arches  AB  and  AC  are  quadrants,  the  angles 
ADB,  ADC  are  right  angles,  and  AD  is  therefore  per- 
pendicular to  the  plane  BDC,  that  is  to  die  plane  of  the , 
great  circle  which  passes  through  B  and  C.  The  point 
A  is  therefore  (Cor.  1.  2.)  the  pole  of  the  great  circle 
which  passes  through  B  and  C. 


*  When  in  any  reference  no  mention  is  made  of  a  Book,  or  of 
the  Plane  Trigonometry,  the  Spherical  Trigonometry  is  meant. 
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PROP.  IV. 


If  the  planes  of  two  great  circles  of  a  sphere  he 
at  right  angles  to  one  another ^  the  circumfe^ 
rence  of  each  of  the  circles  passes  through  the 
poles  of  the  other ;  and  if  the  circwnference 
,  of  one  great  circle  pass  through  the  poles  of 
another y  the  planes  of  these  circles  are  at  right 
angles. 

Let  ABCD,  AEBF  be  two  great  circles,  the  planes  of 
which  are  at  right  angles  to  one  another ;  the  poles  of  the 
circle  AEBF  are  in  the  circumference  ACBD,  and  the 
poles  of  the  circle  ACBD  in  the  circumference  AEBF. 

From  G  the  centre  of  the  sphere,  draw  GC  in  the  plane 
ACBD  perpendicular  to  AB.  Then,  because  GC  in  the 
plane  ACBD,  at  right  an- 
gles to  the  plane  AEBF, 
is  at  right  angles  to  the 
common  section  of  the 
two  planes,  it  is  (Def.  9,. 
%  Sup.)  also  at  right  an- 
gles to  the  plane  AEBF,  ^ 
and  therefore  (Cor.  1.  2.) 
C  is  the  pole  of  the  circle 
AEBF;  and  if  CG  be 
produced  to  D,  D  is  the 
other  pole  of  the  circle 
AEBF. 

In  the  same  manner,  by  drawing  GE  in  the  plane 
AEBF,  perpendicular  to  AB,  and.  producing  it  to  P,  it 
is  shewn  that  E  and  F  are  the  poles  of  the  circle  ACBD, 
Therefore,  the  poles  of  each  of  these  circles  are  in  the 
circumference  of  the  other. 

Again,  if  C  be  one  of  the  poles  of  the  circle  AEBF  : 
the  great  circle  ACBD  which  passes  through  C  is  at 
right  angles  to  the  circle  AEBF.  For  CG  being  drawn 
from  the  pole  to  the  centre  of  the  circle  AEBF  is  at  right 
angles  (Cor.  1.  2.)  to  the  plane  of  that  circle;  and  there- 
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fore,  every  plane  passing  through  C6  (17.  8.  Sup.)  is  at 
right  angles  to  the  plane  AEBF ;  now,  the  plane  ACBD 
passes  through  C6.     Therefore,  kd    Q.  E.  D. 

Cor;  1.  If  of  two  great  circles,  the  first  passes  through 
the  poles  of  the  second,  the  second  also  passes  through 
.  the  poles  of  the  first  For,  if  the  first  passes  through^e 
poles  of  the  second,  the  plane  of  the  first  must  be  at  right 
angles  to  the  plane  of  tne  second,  by  the  second  part  of 
this  proportion ;  and  therefore,  by  the  first  part  of  it, 
the  arcumference  of  each  passes  through  the  poles  of  the 
other. 

Cor.  2.  All  eTeat  circles  that  have  a  common  diame- 
ter have  their  pdes  in  the  circumference  of  a  drcle,  the 
plane  of  which  is  perpendicular  to  that  diameter. 


PROP.  V. 

tn  isosceles  spherical  triangles  the  angles  at  the 

base  are  equal. 

Let  ABC  be  a  spherical  triangle,  having  the  side  AB 
^ual  to  the  side  AC ;  the  spherical  angles  ABC  and 
ACB  are  equal. 

Let  D  be  the  centre  of  the 
sphere;  join  DB,  DC,  DA, 
and  from  A  on  the  straight  lines 
DB,  DC,  draw  the  perpendi- 
culiurs  AE,  AF  ;  and  from  the 
points  E  and  F  draw  in  the 
plane  DBC  the  straight  lines 
EG,  F6  perpendicular  to  DB 
and 'DC  meeting  one  another 
in  G  :  Join^AG. 

Because  DE  is  at  ri^ht  an-*^ 
gles  to  each  of  the  straight  lines  AE,  EG,  it  is  a  right 
angle  t6  the  plane  AEG,  which  passes  through  AE^  EG 
(4. 2.  Sup.);  and  therefore,  every  plane  that  passes  through 
DE  is  at  right  angles  to  the  plane  AEG  \V7.  2.  Sup.) ; 
wherefore,  the  plane  DBC  is  at  right  angles  to  the  plane 
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AEG.  For  the  same  reason,  the  plane  DBC  is  at  right 
angles  to  the  plane  AFG,  and  therefore  AG,  the  com- 
mon section  of  the  planes  AFG,  AEG  is  at  ri^ht  angles 
(1^.  2.  Sup.)  to  the  plane  DBC,  and  the  angles  AGE, 
AGF  are  consequently  right  angles. 

But,  since  the  arch  ^AS  is  equal  to  the  arch  AC,  the 
angle  ADB  is  equal  to  the  angle  ADC.  Therefore  the 
triangles  ADE,  ADF,  have  the  angles  EDA,  FDA 
equal,  as  also  the  angles  AED,  AFD,  which  are  right 
angles;  and  they  have  the  side  AD  common,  therefore 
the  other  sides  a]:e  equal,  viz.  AE  to  AF,  (26.  1.),  and 
DE  to  DF.  Again,  because  the  angles  AGE,  AGF  are 
right  angles,  the  squares  on  AG  and  GE  are  equal  to  the 
square  of  AE ;  and  the  squares  of  AG  and  GF  to  the 
square  of  AF«  But  the  squares  of  AE  and  AF  are  equal, 
therefore  the  squares  of  ^G  and  GE  are  equal  to  the 
squares  of  AG  and  GF,  and  taking  away  the  common 
square  of  AG,  the  remaining  squares  of  GE  and  GF  are 
equal,  and  GE  is  therefore  equal  to  GF.  Wherefore,  in 
the  triangle^  AFG,  AEG,  the  side  GF  is  equal  to  the 
side  GE,  and  AF  has  b^n  proved  to  be  equal  to  AE, 
and  the  base  AG  is  common,  therefore,  the  angle  AFG 
is  equal  to  the  angle  AEG  (8.  1.).  But  the  angle  AFG 
is  the  angle  which  the  plane  ADC  makes  with  the  plane 
DBC  (4.  def.  2.  Sup.)  because  FA  and  FG,  which  are 
drawn  in  these  planes,  are  at  right  angles  to  DF,  the 
common  section  of  the  planes.  The  angle  AFG  (3.  def.) 
is  therefore  equal  to  the  spherical  ang]e  ACB ;  and,  for 
the  same  reason,  the  angle  AEG  is  equal  to  the  spheri- 
cal  angle  ABC.  But  the  angles  AFG,  AEG  are  equal. 
Therefore  the  spherical  angles  ACB,  ABC  are  also  equal. 
Q.  E.  D. 
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PROP.  VI. 


If  the  angles  at  the  hose  of  a  spherical  triangle 
be  equals  the  triangle  is  isosceles. 

Let  ABC  be  a  spherical  triangle  having  the  angles 
ABC,  ACB  equal  to  one  another ;  the  sides  AC  and  AB 
are  also  equal. 

Let  D  be  the  centre  of  the  sphere ;  join  DB,  DC,  DA, 
and  from  A  on  the  straight  lines  DB,  DC,  draw  the  per- 
pendiculars AE,  AF ;  and  from 
the  points  E  and  F,  draw  in  ^ 
the  plane  DBC  the  straight 
lines  EG,  F6  perpendicular  to 
DB  and  DC,  meeting  one  ano- 
ther in  G ;  join  AG. 

Then,  it  may  be  proved,  as 
was  done  in  the  last  proposi- 
tion, that  AG  is  at  right  angles 
to  the  plane  BCD,  and  that 
therefore  the  angles  AGF,!^ 
AGE  are  right  angles,  and  also,  that  the  angles  AFG, 
AEG  are  equal  to  the  angles  which  the  planes  DAC, 
DAB  make  with  the  plane  DBC.  But  because  the  sphe- 
rical angles  ACB,  ABC  are  equal,  the  angles  which  the 
planes  DAC,  DAB  niake  with  the  plane  DBC  are  equal 
(S.  def.)  and  therefore  the  angles  AFG,  AEG  are  also 
equal.  The  triangles  AGE,  AGF  have  therefore  two 
angles  of  the  one  equal  Uf  two  angles  of  the  other,  and 
they  have  also  the  side  AG  common,  wherefore  they  are 
equal,  and  the  side  AF  is  equal  to  the  side  AE. 

Again,  because  the  triangles  ADF,  ADE  are  right  an- 
gled at  F  and  E,  the  squares  of  DF  and  FA  are  equal  to 
the  square  of  DA,  that  is,  to  the  squares  of  DE  and  EA; 
now,  the  square  of  AF  is  equal  to  tne  square  of  AE,  there- 
fore the  ^uare  of  DF  is  equal  to  the  square  of  DE,  and 
the  side  DF  to  the  side  DE.  Therefore,  in  the  trian^es 
DAF,  DAE,  because  DF  is  equal  to  DE,  and  DA  oom- 
raon,  and  also  AF  equal  to  AE,  the  angle  ADF  is  equal 
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to  the  angle  ADE ;  therefore  also  the  arches  AC  and 
AB,  which  are  the  measures  of  the  angles  ADF  and 
ADE,  are  equal  to  one  another ;  stod  the  triangle  ABC 
is  isosceles.     Q.  £.  D. 

PROP.  VII. 

Any  two  sides  of  a  spherical  triangle  are  greater 

than  the  third. 

Let  ABC  be  a  spherical  triangle,  any  two  sides  AB, 
BC  are  greater  than  the  third  side  AC, 

Let  D  be  the  centre  of 
the  sphere ;  join  DA,  DB, 
DC. 

The  solid  angle  at  D  is 
contained   by  three    plane 
angles  ADB,  ADC,  BDC;d 
any  two  of  which,  ADB, 
BDC  are  greater   {9Jd,  % 
Sup.)  than  the  third  ADC ;  A 

and  therefore  any  two  of  the  arches  AB,  AC,  BC,  which 
measure  these  angles,  as  AB  and  BC,  must  also  be 
greater  than  the  third  AC      Q.  E.  D. 


PROP.  VIII. 

The  three  sides  of  a  spherical  triangle  are  less 
than  the  circumference  of  a  great  circle. 

Let  ABC  be  a  spherical  triangle  as  before,  the  three 
sides  AB,  BC,  AC  are  less  than  the  circumference  of  a 
great  circle. 

Let  E  be  the  centre  of  the  sphere :  The  solid  angle  at 
D  is  contained  by  three  plane  angles  BDA,  BDC,  ADC, 
which  together  are  less  than  four  right  angles  (21. 2.  Sup.) 
therefore  the  arcs  AB,  BC,  AC,  which  are  the  measures 
of  these  angles,  are  together  less  than  four  quadrants  de- 
scribed with  the  radius  AD,  that  is,  then  the  circumfe- 
rence of  a  great  circle.     Q.  E.  D. 
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PROP.  IX. 


In  a  spherical  triangle^  the  greater  angle  is  op- 
posite to  the  greater  side ;  and  conversely. 

Let  ABC  be  a  spherical  triangle,  the  greater  angle  A 
is  opposed  to  the  greater  side  BC. 

Let  the  angle  BAD  be 
made  eaual  to  the  angle 
B,  and  then  BD,  DA  will 
be  equal,  (6.),  and  there- 
fore AD,  DC  ai:e  equal  to 
BC;  but  AD,  DC  are 
greaterthan  AC  (7.),there-  ^^^„_^ 
fore  BC  is  greater   than  L^""^'^  ^ 

AC,   that  is,   the  greater  ^  C 

angle  A  is  opposite  to  the  greater  ride  BC.     The  con- 
verse is  demonstrated  as  Prop.  19.  1.  Elem.     Q.  E.  D. 


PROP.  X. 

According  as  the  sufn  of  two  of  the  sides  of  a 
spherical  triangle  is  greater  than  a  semicircle, 
equal  to  it,  or  less,  each  of  the  interior  angles 
at  the  hose  is  greater  than  the  exterior  and 
opposite  angle  at  the  hose,  equal  to  it,  or  less ; 
and  also  the  sum  of  the  two  interior  angles  at 
the  base  greater  than  two  right  angles,  equal 
to  two  right  angles,  or  less  than  two  rtghi 
angles. 

m 

Let  ABC  be  a  spherical  triangle,  of  which  the  aides 
are  AB  and  BC ;  produce  any  of  the  two  sides-as  AB, 
and  the  base  AC,  till  they  meet  again  in  D ;  then,  the 
arch  ABD  is  a  semicircle,  and  the  spherical  angles  at  A 
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and  D  are  eqiml^  because  each  of  them  is  the  inclination 
of  the  xitde  A9D  to  the  cirde  ACD. 

1.  If  ABy'BC  be.equal  tda  semicircle^  that  is,  to  AD^  0 
BC   will  be    eqimL  to 
Bp9  and  ther^re  (5.) 
the  atiffle    D,    or    the 
angle  A  will  be  equal  tx>     ^  \  v 


the  angle  BCD,  that  is  A. 

the  interior  angle  at  the  X,^^  n.  ^x^ 

base  equal  to  the  exte-  ^'"'-'-^.:^     ^w"^*^"^ 

rior  and  opposite.  -  .  C 

S.  If  AB,  BC  together  be  greater  than  a  i^micircle, 
that  is  greater  th^n  ABD,  BC  will  be  grater  than  BD; 
and  therefore  (9.)9  the  angle  D,  that  is,  the  angle  A,  is 
greater  than  the  angle  BCD, 

3.  In  the  same  manner  it  is.^ewn,  if  AB,  BC  togje- 
thet  be  less  than  a  si^mioircle,  that  the  angle  Aid  less  than 
the  angle  BCD. 

Now,  since  the  angles  BCD,  BCA  are  equal,  to  two 
ri^t  angks,  if  the  angle  A  be  grater  than  BCD»  Ab^4 
ACB  together  will  be  greater  than  two  right  angles.  If 
A  be  equal  to  BCD,  A  and  ACB  'tog^tfaer:  wiU  be  equal 
to  two  right  angles ;  and.  if  A  be  less  than>  BCD^  A  and 
ACB. will  be  less. than  two  right  angles.     Q,  1^.  D. 


PROP.  XI. 

If  the  angular  points  of  a  spherical  triangle  be 
made  the  poles  of  three  g^^eat  circles,  these 
three  circles  by  their  intersections  willjbrm  a 
triangle,  which  is  said  to  be  supplemental  to 
f  the  former  I  and  the  tybo  triangles  are  such^ 
that,  the  sides  of  the  one  are  the  supplements 
of  the  drches  which  measure  the  angles  of  the 
other. 

Let  ABC  be  a  spherical  triangle ;  and  from  the  points 
A,  B,  and  C  as  poles,  let  the  great  circles  FE,  ED,  DF 

Aa 
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be  described,  intersecting  one  anodier  in  F^  D,  and  £  ; 

the  sides  of  die  triansle  FED  are  the  supplemoits  of  the 

measures  of  the  angles  A,  B,  C,  viz.  F£  of  the  angle 

BAC,  DE  of  the  angle  ABC,  and  DF  of  the  angle 

ACB :  And  again,  AC  is  the  supplement  erf  the  angle 

DFE,  AB  of  the  angle  FED,  and  BC  rf  the  angle  EDF. 

Let  AB  produced  meet  DE,  EF  in  G,  M;  let  AC 

meet  FD,  FE  in  K,  L ;  and 

let  BC  meet  FD,  DE  in  N,  H. 

Since  A  is  the  pole  of  FE,  and 

the  circle  AC  passes  through 

A,  EF  will  pass  through  the 

j)6le  of  AC  (1.  Cor.  4) ;  and 

nnce   AC  passes  through   C, 

the  pole  of  FD,  FD  will  pass 

throuffh  the  pole  of  AC;  there-  Kl 

fcare  the  pole  of  AC  is  in  the  Jy 

point  F,  in  which  the  arches       if 

DF,  EF  intersect  each  other. 

In  die  same  manner,  D  is  the  pole  of  BC,  and  E  the 

pole  of  AB. 

And  since  F,  E  are  the  poles  of  AL,  AM,  the  arches 
FL  and  EM  (S.)  are  quadrants,  and  FL,  EM  logger, 
that  is,  FE  and  ML  together,  are  equal  to  a  semicircle. 
But  since  A  is  the  pole  of  ML,  ML  is  the  measure  of  the 
angle  BAC  (S.),  consequently  FE  is  the  supplement  of 
the  measure  of  the  angle  BAC.  In  the  same  manner,  ED, 
DF  are  the  supplements  of  the  measures  of  the  angles 
ABC,  BCA. 

Since  likewise  CN,  BH  are  quadrants,  CN  and  BH 
together,  that  is,  NH  and  BC  together,  are, equal  to  a 
semicircle ;  and  since  D  is  the  pde  of  NH,  NH  is  the 
measure  of  the  angle  FDE,  therefore  the  measure  of  the 
angle  FDE  is  the  supplement  of  the  side  BC.  In  the 
same  manner,  it  is  shewn  that  the  measures  of  the  angles 
DEF,  EFD  are  the  supplements  of  the-  sides  AB,  AC, 
in  the  triangle  ABC.     Q.  E.  D. 
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PROP.   XII. 

The  three  angles  of  a  spherical  triangle  are 
greater  than  twoy  ana  less. than  six,  right 
angles. 

The  measures  of  the  angles  A,  B,  C,  in  the  triangle 
ABC,  together  with  the  three  sides  of  the  supplemental 
triangle  DEF,  are  (11.)  equal  to  three  semicircles;  but 
the  three  sides  of  the  triangle  FDE  are  (8.)  less  than 
two  semicircles ;  therefore  the  measures  of  the  angled  A» 
B,  C  are  greater  than  a  semicircle ;  and  hence  the  angles 
Ay  B,  C  are  greater  than  two  right  angles. 

And  because  the  interior  angles  of  any  triangle,  toge* 
ther  with  the  exterior,  are  equal  to  six  right  angles,  the 
interior  alone  are  less  than  six  right  angles.     Q.  E.  D. 


PROP.  Xltl. 

If  to  the  circumference  of  a  great  chxle^  from  a 
pointy  in  the  surface  of  the  sphere y  whim  is  not 
the  pole  of  that  circle,  arches  of  great  circles  be 
drawn;  the  greatest  of  these  arches  is  that  which 
passes  through  the  pole  of  the  first^mentioned 
drclCy  and  the  supplement  of  it  is  the  leasts 
and  of  the  other  arches y  that  ivhich  is  nearer  to 
the  greatest  is  greater  than  that  which  is  more 
remote. 

Let  ADB  be  the  circumference  of  a  great  circle,  of 
which  the  pole  is  H,  and  let  C  be  any  other  point ; 
through  C  and  H  let  the  semicircle  ACB  be  drawn  meet- 
ing the  circle  ADB  in  A  and  B ;  and  let  the  arches  CD, 
CE,  CF  also  be  described.  From  C  draw  CG  perpen- 
dicular to  AB,  and  then>  because  the  circle  AHCB  wnich 

Aa2 
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passes  through  H,  the  pole  of  the  circle  ACB,  is  at  i^t 

ancles  to  ADB,  CG  is  perpendicular  to  the  plane  ADB. 

Join  GD,  GE,  GF ;  C A,  CD,  CE,  CF,  CB. 
Because  AB  is  the  diar 

meter  of  the  drcle  ADB, 

and  G,  a  point  jfx  it,  which 

is  not  the  centre,  (for  the 

centre    is    in  the   point 

where  the  perpendicular 

from  H  meets  AB,)  there- 
fore AG,  the  part  of  the  J^ 

diameter  in  which  the 
centre  is,  is  the  greatest, 
(7.  3.),  and  GB  the  least  E 

of  all  the  straight  lines  that  can  be  drawn  from  G  to  the 
drcumference ;    and  GD,  which  is  nearer  to  AG,  is 
greater  than  GE,  which  is  more  remote.     But  the  tri- 
angle CGA,  CGD  are  right  angled  at  G,  and  therefore 
AC*  =  AG*  +  GC*,  and   DC*  =  DG*  +  GC* ;  but 
AC*  +  GC*^DG*  +  GC* ;  because  AG^DG ;  there- 
fore AC*::^DC*,  and  AC::^DC.      And   because  the 
chord  AC  is  greater  than  the  chord  DC,  the  arch  AC  is 
greater  than  the  arch  DC.     In  the  same  manner,  «nce 
GD  is_greater  than  GE,  and  G£  than  GF,  it  is  shewn 
that  CD  is  greater  than  CE,  and  CE  than  CF.    Where- 
fore also  the  arch  CD  is  greater  than  the  arch  CE,  and 
the  arch  CE  greater  than  the  arch  CF,  and  CF  than 
CB ;  that  is,  of  all  the  arches  of  ^reat  circles  drawn  from 
C  to  the  circumference  of  the  circle  ADB,  AC  which 
passes  through  the  pole  H,  is  the  greatest,  and  CB  its 
si^ppliHnent  is  the  least ;  and  of  the  others,  that  which  is 
nearer  to  AC  the  greatest,  is  greater  than  that  which  is 
more  remote.     Q.  E.  D. 
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PROP.  XIV. 

In  a  ri^ht  angled  spherical  triangle,  the  sides 
containing  the  right  angle  are  qfthe  same  (tf- 
fection  with  the  angles  opposite  to  them,  that 
is,  if  the  sides  be  greater  or  less  than  quadrants, 
the  opposite  angles  will  he  greater  or  less  than 
right  angles,  and  conversely. 

Let  ABC  be  a  spherical  triangle,  right  angled  at  A, 
any  side  AB  will  be  of  the  same  affection  with  the  oppo- 
site angle  ACB. 

Produce  the  arches  AC,  AB,  till  they  meet  again  in 
D,  and  bisect  AD  in  E.  Then  ACD,  ABD  are  semi- 
circles, and  AE  an  arch  of  90".  Also,  because  CAB  is 
by  hypothesis  a  right  angle,  the  plane  of  the  circle  ABD 
is  perpendicular   to  g, 

the    plane    of^  the  ^^^^,^— ■        ■  '-^^^..^^^ 

circle  ACD,  so  that  A:  ^^**\ 

the  pole  of  ACD  is     x\  X 

in  ABD,  (cor.  1.  4),  X     \\  \  n 

and  is  therefore  theA^v^      \\  /^ 

point  E.   Let  EC  be     \.  \\  y/ 

an  arch  of  a  great  \^\.  ^^.^^^ 

circlepassingthrough  JB"^^^*  """^^'^ 

E  and  C.  JS  * 

Then  because  E 
is  the  pole  of  the 
circle  ACD,  EC  is  a 
(2.)  quadrant,  and 
the  plane  of  the 
circle  EC  (4.)  is  at  ^ 
right  angles  to  the  *^ 
plane  of  the  circle 
ACD,  that  is,  the 
spherical  angle  ACE 

is  a  right  angle;  and  therefore,  when  AB  is  less  than  AE, 
the  angle  ACB,  being  less  than  ACE,  is  less  than  a  right 
angle.  But  when  AB  is  greater  than  AE,  the  angle  ACB 
is  greater  than  ACE,  or  than  a  right  angle.  *  In  the  same 
way  may  the  con\rerse  be  demonstrated.  Therefore,  &f 
Q.  E.  D. 
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PROP.  XV. 

I  « 

• 

If  the  two  sides  of  a  right  angled  spherical  tri- 
angle about  the  right  an^leoe  qfthe  same  af- 
fection^  the  hypotenuse  xmll  he  less  thanaqm- 
drant;  and  y^iheyhe  of  different  (iffectm,the 
hypotenuse  will  be  greater  than  a  qaadratd. 

Let  ABC  be  a  right  angled  spherical  triangle ;  wxoxi- 
ing  as  the  two  sides  AB,  AC,  are  of  the  same,  or  of  diffe- 
rent affection,  the  hypotenuse  BC  will  be  less,  or  greater 
than  a  quadrant. 

-  The  construction  of  the  last  proposition  remainiDg, 
bisect  the  semicircle  ACD  in  G ;  then  AG  wili4)eaD  arch 
of  90^,  and  G  will  be  the  pole  of  the  circle  ABD. 

1 .  Let  AB,  AC  be  each  kss  than  90°.  Then,  because 
C  is  a  point  on  the  surface  bf^the  sphere,  which  is  not  the 
pole  of  the  circle  ABD,  the  arch  CGD,  which  passes 
through  G  the  pole  of  ABD  is  greater  than  ,C£,  (13  )i 
and  C£  greater  than  CB.  But  CE  is  a  quadrant,  as 
was  before  shewn,  therefore  CB  is  less  than  a  quadrant. 
Thus  also  it  is  proved  of  the  right  angled  triimgle  CDB, 
(right  angljed  at  D,)  in  which  each  oi  the  aides  CD,  DB 
is  greater  than  a  quadrant,  that  the  hypotenuse  BC  is 
less  than  a  quadrant. 

%  Let  AC  be  less,  and  AB  greater  than  90^  Then. 
l3ecause  CB  falls  between  CGD  and  C£,  it  is  frreater 
(13.)  than  CE,  that  is,  than  a  quadrant.     Q.  E.  B. 

Cur.  1.  Henee^  convjersely,  if  tbe  hypotenuse  of  aright 
angled  triangle  be  greater  or  less  than  a  quadrant,  the 
sides  will  be  of- different  or  the  same  affection. 

.        ^       . 

Cob.  2.  Sihcie  (14.)  the  oblique  angles  of  a  right  jingleil 
.apherioal  triangle  have  the  same  affection  with  the  oppo- 
site sides,  therefore,  according  as  the  hypotenuse  i^ 
greater  or  tess  than  a  quadraiit,  the  oblique  angles  \« 
£e  pf  .different,  or  of  the  same  ai&ction. 
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Cor.  3.  Because  the  sides  are  of  the  same  aflfection 
^ith  the  opposite  angles,  therefore,  when  an  angle  and 
the  side  adjacent  are  of  the  same  affection,  the  hypote- 
nuse is  less  than  a  quadrant ;  and  conversely. 


PROP.  XVI. 


In  any  spherical  triangle^  if  the  perpendicular 
upon  the  base  from  the  opposite  angle  fall 
within  the  triangle^  the  angles  at  the  base  are 
of  the  same  affection ;  ana  if  the  perpendicu- 
lar  fall  without  the  triangle^  the  angles  at 
the  base  are  of  different  affection. 


Let  ABC  be  a  spherical  triangle,  and  let  the  arch  CD 
be  drawn  from  C  perpendicular  to  thei)ase  AB. 

1.  Let  CD  fall  within  the  triangle ;  then,  since  ADC, 
BDC  are  right  angled  spherical  triangles,  the  angles  A, 
B  must  each  be  of  the  same  affection  with  CD,  (l4.) 


C 


B      » 


2.  Let  CD  fall  without  the  triangle ;  then  (14.)  the 
angle  B  is  of  the  same  affection  with  CD ;  and  the  angle 
CAD  is  of  the  same  affection  with  CD ;  therefore  the 
angle  CAD  and  B  are  of  the  same  affection,  and  tha 
angles  CAB  and  B  are  therefore  of  different  affections. 
Q.  E.  D. 

CoR.  Hence,  if  the  angles  A  and  B  be  of  the  same  af- 
fection; the  perpendicular  will  fall  within  the  base :  for  if 
it  did  not,  A  and  B  would  be  of  different  affection.    And, 
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if  the  ttiglett  A  and  B  WoP  cKffettint  dfedibn;:  tbm  per. 
pefkiteattf  'will  fkU  wtehoof^tbe  trMii^lei(rfer  if^it  did 
m^'themglBB  A  and  B  wookt  b€»0f<  tne  ^anperaffefltinn, 
tx>ntrary  to  the  ftUppo^itiott. 


PIJOP.  XVII. 

If  to  the  hose  of  a  spherical  triangle  a  perpen- 
dicular he  arawn  from  iJie  opposite,  angle^ 
riihich  either  falls  within- the  triangle^  or  is 
t\e  nearest  oj  the  two^  that  fall  wimont:  the 
least  of  the  segments  of  th^  base  is  adjacent 
to  the  least  of  the  sides  of  the  triangle^  or  to 
the  greatest y  according  as  the  sum  ythe  sides 
is  less  or  greater  than  a  semicircle. 

Let  ABEF  be  n  great  dr^Je  of  a.  sjAer^y  H  it6  flale, 
and  GHD  any  dnsle  passipe  throMg^'H^^'vittch,  ili^f^re, 
is  pespendicqlar  to  the  cime  AB£F/  Let  A  and  A  be 
two  points  in  the  circle  ABEF,  on  oppo^te  sides  of  the 
point  D,  and  let  D  be 
nearer  to  A  than  to  B, 

and  let  C  be  any  point  in       ^  "^^ 

t^e  circle  GQD,  between  «j, 
H  and©.  Through  the^ 
points  A  and  C,  B  and 
C,  let  the  arches  AC  and< 
BC  be  drawn,  and -let 
them  be  prod  uced<  till  they 
meet  the  circle  ABEF  in 
tb^  points  E. and  F,  then 
the  airehes  ACEv  BCF 
are    iseiaaicilrcl^Sv        Also 

AeB,<ACF,.  CFE*  ECB'  are  four  spherical  Uiangfes 
aq^tam^  ^y  arcbee  of  the.  aaioe  is^rcksj  and^kaVing  the 
same  perpendiculars  CD  and  C6. 

1.  Now,  because  CE  is  nearer  to  the  arch  CH6  than 
CB  iS)  CE  is  greater  than  CB^  and  th^refpre  GE  and  CA 
ar^;  greater  tht|n:|CB  and  CA;  Wbi?r$^  GB  and  OA  are 
less  than  a  semicircle;;  but  beCaU9e.A}l  is  by  supposition 
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less  ^than  D6,  AC  Is  also  less  than  CB,  (13.),  and  there- 
fore in  this  case,  viz.  when  the  perpendicular  falls  with- 
in the  triangle,  and  when  the  som  of  the  udes  is  less 
than  a  semicircle,  the  least  segment  is  adjacent  to  the 
least  side. 

2,  Again,  in  the  triangle  FCA  the  two  sides  FC  and 
CA  are  less  than  a  semicircle;  for,  since  AC  is  less  than 
CB,  AC  and  CF  are  less  than  BC  and  CF.  Also,  AC 
is  less  than  CF,  because  it  is  more  ranote  fr6m  CH6 
than  CF  is ;  theireibre,  in  this  case  also,  viz.  wheti  the  per- 
pendicular falls  without  the  triangle,  and  when  the  sum 
of  the  sides  is  less  than  a  semicircle,  the  least  segment  of 
the  base  AD  is  adjacent  to  the  least  side. 

3.  But  in  the  triangle  FCE  the  two  sides  FC  and  CE 
are  greater  th^n  a  semicircle ;  for  since  FC  is  greater 
than  CA,  FC,  and  CE  are  greater  than  AC  and  CE. 
And  because  AC  is  less  than  CB,  EC  is  greater  than 
CF,  and  EC  is  therefore  nearer  to  the  perpendicular 
CHG  [than  CF  is,  wherefore  EG  is  the  least  segment  of 
the  base,  and  is  adjacent  to  the  greater  side. 

4i\  In  \he  triangle  ECB  the  two  sides  ]EC,  CB  are 
greater  thto'  a  semicircle ;  for,  ^nce  by  supposition  CB  is 
greater  than  C A,  EC  and  CB  are  greater  than  EC  and 
CA.  Also,  EC  is  greater  than  CB,  wherefore  in  this 
case,  also,  the  least  segment  of  the  base  EG  is  adjacent 
to  the  greatest  ^ide  of  the  triangle.  Therefore,  when  the 
sum  Qi. the  side§  is gr^j^ter  than  a  semicircle,  the  least 
seg!|ne^t  6f  the  base  is- adjacent  to  the  greatest  side,  whe- 
ther the  p^rpiendicular  fall  within  or  without  the  triangle  : 
and  it  h^  been  shewn,  that  when  the  sum  of  the  sides  is 
less  than  a  semicircle,  the  least  segment  of  the  base  is  ad- 
jacent to  the  least  of  the  sides,  whether  the  perpendicular 
fall  within  or  without  the  triangle.  Wherefore,  &c. 
Q.  E.  D. 
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PROt.  XVHL 


hi  riffht  angled  spherical  triangles,  the  me  Oj 
either  of  the  sides  about  the  right  angle  is  to 

,  the  radius  (^the  sphere^  as  the  tangent  of  tk 
remaming  side  is  to  tlie  tangent  of  the  angle 
opposite  to  thai  side. 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A: 
and  let  AB  be  either  of  the  sides;  the  sine  of  the  ade  A6 
iirill  be  to  the  radius,  as  the  tangent  of  the  other  side  AC 
to  the  tangent  of  the  angle  ABC,  opposite  to  AC.  Let 
D  be  the  centre  of  the  sphere ;  join  AD,  BD,  CD,  "^ 
let  AF  bedrawn  perpendu 
cular  to  BD,  which  there- 
fore will  be  the  sine  of  the 
arch  AB,  and  from  the 
point  F,  let  there  bedrawn 
Iff  the  plane  BDC  the  , 
straight  line  FE,  at  right 
angles  to  BD,  meeting  DC 
in  E,  and  let  AE  be  join- 
ed. Since,  therefore,  the  D 
straight  line  DF  isat  right 
angles  to  both  FA  and  FE, 
it  will  also  be  at  right 
angles  to  the  plane  AEF 
(4.  «.  Sup.);  wherefore  the  plane  ABD,  which  passes 
through  DF  is  perpendicular,  to  the  plane  AEF  (17.  2 
Sup.),  and  the  plane  AEF  perpendicular  to  ABD:  But 

A  bR  u  ^^^  ^^  ^^^  ^®  ^^  perpendicular  to  the  same 
ABD,  because  the  spherical  angle  BAC  is  a  right  angle. 
Therefore  AE,  the-common  section  of  the  planes  AED, 

A%i  Tt?^ ^^^^  *"fi^^^  ^  ^^^ P^*"®  ^BD,  (18. 2.  Sup.), 
and  EAF,  EAD  are  right  angles.     Therefore  AE  is  the 

^^^\^^^^^  ^^^^  -^^  '  »"^  ^^  the  rectilineal  triangle 
AEF,  havmg  a  right  angle  at  A,  AF  is  to  the  radius  as 
AE  to  the  tangent  of  the  angle  AFE,  (1.  PL  Tr.);  but 
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AF  is  the  sine  of  the  arch  AB,  and  AE  the  tangent  of 
the  arch  AC  ;  and  the  angle  AFE  is  the  inclination  of 
the  planes  CBD,  ABD  (4.  def.  %  Sup.),  or  is  equal  to 
the  spherical  angle  ABC:  Therefore  the  sine  of  the  arch 
AB  is  to  the  radius  as  the  tangent  of  the  arch  AC  to 
the  tangent  of  the  opposite  angle  ABC.    Q.  £.  D. 

CoR.     Since  by  this  proposition,  sin  AB  :'R  :  :  tan 
AC  :  tan  ABC ;  and  because  R  :  cot  ABC  :  :  tan  ABC  ' 
:  R  (1.  Cor.  def.  9.  PI.  Tr.)  by  equality,  sin  AB  :  cot 
ABC  :  :  tan  AC  :  R. 


PROP.  XIX. 


In  right  angled  spherical  triangles,  the  sine  of 
the  hypotemcse  is  to  the  radios  as  the  sine  of 
either  side  is  to  the  sine  of  the  angle  opposite 
to  that  side. 


Let  the  triangle  ABC  be  right  angled  at  A,  and.  let 
AC  be  either  of  the  sides ;  the  sine  of  the  hypotenuse  BC 
will  be  to  the  radius  as  the  sine  of  the  arch  AC  is  to  the 
sine  of  the  angle  ABC. 

Let  D  be  the  centre  of  the  sphere,  and  let  CE  be 
drawn  perpendicular  to  DB,  which  will  therefore  be  the 
sine  of  the  hypotenuse  BC  ; 
and  from  the  point  E  let 
there  be  drawn  in  the  plane 
ABD  the  straight  line  EF 
perpendicular  to  DB,  and 
let  CF  be  joined :  then  CF 
will  be  at  right  angles  to  the 
plane  ABD,  because,  as  was 
shown  of  EA  in  the  preced- 
ing proposition,  it  is  the 
common  section  of  two  planes,  DCF,  ECF,  each  perpen- 
dicular to  the  plane  ADB.  Wherefore  GFD,  CFE  are 
right  angles,  and  CF  is  the  sine  of  the  arch  AC ;  and  in 
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Ae  triangle  CEF  baring  the  ri^t  angle  CFE>  C£  is  to 
the  xadtus  as  CFi  to  the  one.of  the  aogl^  0£F)(1.  Fl 
Tr.)  But,  :sin0^  .  CE,  FC  at»  at  lA^X  angles  to  DEB, 
irhich  is  the  oemmoa  seetkbi  o^  the/pltoe9-  CBP^' ABD, 
the  angle  CEE  i^  equal  to  the  InclioaliQn  of  these  jdaoes, 
(4.  def'S.  Sup.)y  that  is,  to  the  sph^cai  angle  ABC. 
Therefore  the  sine  of  the  hypotenuse  CB,  is  to  the  ra* 
dius,  as.  the  sine  of  the  side  AC  to  the  nne  of  the  oppo- 
nte  an^e  ABC.     Q.  E.  D. 


PROP.  XX. 

In  right  angled  spherical  triangles,  the  cosine 
of  the  hypotenuse  is  to  the  raditis  as  the  co- 
tangent of  either  of  the  angles  is  to  the  tan- 
gent of  the  remaining  angle. 

Let  ABC  be  a  spherical  triangle,  having  a  right  angle 
at  A,  the  cosine  of  the  hypotenuse  BC  is  to  the  radius  as 
the  cotangent  of  the  angle  ABC  to  the  tangent  of  the 
angle  ACB. 

Bescribe  the  ciide  D£,  of  which  B  is  the  pole,  and 
let  it  meet  AC  in  F,  and  the  circle  BC  in  E ;  and  since 


the  circle  13D  passes  through  ike  pole  B  of  the  circle 
DF,  DF  must  pass  through  the  pole  of  BD,  (4.)    And 
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since  AC  is  perpendicular  to  BD,  the  plane  of  the  circle 
AC  is  perpendicular  to  the  plane  of  the  circle  BAD> 
and  therefore  AC  must  also  (4.)  pass  through  the  pole  of 
BAD ;  wherefore,  the  pole  of  the  circle  BAD  is  in  the 
point  F,  where  the  circles  AC,  DE  intersect.  The  arches 
FA,  FD  are  therefore  quadrants,  and  likewise  the  arches 
BD,  BE.  Therefore,  in  the  triangle  CEF,  right  angled 
at  the  point  E,  CE  is  the  complement  of  BC,  the  hypo- 
tenuse of  the  triangle  ABC :  EF  is  the  complement  of 
the  arch  ED,  the  measure  of  the  angle  ABC,  and  FC, 
the  hypotenuse  of  the  triangle  CEF,  is  the  complement 
of  AC,  and  the  arch  AD,  which  is  the  measure  of  the 
angle  CFE,  is  the  complement  of  AB. 

But  (18.)  in  the  triangle  CEP,  sin  CE  :  B : :  tan  EF : 
tan  ECF,  that  is,  in  the  triangle  ACB,  cos  BC  :  R  :  : 
cot  ABC  :  tan  ACB.    Q.  E.  D 

Cob.  Because  cos  BC  :  R : :  cot  ABC  :  tan  ACB,  and 
(Cor.  1.  def.  9.  PI.  Tr.)  cot  ACB  :  E  : :  R :  tan  ACB 
ex  aequo,  cot  ACB  :  cos  BC  : :  R :  cot  ABC. 
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PROP.  XXI. 

In  right  angled  spherical  triangles^  the  cosine 
of  an  angle  is  to  the  raditis,  as  the  tangent  of 
the  side  adjacent  to  that  angle  is  to  the  tan- 
gent of  the  hypotenuse. 

The  same  construction  remwning  :  In  the  triangle 
CEF,  sin  FE  :  R: :  tan  CE :  tan  CFE  (18.);  but  sin  EF= 
cos  ABC  ;  tan  CE  =  cot  BC,  and  tan  CFE  =  cot  AB, 
therefore  cos  ABC  :  R  :  :  cot  BC  :  cot  AB.  Now,  be- 
cause (Cor.  I.  def.  9.  PL  Tr.)  cot  BC  :  R . :  R :  tan  BC, 
and  cDt  AB  :  R  : :  R :  tan  AB,  by  equality  inversely, 
cot  BC  :  cot  AB  : :  tan  AB  :  tan  BC  ;  therefore  (11.  5.) 
cos  ABC  :  R  :  ;  tan  AB  :  tan  BC.  Therefore,  &c. 
Q.  E.  D. 


Con.  1.  From  the  demonstration  it  is  manifest,  that 
the  tangents  of  any  two  arohes  AB,  BC  are  reciprocally 
proportional  to  their  cotangents.  * 

Cob.  2.  Because  cos  ABC  :  R  :  :  tan  AB  :  tan  BC, 
and  R  :  cot  BC : :  tan  BC  :  R,  by  equality,  cos  ABC  : 
cot  BC  :  :  tan  AB  :  R.  That  is,  the  cosine  of  any  of  the 
oblique  angles  is  to  the  cotangent  of  the  hypotenuse,  as 
the  tangent  of  the  side  adjacent  to  the  angle  is  to  the 
radius. 
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PROP.  XXIL 

In  right  angled  spherical  triangles^  the  cosine  of 
either  of  the  sides  is  to  the  radius ^  as  the  cosine 
of  the  hypotenuse  is  to  the  cosine  of  the  other 
side. 

The  same  construction  remfuning :  Id  the  triangle 
CEF,  sin  CF :  R : ;  sin  CE  t  sin  CFE,  (19.);  but  sin  CF= 
cos  CA,  an  CE  =  cos  BC,  and  sin  CFE  =  cos  AB  ; 
therefore,  cos  CA  :  R  : :  cos  BC  ;  cos  AB. .  Q.  E.  D. 


PROP.  XXIII. 

In  right  angled  spherical  triangles,  the  cosine  of 
either  of  the  sides  is  to  the  radius,  as  the  co- 
sine of  the  angle  opposite  to  that  side  is  to  the 
sine  of  the  other  angle. 

The  same  construction  remaining:  In  the  triangle  CEF, 
smCF :  R : :  sin  EF :  sin  ECF,(19.);  but  sin  CF=cosCA, 
sin  EF  =  cos  ABC,  and  sin  ECF=sin  BCA ;  therefore, 
cos  CA  :  R  : :  cos  ABC  :  sin  BCA.     Q.  E.  D. 
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PROP.  XXIV. 

In  Mkeriad  triaagltt, vtkeOeKfmmgkd or" 
Aiw^aneledJ&e ^nne»  o/  the.»tdfis fl« pro- 
pdtiioAalJotkt  sines  oftMmgks  opposrfe  <o 

them, 

WWf  T  et  ABC  -be  a  rigbt  *Bigkditri«n^e,  hayiAga 

X  Ktothe  radios;  (or  the.  aae  of  the  ngbt angle 

at  A,)  as  Ae  rine  of  the      q 

«de  AC  to  the  rine  of  the 

angle  B.      And,   in  like 

manner,  the  rine  of  BC  i» 

to  the  rine  of  the  angle  A, 

as  the  sine  of  -AB  to  the 

rineof  tlieangleC4  where- 

foce  (11,  &)  u»e  rise  of  the  > 

BKleACis  to  the  ride  of 

tf  le  angle  B,  as  1;he  rine  of  AB  to  the  sme  of  the  angle  t 

Secondly,.Let  ABC  be  an  oblique  angled  triangle,  ije 
riiie  of  anf  of  the  rides  PC  witfbe  to  the  sine  of  AC,  a 
of  the  other  two,  ^  the  rine  of  the  .«ingle  A  opposite  tt 
BC,  is  to  the  rine  oF  the  angle  B  opposite  to  AC.  Throug- 
the  point  C,  let  there  be  drawn  an  arch  of  »  g^^^  crt 
CD  perpendicular  to  AB ;  and  in  the  right  angled  tn- 


B         A 

angle  BCD,  sin  BC  :  R : :  rin  CD :  rin  B,  (19);  and  in  tii< 
triangle  ADC,  rin  AC :  R : :  sin  CD :  sin  A ;  wherefore 
by  equality  inversely,  rin  BC  :  sin  AC  :  :  sin  A  :  sin  b 
In  the  same  manner,  it  may  be  proved  that  rin  BC 
rin  AB  : :  sin  A  :  rin  C,  &c.     Therefore,  &c.    Q.  E.  D 
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TJ: 


PROP.  XXV. 

hi  joblique  angled  spherical  triangles^  a  perpen^ 
dicutar  arch  being  drawn  from  any  of  the 
angles  upon  the  opposite  side,  the  cosines  of  the 
angles  at  the  base  are  proportional  to  tlie  sines 
of  the  segments  of  the  vertical  angle. 

Let  ABC  be  a  triangle,  and  the  arch  CD  perpendicu- 
lar to  the  base  BA ;  the  cosine  of  the  angle  B  will  be  to 
the  cosipe  of  the  angle  A,  as  the  sine  of  the  angle  BCD 
to  the  sine  of  the  angle  ACD. 

For  having  drawn  CD  perpendicular  to  AB,  in  the 
right  angled  triangle  BCD,  (28.)  cos  CD  :  B  :  :  cos  B  : 
sin  DCB  ;  and  m  the  right  angled  triangle  ACD, 
cos  CD  :  R  :  :  cos  A  :  sin  ACD;  therefore  (11.  5.) 
cos  B  :  sin  DCB  :  .  cos  A  :  sin  ACD,  and  t^ternately, 
cos  B  :  cos  A  :  :  sin  BCD :  sin  ACD.     Q.  E.  D. 

.1 
PROP.  XXVI. 

The  same  things  remaining^  the  cosi7ies  of  the 
sides  BCy  CA^  are  proportional  to  the  cosines 
of  BDy  I) Ay  the  segments  of  the  base. 

For  in  the  triangle  BCD,  (32.),  cos  BC  :  cos  BD  : 
COS  DC  :  B,  and  in  the  triangle  ACD,  cos  AC  :  cos  AD  : 
cos  DC  :  R  ;  therefore  (11.  5.)  cos  BC  :  cos  BD  : 
cos  AC  :  cos  AD,  and  alternately,  cos  BC  :  cos  AC  : 
cos  BD  :  cos  AD.     Q.  E,  P. 

Bb 


1  ^^ 
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PROP.  XXVII. 


The  same  construction  remaining^  the  sines  of 
jRZ),  DA,  the  segments  of  the  base,  are  reci- 
procally proportional  to  the  tangents  of  Band 
A,  the  angles  at  thelbase. 

In  the  triangle  BCD,  (18.),  sin  BD :  R : :  tan  DC :  tan  B; 
and  in  the  triangle  ACD,  sin  AD:  R: :  tanDC:tan  A; 
therefore,  by  equality  inversely,  sin  BD :  sin  AD : :  tan  A : 
tan  B.     Q.  E.  D.     • 


PROP.  XXVIII. 


The  same  construction  remaining,  the  cosines  of 
the  segments  of  the  vertical  angle  are  reci^o- 
caJly  proportional  to  the  tangents  of  the  sides. 

Because  (21.),  cos  BCD  :  R  : :  tan  CD :  tan  BC,  and 
also,  cos  ACD  :  R  :  :  tan  CD :  tan  AC,  by  equality  in- 
versely, cos  BCD :  cos  ACD : :  tan  AC :  tan  BC.  Q.  E.  D 
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PROP.  XXIX. 

If  from  an  angle  of  a  spherical  triangle  there  he 
drawn  a  perpendicular  to  the  opposite  sidCy  or 
base,  the  rectangle  contained  by  the  tangents 
of  half  the  sum-,  and  of  half  the  difference  of 
the  segments  of  the  base  is  equal  to  the  rect- 
angle contained  by  the  tangents  of  half  the 
sum,  andqf  half  the  difference  of  the  two  sides 
of  the  triangle. 

Let  ABC  be  a  spherical  triangle,  and  let  the  arch  CD 
be  drawn  from  the  angle  C  at  right  angles  to  the  base  AB ; 
tan  i  (BD  +  AD)  x  tan  i  (BD— AD)  =  tan  ^  (BC  + 
AC)  X  tan  J  (BC— AC). 

Let  BC  =  a,  AC  =  6 ;  BD  =  m,  AD  =  li.  Because 
(26.)  cos  a  :  cos  b : :  cos  m :  cos  n,  (E.  5.)  cos  a  +  cos  b  : 
cos  a  —  cos  b  :  ;  cos  m  +  cos  n  :  cos  m  —  cos  n.  But 
(1.  Cor.  8.  PL  Trig.),  cos  a  +  cos  &  :  cos  a — cos  b  :  : 
cot  I  (a  +  b)  :  tan  ^  (a — b)^  and  also,  cos  m  +  cos  n  : 
cos  m— cos  n:  :c6i  I  (in  +  n)  :  tan  ^  (m — n).  There- 
fore, (1 1.5.)  cot  i  (^a+6^ :  tan  i  (a — b) : :  cot  i  (m+n) : 
tan  I  (m — n).  And  because  rectangles  of  the  same  alti- 
tude are  as  their  bases,  tan  |  (a+b)  x  cot  J  (a+bj  : 
tan  J  (a  +  bjx  tan  §  (a — b)  :  :  tan  I  (m  -{- n)  x  cot  J 
fm  +  n) :  tan  J  (m  +  n)x  tan  J  (m — n).  Now,  the  first 
and  third  terms  of  this  proportion  *are  equal,  being  each 
equal  to  the  square  of  the  radius,  (1.  Cor.  PI.  Trig.), 
therefore  the  remaining  two  are  equal,  (9.5.)  or  tan  J 
Cm+n)  X  tan  |  (m — n)  =  tan  J  (a+b)  x  tan  }  (a+b) : 
that  is,  tan  J  (BD  +  AD)  x  tan  J  (BD— AD)  =  tan  J 
(BC  +  AC)  X  tan  J  (BC— AC).     Q.  E.  D. 

Cor.  1.  Beca^use  the  sides  of  equal  rectangles  are  reci- 
procally proportional,  tan  J  (BD  +  AD)  :  tan  J  (BC  + 
AC)  : :  tan  J  (BC— AC)  :  tan  I  (BD— AD). 

Bb2 
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Cob.  2.  Since,  when  the  perpendicular  CD  falls  within 
the  triangle,  BD  +  AD  =  AB,  the  base ;  and  when  CD 
falls  witlwut  the  triangle  BD  —  AD  r=  AB,  therefore,  in 
the  first  case,  the  proportion  in  the  last  corollary  becomes, 
tan  J  (AB)  :  tan  J  (BC  +  AC)  :  :  tan  i  (BC  — AC), 
tan  I  (BD  — •  AD) ;  and,  in  the  second  case,  it  becomes,  by 
inversion  and  alternation,  tan  J  (AB)  :  tan  J  (BC+AC) 
: :  tan  §  (BC  — AC)  :  tan  J  (BD  +  AD). 


SCHOLIUM. 

TAe  preceding  proposition,  which  is  very  useful  ia 
spherical  trigonometry,  may  be  easily  remembered  from 
its  analogy  to  the  proportion  in  plfflie  trigonometnr,  that 
the  rectangle  under  half  the  sum,  and  hajf  the  difference 
bf  the  sides  of  a  plane  triangle^  is  eqUal  H  the  rectangle 
under  half  the  sum,  and  half  the  difference  of  the  seg- 
ments of  the  base.' .  See  (K.  6.),  also  4th  Case  PL  Tug. 
We  are  indebted  to  Napier  for  this  and  the  two  follow- 
ing theorems,  which  are  so  well  adapted  toealcujationby 
logarithms,  that  they  must  be  considered  as  three  of  the 
most  valuable  propositions  in  Trigonometry. 
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PROP.  XXX. 

If  a  perpendicular  he  drawn  from  an  angle  of  a 
spherical  triangle  to  the  opposite  side,  or  ^ase, 
the  sine  of  the  sum  of  the  angles  at  the  base  is 
to  the  sine  of  their  difference,  as  the  tangent  of 
half  the  base  to  the  tangent  of  half  the  diffe- 
rence of  its  segments,  when  the  perpendicular 
falls  within ;  but  a^  the  tangent  of*  half  the 
base  to  the  tangent  of  half  the  sum  of  the 
segments,  vohen  the  perpendicular  Jails  with- 
out the  triangle :  And  the  sine  of  the  sum  of 
the  two  sides,  is  to  the  sine  of  their  difference, 
as  the  co-tangent  of  half  the  angle  contained 
by  the  sides,  to  the  tangent  of  half  the  diffe- 
rence of  the  angles  which  the  perpendicular 
makes  with  the  same  sides,  when  it  falls  with' 
in,  or  to  the  tangent  of  half  the  sum  of  these 
angles,  when  it  falls  without  the  triangle. 

If  ABC  be  a  spherical  triangle,  and  AD  a  perpendi- 
cular to  the  base  BC  ;  sin  (C  +  B)  :  sin  (C — B) : :  tan  J 
BC  :  tan  i  (BD— DC),  when  AD  falls  within  the  tfi- 


angle;  but  an  (C  +  B)  :  sin  (C— B)  :  :  tan  f  BC  :  tan 
I  (BD  +  DC),  when  AD  falls  without.  And  again, 
sin  (AB  +  AC)  :  sin  (AB— AC)  :  :  cot  J  BAC  :  tan  J 
(BAD— CAD)  ;  when  AD  falls  within  ;  but  when  AD 
falls  without  the  triangle,  sin  (AB  +  AC)  :  sin  (AB- 
AC) : :  cot  J  BAC  :  tan  \  (BAD  +  CAD). 
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For,  in  the  triangle  BAC,  when  AD  is  within  the  tri- 
angle, tan  B  :  tan  C  : :  sin  CD  :  sin  BD  (27.)>  and  there- 
fore, (E.  6.),  tan  C  -f  tan  B  :  tan  C — tan  B  : :  sin  BD-^ 
sin  CD  :  sin  BD — sinCD.  Now,  (by  the  annexed  Lem- 
ma) tan  C  +  tan  B  :  tan  C — ^tan  B  ::  sin  (C  +  B)  :  sin 
(C— B),-and  sin  BD  +  sin  CD  :  sin  BD— sin  CD : :  tan 
J  (BD  +  CD)  :  tan  J  (BD— CD),  (3.  PL  Trig.),  there- 
fore, because  ratios  which  are  equal  to  the  same  ratio,  are 
equal  to  one  another,  (11.  6.),  sin  (C  -f  B)  :  sin  (C— B) 
: ;  tan  J  (BD  +  CD)  :  tan  J  (BD— CD). 


Again,  when  AD  is  without  the  triangle,  because  tan 
B  :  tan  ACD  : :  sin  CD  :  sin  BD  ;  that  is,  (denoting  tlie 
angle  ACB  by  the  letter  C),  tan  B  :  tan  (180°— C) : : 
sin  CD  :  sin  BD  ;  therefore,  tan  (180*— C)  -f  tan  B : 
taff(180°— C)— tan  B  :•:  sin  BD  +  isin  CD  :  »m  BD- 
an.  CD.  Now,  tan  (180''— C)  +  tan  B  :  tan  (180°— C) - 

tanB: :  sinj  180°  —  (C  — B)  |  :  sin  1 180°— (C+B)  1 

(by  the  Lemma),  or  because  the  sine  of  an  an^e  is  the 
same  as  the  sine  of  its  supplement^  (Pl.  Trig.  Def.  4), 
tan  (180°— C)  +  tan  B  :  tan  (180-rC)  —  tan  B  :  :  sin 
(C— B)  :  sin  (C  +  B),  and  sin  BD  +  sin  CD  :  sin  BD 
—  sin  CD:  :  tan  J  (BD  +  CD)  :  tan  i  (BD— CI)); 
therefore,  sin  (C— B)  :.  sin  (C  +  B)  :  :  tan  J  (BD-fCD) 
:  tan  ;|  (  BD — CD)  ;  and,  by  inversion,  and  observing 
that  BD— CD  =  BC,  sin  (C  -f  B)  :  sin  (C— B)  : :  tan 
i  BC  :  tan  J  (BD  +  CD). 

The  second  part  of  the  proposition  is  next  to  be  de- 
monstrated. Because  (28.)  tan  AB  :  tan  AC  : :  cos  CAD : 
cos  BAD,  tan  AB  +  tan  AC  :  tan  AB-— tan  AC  : : 
cos  CAD  +  cos  BAD :  cos  CAD— cos  BAD.  But  (Leni- 
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ma)  tan  AB  +  tan  AC  :  tan  AB— tan  AC  : :  sin  (AB-|- 

AC) :  sin(AB— AC),  and  (1.  cor.  3.  PI.  Trig.)cosCAD+ 

cos  BAD :  cos  CAD— cos  BAD  : :  cot  i  (BAD+C AD)  : 

tan  i  (BAD— CAD).  Therefore  (11.  6.)  sin  (AB+AC): 

sin  (AB-AC) : :  cot  i  (B  AD+CAD) :  tan  i  (BAD-CAD). 

Now,  when  AD  is  within  the  triangle,  BAD  +  CAD  =  ' 

BAC,  and  therefore  sin  (AB  +  AC)  :  sin  (AB— AC)  :  : 

cot  I  BAC  :  tan  J  (BAD— CAD). 

But  if  AD  be  without  the  triangle,  BAD  —  CAD  = 
BAC,  and  therefore  sin  (AB+AC)  :  sin  (AB— AC)  :  : 
cot  i  (BAD  +  CAD)  :  tan  i  BAC ;  or  because 
cot  J  (BAD  +  CAD)  :  tan  I  BAC  :  :  cot  J  BAC  : 
tan  I  (BAD+CAD),  sin  (AB+AC) :  sin  (AB-AC)  : : 
cot  J  BAC  :  tan  i  (BAD  +  CAD).  Wherefore,  &c. 
Q.  E.  D. 


LEMMA. 


The  sum  of  the  tangents  of  any  two  arches,  is  to 
the  difference  of  their  tangents,  as  the  sine  of 
the  sum  of  the  arches,  to  the  sine  of  their  Jj)^ 
ference. 

Let  A  and  B  be  two  arches,  tan  A  +  tan  B  :  tan  A— 
tan  B  :  :  sin  ( A  +  B)  :  sin  (A— B). 

For,  by  §  6.  page  354,.8in  A  x  cos  B  +  cos  A  x  sin  B  = 
sin  (A  +  B),  and  therefore  dividing  all  by  cos  A  cos  B, 

sin  A  .  an  B      sin  ( A  +  B)      ,    ^  .    i  sin  A 

J- A =^= i — - — ifej  that  IS  because t-  = 

cos  A     cos  B     cos  A  xcos  B  cos  A 

tan  A,tan  A+tanB=  ^"  1^  "^  °t 

cos  A  X  cos  B 

In'  the  same  manner  it  is  proved  that  tan  A tan  B  = 

<S^Ax^B'   '^^^^^^^^^  t^^  -*'+^  B :  tan  A— tan  B : : 
sin  (A  +  B)  :  sin  (A— B).     Q.  E.  D. 
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PROP.  XXXI. 

Tlip  sine  of  half  the  sum  of  any  two  angles  of  a 
spherical  triangle  is  to  the  sine  of  half  their 
difference,  as  the  tangent  of  half  the  side  ad- 
jacent to  these  angles  is  to  the  tangent  of  half 
tfie  difference  of  the  sides  opposite  to  ttieni ; 
and  the  cosine  of  half  the  sum  of  the  same 
angles  is  to  the  cosine  of  half  their  differerice, 
as  the  tangent  of  hatf  the  side  a(§acent  to 
them,  to  the  tangent  of  half  the  sum  of  Vic 
sides  opposite. 

Let'C  +  B  =  2S,  C— B  =  2D,  the  base  BC=2B,  and 
the  difference  of  the  segments  of  the  base,  or  BD— CD 
=  2X.  Then,  because  (80.)  sin  (C  +  B)  ;  sin  (C— B) : : 
tan  5  BC  :  tan  J  (BD— CD),  sin  2S  :  sin  2D  :  :  tan  B: 
tan  X.  Now,  sin  2S  =  sin  (S  +  S)  =  2  sin  S  x  cos  S, 
(Sect.  III.  cor.  PL  Tr.)  In  the  same  mariner,  sin  SD= 
^  sin  Dxcos  D.  Therefore  sin  S  x  cos  S  :  sin  D  x  cos  D : : 
tan  B  :  :  tan  X. 


A^ 


Affain,  in  the  spheric«d  triangle  ABC  it  has  been  prov- 
ed, that  sin  C+sin  B  :  sin  C — sin  B  :  :  sin  AB  +  sin  AC : 
sin  AB-«in  AC,  and  since  sm  C+sm  B=2  sin  J  (C+B)  x 
cos  5  (C— B,)  (Sect.  III.  7.  PI.  Tr.)r=2  sin'S  x  cos  D; 
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and  sin  C— sin  B=2  cos  i  (C  +  B)  x  sin  i  (C— B)= 
'S  cos  S  X  sin  D.  Therefore  2  sin  S  x  cos  D  :  2  cos  S  x 
sin  D  :  :  sin  AB  +  sin  AC  :  sin  AB— sin  AC.  But 
(3.  PL  Tr.)  sin  AB  +  sin  AC  :  an  AB— sin  AC  :  : 
tan  5(AB+ AC) :  tan  4  (AB— AC)  : :  tan  2 ;  tan  A,S  being 
equal  to  i  .(AB+AC)  and  A  to  |  (AB— AC).  There- 
fore sin  S  X  cos  D :  cos  S  X  sin  D : :  tan  s :  tan  A.     Sirtce 

,        tan  X       sin  D  X  cos  D        ,  tan  A      cos  S  x  sin  D 

then rr-  =—7 — r^ — ;  and  =— : — ^^^ rr 

tan  B        sin  S  X  cos  S        .   tan  s      sm  b  x  cos  D, 

* 

,  1  •  1  •  11  1     tan  X     tan  A 

.by  muluplying  equals  by  equals,  ^^jj^g  ^"i^Ts^" 

(sin  D)'  X  cos  S  X  cos  D  __  (sin  D)'- 
(sin  S)*  X  cos  S  X  cos  D  "~  (sin  S)* 

But  m  ^  ^"  ^  (BD-DC)  ^tan  j  (AB+AC)    j^^  .^ 
^"^  ^^^-^  tan  5  (AB— AC)  ^^l^f  BC      '  ^^""^  '"' 

tan  X     tan  2         j     i       /.        tan  X     tan  s  x  tan  A 

-^ ^  = ^,  -  and    thererore,  -^ — gr  =  — 7 n\5^> 

,  tan  A       tan  B'  *  tan  B  (tan  B)*     ' 

,     tan  X     tan  A     (tan  A)*       _^  ^  tan  X     tan  A 

as  also  ^ — ~  X  ; =7, — —rf.      But  ; — r- X  ; — - 

tan  B      tan  2     (t4n  B)  .  tanB      tans 

(sinl>)*      ,  (tanA)«     (sin  D)«         , 

=  7-T — p^,;  whence) Trvt=^7-    o^t  ;  and 

(sm  S)*  (tan  B)       (sm  S) 

tan  A     sin  D  •    ^      •    ^-w  t.  1    . 

— --rr^-: — ^;~,  or  siu  S  I  siu  D  .'  I  tan  B  :  tan  A,  Uiat  is, 
tan  B  .   sm  S 

8in  J  (C+B) :  an  f  (C— B)::tan  |  BC :  tan  J  (AB~AC); 
which  is  the  first  part  of  the  proposition.  , 

.      .  tan  A     cos  S  X  sin  D  ,   tan  s 

A^m,  since  : =  «    r.   ■ -t^,  or  inversely  - — -— 

^  tan  s     sm  S  X  cos  D'  •'tan  A 

sin  S  X  cos  D        ,  .       tan  X     sin  D  x  cos  D    -       « 

5 ; — =:;  and  since  - — ?!  =-» — o c ;  tnereiore 

.  cos  ^  X  sm  D  tan  B      sm  S  x  cos  !S 

,  • .  ,.     .       tan  X      tan  s     (cos  D)* 

by  multiplication,  ^ — ^7-  x  : r=  7 oTI- 

•^  ^  'tanB       tan  A     (cos  S)* 
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But  it  was  already  shewn  that  j^=^^^^g°  ^ 

,      ^        ,     tan  X  ^  tan  s     (tan  s)* 

wherefore  also  : 5  X -=7- — gf *• 

tan  fi     tan  A    (tan  B)' 

T.,      tan  X ,  tan  s     (cos  D)*        u      *    -.  u         1- 

Now,: sX: :7=y sv*'  as  has  just  been  shewn. 

'tan  B     tan  A     (cos  S)*  •' 

Therefore,  y oT5=/:^ — f^>  and  consequently ^= 

(cos  S)*     (tan  B)'  ^         "^  cos   S 

- — ^,brcos  S :  cos  D : :  tan  B :  tan,x,  that  is  cos  J  (C+B) : 

cosi  (C— B)  : :  tan  J  BC  :  tan  J  (AB+AC);  which  is  the 
second  part  of  the  proposition.   Therefore,  Sec.  .  Q.  E.  D. 

CoE.  1.  By  applying  this  proposition  to  the  triangle 
supplemental  to  ABC  (ll.)?  and  by  considering,  that  the 
sine  of  one-half  of  the  sum  or  half  the  difference  of  the 
supplements  of  two  arches,  is  the  same  with  the  sine  of 
half  the  sum  or  half  the  difference  of  the  arches  them- 
selves ;  and  that  the  same  is  true  of  the  cosines,  and  of 
the  tangents  of  half  the  sum  or  half  the  difference  of  the 
supplements  of  two  arches ;  but  that  the  tangent  of  half 
the  supplement  of  an  arch  is  the  same  with  the  cotangent 
of  half  the  arch  itself;  it  will  follow^  that  the  sine  of  naif 
the  sum  of  any  two  sides  of  a  spherical  triangle,  is  to  the 
fiine  of  half  their  difference,  as  the  cotangent  of  half  the 
angle  cont^ned  between  them,  to  the  tangent  of  half  the 
di&rence  of  the  angles  opposite  to  them ;  and  also  that 
the  cosine  of  half  the  sum  of  these  sides  is  to  the  cosine 
of  half  their  difference,  as  the  cotangent  of  half  the  angle 
contained  between  them,  to  the  tangent  of  half  the  sum 
of  the  angles  opposite  to  them. 

Cob.  3.    If  therefore  A,  B,  C  be  the  three  angles  of  a 
spherical  triangle,  a,  &,  c  the  sides  opposite  to  them. 

I.  sio  I  (A+B) :  sin  J  (A — B)  : :  tan  J  c :  tan  4  (a — A). 
II.  cos  i  (A+B)  :  cos  J  (A — B)  : ;  tan  J  c :  tan  |  (a+b). 

III.  sin  i  (a  +  6)  :  sin  J  (a  —  6) : :  cot  J  C :  tan  J(A — ^B). 

IV.  cosl(a  +  b):cosl(a —  J) : :  cot  J  C  :  tan  {  (A+B). 
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PROBLEM  I. 

In  a  right  angled  spherical  triangle^  of  the  three 
sides  and  three  angles^  any  two  being  given, 
besides  the  right  angle^  to  find  the  other  three. 

This  problem  has  sixteen  cases,  the  solutions  of  which 
are  contained  in  the  following  table,  where  ABC  is  any 
spherical  triangle  right  angled  at  A. 


GIVEN. 

SOUGHT. 

80I.VTI0N. 

1 

2 
3 

4 
5 
6 

7 
8 
9 

10 
11 
12 

13 
14 
14 

15 
15 
16 

BC  and  B. 

AC. 

AB. 

C. 

R :  sin  BC : :  sm  B :  sin  AC,  (19). 
R  :cos  B : :  tan  BC  :  tanAB, (21). 
R :  cos  BC : :  tan  B :  cot  C,(20). 

AC  and  C, 

AB. 

BC. 

B. 

R:  sin  AC::  tanC:  tan  AB,(18). 
cosC:  R::  tan  AC :  tan  BC,(21). 
R : :  cos  AC : :  sin  C  icosB,  (23). 

AC  and  B. 

AB. 

BC. 

C. 

tan  B:  tan  AC::R :  sin  AB,  (18). 
sb  B :  an  AC : :  R :  sin  BC,(19). 
cos  AC :  cos  B : :  R:  sin  C  (23). 

AC  and  BC. 

AB. 
B. 
C. 

cosAC:cosBC  ::R:cosAB,(22). 
sin  BC :  sin  AC : :  R:  sin  B,  (19). 
tan  BC:  tan  AC : :  R :  cos  C,  (21). 

AB  and  AC. 

BC. 
B. 
C. 

R :  cos  AB : :  cos  AC :  cosBC,  (22). 
sin  AB :  R : :  tan  AC :  tan  B,  (18). 
sin  AC :  R: :  tan  AB :  tan  C,  (18). 

B  and  C. 

AB. 
AC. 
BC. 

sin  B :  cos  C : :  R  :  cos  AB,  (23). 
sinC :  cos  B: :  R :  cos  AC,  (23). 
tan  B :  cot  C  : :  R:  cos  BC,  (20). 
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TABLE  for  determining  the  Affections  of  the  Sides 
and  Angles  found  by  the  preceding  Rules. 


AC  and  B  of  the  same  affection,  (1^-) 

Jf  BC-^90°,  AB  and  B  of  the  same  affection,  other- 
wise different,  (Cor.  15.) 
If  BC^Cr,  C  and  B  of  the  same  affection,  other- 
wise  different,  O^O 


AB  and  C  are  of  the  same  affection^  (14.) 

If  AC  and  C  are  of  the  same  affection,  BC^90° ; 
otherwise  BC:^^0°,  (Cor.  15.) 

B  and  AC  are  of  the  same  affection,  (14.) 


Ambiguous. 
Ambiguous. 
Ambiguous. 


When  BC-^90°,  AB  and  AC  of  the  same;  other- 
wise of  different  affection,  (15.) 
AC  and  B  of  the  same  affection,                          (14.) 
When  BC-^90%  AC  and  C  of  the  same ;  otherwise 
of  different  affection,                                 (Cor,  16.) 


2 
3 


5 


8 
9 


10 
11 

12 


IS 
14 
U 


BC^i::90%  when  AB  and  AC  are  of  the  sapie  affec 

tion,  (1  Cor.  15.) 

B  and  AC  of  the  same  affection,  (14.) 

C  and  AB  of  the  same  affection,  (14.) 


AB  and  C  of  the  same  affection,  (14-) 

AC  and  B  of  the  same  affection,  (14.) 

Wheft  B  and  C  are  of  the  same  affection,  BC^ii90°, 

otherwise,  ^C^p-W,  (15.) 


15 
15 

1^ 


SPHEMCAL  TRIGONOMETRY.  397 

The  cases  marked  ambiguous  are  those  in  vfhich  the 
thing  sought  has  two  values,  and  may  either  be  equal  to 
a  certain  angle,  or  to  the  supplement  of  that  angle.  Of 
these  there  are  three,  in  all  of  which  the  things  given  are 
a  side,  and  the  angle  opposite  to  it ;  and  accordingly,  it 
is  easy  to  shew,  that  two  right  angled  spherical  triangles 
may  always  be  found,  that  have  a  side  and  the  angle  op- 
posite to  it  the  same  in  both,  but  of  which  the  remaining 
sid^,  and  the  remaining  angle  of  the  one,  are  the  sup- 
plements of  the  remsunmg  sides  and  the  remaining  angle 
of  the  other,  each  of  each. 

Though  the  aflfection  of  the  arch  or  angle  found  may 
in  all  the  other  cases  be  determined  by  the  rules  in  the  se- 
cond of  the  preceding  tables,  it  is  of  use  to  remark,  that 
all  these  rules,  except  two,  may  be  reduced  to  one,  viz. 
That  when  the  thing Jbund  by  the  rules  in  thejirst  table 
is  either  a  tangent  or  a  cosine;  and  when,  of  the  tangents 
or  cosines  employed  in  the  computation  of  it,  one  ordy  be- 
longs to  an  obtuse  anghy  the  angle  required  i^  also  ob- 
tuse. 

Thus,  in  the  15th  case,  when  cos  AB  is  found,  if  C  be 
an  obtuse  angle,  because  of  cos  C,  AB  must  be  obtuse ; 
tod  in  case  16,  if  either  B  or  C  be  obtuse,  BC  is  greater 
than  90°,  but  if  B  and  C  are  either  both  acute,  or  both; 
obtuse,  BC  is  less  than  90°. 

It  is  evident,  that  this  J*ule  does  not  apply  wheb  that 
which  is  found  is  the  sine  of  an  arch  ;  and  this,  besides 
the  three  ambiguous  cases,  happens  also  in  other  two^ 
viz.  the  1st  and  11th.  The  ambiguity  is  obviated,  in 
these  two  cases,  by  this  rule,  that  the  sides  of  a  spherical ' 
right  angled  triangle  are  of  the  same  affection  with  the 
opposite  angles. 

Two  rules  are  therefore  sufficient  to  remove  the  ambi- 
guity in  all  the  cases  of  the  right  angled  triangle,  in  which 
It*  can  possibly  be  removed. 
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It  may  be  useful  to  express  the  same  solutions  as  in 
the  annexed  table.  Let  A  be  at  the  right  anffle  as  in  the 
fiffure,  and  let  the  side  opposite  to  it  be  a ;  let  6  be  the 
side  opposite  to  B,  and  c  the  side  o()posite  to  C. 


GIVEN. 

SOUGHT, 

SOX.UTIOX. 

1 
2 

aandB. 

6. 
e. 
C. 

sin  ft  =  sin  o  X  sin  B. 
tan  c  =  tan  a  >(  cos  B. 
cot  C  =r  cos  a  X  tan  B. 

b  and  C. 

c. 

a.    . 
B. 

tan  c  —  sin  ft  x  tan  C. 

tan  ft 

tan  a  = ^. 

cos  C 

cos  B  =  cos  ft  X  sim  C. 

4 
5 
6 

7 

8 

9 

10 
11 

12 

AandB. 

c. 
a. 
C. 

tan  ft 
sm  c  — - — =^. 
tan  R 

sin  ft 
sm  «=-; — =^. 

sm  B 

.    ^      cos  B 

smC= r . 

cos  0 

a  and  b. 

B. 
C. 

cos  a 

OOSCrr a. 

COS  ft 

.    w)      sm  ft 
sm  D  = — r — . 

sm  a 

^      tan  ft 

cosC= . 

tan  a. 

b  and  c. 

a. 
.    B. 

C. 

cos  a  =r.  cos  ft  X  cos  c. 

*     T>      taw  6 

tanB=-: — . 

sin  c 

^     ^      tan  c 

tanC;  =  -: — ?• 

sm  ft 

18 
14 

14 

15 
15 

16 

B  and  C. 

c. 
b. 
a- 

cos  C 

cos  c  =  -, =r, 

sm  B 
,       cos  B 

cos  ft  =  -: -;-. 

sm  C 

cotC    / 

cosa  = . 

tan  B 
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PROBLEM  II. 

In  any  oblique  angled  spherical  triangle^  of  the 
three  sides  and  three  angles^  any  three  being 
given y  it  is  required  to  find  the  other  three. 

In  this  Table,  the  references  (c.  4.),  (c.  5.),  &c.  are  to 
the  cases  in  the  preceding  Table,  (16.)  (27.),  &c.  to  the 
propositions  in  Spherical  Trigonometry. 


1 

2 

GIVEN. 

SOUGHT. 

SOLUTIOV. 

Two  sides 
AB,  AC, 
and  th 
included 
angle  A. 

One  of  the 

other 
angles  B. 

Let  fall  the  perpendicular 
CD  from  the  unknown 
angle  not  required  on 
AB. 

R  :  cos  A  : :  tan  AC  : :  tan 
AD,  (c.  2.)  ;  therefore 
BD  is  known,  and  sin 
BD  :  sin  AD  :  :  tan  A  : 
tan  B,  (27.)  ;  B  and  A 
are  of  the  same  or  differ- 
ent affection,  according 
as  AB  is  greater  or  less 
thanBD,  (16.) 

• 

The  third 
side 
BC. 

Let  fall  the  perpendicular 
CD  from  one  of  the  un- 
known angles  on  the  side 
AB. 

R  :  cos  A  :  :  tan  AC :  tan 
AD,  (c.  2.)  ;  therefore 
BD  is  known,  and  cos 
AD  :  cos  BD : :  cos  AC : 
cos  BC,  (26.)  ;  according 
as  the  segments  AD  and 
DB  are  of  the  same  or 
different  affection,  AC 
and  CB  will  be  of  the 
same  or  different  affec- 
tion.                                 1 
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TABtE-dOntinired. 


8 


9 


OIVJEV. 


SOUGHT. 


Two  atigles 


A,B, 


and  aside 


AC 


<^x)site  to 


Ode  of  thietiiii, 


B, 


The  side 

BC 

opposite  to 

the  other 

^ven 
angle  A. 


The  side 
AB 

m 

adjacent  to 

the  given 

angles  A,  B; 


10 


The  third 


angle 


ABC 


SOLUTIOK. 


Sin  B  :  siu  A  :  :  sin  AC 
sine  BC.  (24.);  theaffec- 
t\(fh  of  BG  is  uncertain 
except  when  it  can  be  de- 
*  termined  by  thisrule,  that 
according  as  A  +  B  ' 
greater  or  less  than  180°, 
AC  +  BC,  is  also  greater 
or  less  than  180°,  (10.) 

From  the  unknown  augle 
C,  draw  CD  berpendicu- 
lai^  to  AB  ;  then  B :  cos 
A  :  :  tan  AC  :  tan  AD, 
(c.  2.)  ;  tan  B  :  tan  A : : 
sin  AD:  sin  BD.  BDis 
ambiguous,  and  therefore 
AB  =  AD  jf  BD  may 

have  four  values,  some  of 
which  will  be  excluded  by 
this  condition,  that  AB 
must  be  less  than  180°. 


From  the  angle  required, 
C^  draw  CD  perpendicu- 
lar to  AB. 

R  :  cos  AC  : :  tan  A  :  cot 
ACD,  (c.  3.),  cos  A :  cos 
B:  :  sin  ACD;  sin  BCD, 
(®6.).  The  affection  of 
BCD  is  uncertain,  and 
therefore  ACB  =  ACD 
+BCD,  has  four  values, 

some  of  which  may  be  ex 
eluded  by  the  condition, 
that  ACB  is  less  than 
i80^  ♦ 


•mtm 
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TABLE  continued. 


11 


'GIVEN. 


The  three 
sides, 

AB,  AC, 
and 
BC. 


12 


The  three 
angles 

A,  B,  C, 


flOTTQHT. 


One  of 

the 

angles  A. 


One  of 

the  sides 
BC. 


SOLTTTIOK. 


From  C  one  of  the  angles  not 
quired,  draw  CD  perpendicu- 
lartoiAB.  Find.an  arch  £  such 
that  tan  J  AB  :  tan  J  (AC  + 
BC) : :  tan  J  (AC— BC)!  tan 
J  E  ;  then,  if  AB  be  greater 
than  E,  AB  is  the  sum,  and 
E  the  diflferenqe  of  AD  and 
DB  ;  but  if  AB  be  less  than 
E,.E  is  the  sum,  isind  AB  the 
difference  of  AD,  D.B,.  (29.) 
In  either  case,  AD  land  DB 
are  known,  and  tan  AC :  tan 
AD  : :  H  :  cos  A. 


Suppose  the  supplements  of  the 
threegiven  angles^  A,  B,  C,  to 
be  a,  &,  c,  and  to  be  the  sides 
of  a  spherical  triangle.  Eind 
by  the  last  cas^,  the  angle  of 
this  triangle  opposite  to  the 
side  a,  and  it  will  be  the  supple- 
ment of  the  side  of  the  given 
triangle  opposite  to  the  angle 
A,  that  is,  of  BC,  (11.) ;  and 
therefore  BC  is  found. 


1 


In  the  foregoing  table,  the  rujies  are  ^ven  for  ascertain- 
ing the  affection  of  the  arch  or  angle  found,  whenever  it 
can  be  done  :  Most  of  these  rules  are  contained  in  this 
one' rule,  which  is  of  general  application,  \iz.  that  xchen 
the  thing  Jbv/nd  is  either  a  tangent  or  a  cosine^  and  of  the 
tafigents,or  cosine»  ernpioyed  in  the  computationqfit^  either 
tme  or  three  belong  to  obtuse,  angles^  the  aTigU  found  is 
also  obtuse.  This  rule  is  particularly  to  be  attended  to  in 
cases  5.  and  7,  where  it  removes  part  of  the  ambiguity. 

It  may  be  necessary  to  remark,  with  respect  to  the  11th 
cJase,  that  the  segments  of  the  base  computed  there  are 
those  cut  off  by  the  nearest  perpendicular  ;  and  also  that 
when  the  sum  of  the  sides  is  less  than  18(y*,  the  least  seg- 
pient  is  adjacent  to  the  least  side  of  the  triangle ;  other- 
wse  to  the  greatest  (17).  c  c  2 
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TABLE  condniied.- 


Two  angles 
A,  B, 

and  a  side 

AC 
opposite  to 
one  of  them, 

n. 


The  side 

BC 
oppo^te  ui 
the  other 

angle  A. 


Sin  B  :  an  A  :  :  ^a  AC 
sine  BC.  (21);  theafia 
ligti  of  BC  is  UQcenail 
except  when  it  can  bed 
termined  by  this  rule,  ll 
according  as  A  +  B 
greater  or  less  than  IS 
AC  +  BC,  is  also  greil 
or  less  than  18ff,  (10.)     ' 


The  side 

AB 

adjai^nt  to 

the  given 
angles  A,  B. 


The  ibird 
angle 

'Br 


'rom    the  unknown  am 
C,  draw  CD  t>erpendi3 
lar  to  AB;  thenB:( 
A  ::  tan  AC  r  tan  A     _ 
(c.  2.);  tan  B:  tan  A 
ain  AD  :  sin  BD,   E 
ambiguous,  and  therB 
AB  =;  ADjhBDi      , 
have  four  valoes,  w* 
which  will  be  esdudci 
this  condition,  tbW  ' 
must  be  less  than  1811 

From  tlie  angle  requii 
C,  draw  CD  perpend 
lar  to  AB. 
:  cos   AC  : :  tan  > 
ACD,  (c.  3,),  c 
B::sinACr 
(25.).     Tb 
BCD  is 
Iherefr 


^■'■d 


Ti;i.;nV(jwrTv-> 


^ Z^I]^ 

qnired,  (Jni»  ttT  fwvjtnwhm. 

•■*c, 

Omtaf 

ifaai  tail  i  AB    t*«i  ,.  ,A^^ 
BC)     iRr  .■  (Ar— 1»0\    rm 
i  H.  ihen.  i!  AR  K  j!tmk>« 
ihanF.  AR  i.  ihr  wm.  ia4 
E  the  diffiroiw  «:-  Al>  iti>4 
DE;  h»i   if  ABhrte*.  th»i 
E,E.^  Ihc  sum.  «iwl  APlh* 
difference  nl    Al\  ttR.  (1». 
Inoiihrr  c-«s<-.   All  and  l-J) 
«re  kiviMn.  and  init  AC     tan 
AD::H    >^^  A 

"^ 

-«*-A^ 

■ 

■ 

1 

One  of 
the  sides 
-BC. 

ihrwRivcnBiielrs  A,B.^\^ 
he  «,  ft,  r,  diiil  i.i  Iv  ihi-  M<fn 
of  a  sphcncal  tnnnfiirlr.     VitW 
hv  llii'  Ia>l  i.frt-.  iW  i»«rV  tit 
tins  iriniiKlc  opj^iMitc  in  th* 
sdeo,  and  rt  will  bf  iW>  mijij*^ 
ment  of  ths  nd*  of  tho  (p\m 

A,  t£«tiv^^1 1  ) .  t>ml 

fff^ 
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,  The  last  table  may  also  be  conveniently  expressed  i 
the  fcJlowing  manner^  denoting  the  side  opposite  to  the 
angle  A,  by  a,  to  B  by  b^  and  to  C  by  c ;  and  also  the 
segments  of  the  base,  or  of  the  oppo^te  angle,  by  as  and^. 


2. 


3 


6 


OIVEK. 


Two  sides 

b  and  c,  and 

the  angle 

between 

them  A. 


Angles 

AandC 

and 

side  b. 


Sides 
a  and  b 

4 

and 
angle  A. 


SOUGHT. 


B 


a 


a 


B 


B 


SOLUTI  oir. 


Find  OP,  so. that 
tan  X  =:  tan  5  x  cos  A;  then 
sin  j^xtanA 


^n  B  = 


sin  (o— ir) 


Find  «r  as  above 
thencosa  =  e™*><«*('^) 


«Mn 


cos«r 


Find  07,  so  that 
cot  a?  =  cos  J  X  tan  A :  then 
tan  a  =  ^?n*Xcos£ 
cos  (C — a;). 


Find  07,  as  above, 
th.nn.ey-CQsAxsin(C-^j:) 


sm  07. 


.in  R  -  sin  6  X  sin  A 
sin  a 


Find  an  arc  ^r,  so  that 
cot  07=  cosd X  tan  A:  then 

cos  C=  <^oso7Xtanft 
tan  a 

Find  an  arc  a;^  so  that 
tan  07=:tan6xoo8A;  and 
another  ^,  so  that 

cos  a  X  cos  07 


cosy  = 

c  =  ^+t/. 


COS  b 
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TABLE  continued. 


GIVEN. 


8 


9 


The  angles 

AandB 

and  the 

side  b. 


10 


11 


12 


_^ 


a,  by  c. 


A,  B,  C. 


SOUGHT. 


a 


a 


SOLTTTIOir. 


sin  »  = 


sin  b  X  sin  A 
sin  B. 


Find  a?,  so  that 
tan  ir=  tan  &  x  cos  A ;  and  y, 
so  that 

sin  ^  X  tan  A 
sin  y  =  - 


tan  B. 


c  =  a?+.y. 


Find  ^,  so  that 
cot  .r  =  cos  ft  X  tan  A ;  and 
also  y,  so  that 

sina7XcosB 
sin  y  =  - 


cos  A 


C=a?±y 


Find  d,  so  that  tan  di= 
tan  ^  ffl+ftj  X  tan  I  (a — b). 


tan 


^,  .       tan  (J  c  +  d) 

Then  cos  A  = y     ' — ^. 

tan  6 

If  a  is  less  than  ft,  d  is  to  be 

taken  from  J  c. 


Change  the  angles  into  sides, 
as  directed  Case  12,  in  the 
preceding  table. 


APPENDIX 


TO 


SPHERICAL 

TRIGOl^GMETRY, 

CONTAINING 

napier'^s  rules  of  the  circular  parts,  and  some 

other  theorems. 


The  rule  of  the  Circular  ^Parts^  invented  by  Napier, 
is  of  great  use  in  Spherical  Trigonometry,  by  reducing 
all  the  theorems  employed  in  the  solution  of  right  angled 
triangles  to  two.  These  two  are  not  new  propositions, 
but  are  merely  enunciations,  which,  by  help  of  a  particu- 
lar  arrangement  and  classifications  of  the  parts  of  a  tri- 
angle, include  all  the  six  propositions,  with  their  corolla- 
ries, which  have  been  demonstrated  above,  from  the  18th 
to  the  23d  inclusive.  They  are  perhaps  the  happiest  ex- 
ample of  artificial  memory  that  is  known. 


definitions. 


I. 


If  in  a  spherical  triangle,  we'set  aside  the  right  angle, 
and  consider  only  the  five  remaining  parts  of  the  tri- 
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angle,  viz.  tbe  three  sides  and  the  two  oblique  angles, 
then  the  two  sides  which  contain  the  right  angle,  and 
the  complements  of  the  other  three,  namely,  of  the  two 
angles  and  the  hypotenuse,  are  called  the  Circular 
Parts, 
Thus,  in  the  triangle  ABC  right  angled  at  A,  the  circu- 
lar  parts  are  AC,  AB  with  the  complements  of  B,  BC, 
and  C.  These  parts  are  called  circular ;  because,  when 
they  are  named  in  the  natural  order  of  their  succession, 
they  go  round  the  triangle. 

II. 

When  of  the  five  circular  parts  any  one  is  taken,  for  the 
middle  part,  then  of  the  remaining  four,  th^  two  which 
are  immediately  adjacent  to  it,  on  the  right  and  left, 
are  called  the  adjacent  parts ;  and  the  other  two,  each 
of  which  is  separated  ttom  the  middle  by  an  adjacent 
part,  are  called  opposite  parts. 

Thus  in'the  right  angled  triangle  ABC,  A  being  the 
right  angle,  AC,  AB,  90°— B,  90°— BC,  90°— C,  are 
the  circular  parts,  by  Def.  1. ;  and  if  any  one  as  AC  be 
reckoned  the  middle  part,  then  AB  and  90° — Cj  which 
are  contiguous  to  it  on  different  sides  are  called  adjacent 


Earts ;  and  90° — B,  90° — BC  are  the  opposite  parts.  In 
ke  manner,  if  AB  is  taken  for  the  midale  part,  AC  a^ (i 
90r— B  are  the  adjacent  parts ;  90°— BC,  and  90t—C 
are  the  opposite.  Or  if  90° — BC  be  the  middle  part. 
90°— B,  90°— C  are  adjaceiit ;  AC  and  AB  opposite,  &c. 
This  arrangement  being  made,  the  rule  oi'  the  circular 
parts  is  contained  in  the  following  proposition. 
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•• 


PROPOSITION. 

lii  a  right  angled  spherical  triangle^  the  red- 
angle  under  the  radius-  and  the  sine  of  the 
middle  part^  is  equal  to  the  rectangle  under 
the  tangents  of  the  adjacent  parts ;  or  to  the 
rectangle  under  the  cosines  of  the  opposite 
parts. 

The  truth  of  the  two  theorems  included  in  this  enun^ 
ciation  may  be  easily  proved,  by  taking  each  of  the  five 
circular  parts  in  succession  for  the  middle  part,  when  the 
general  proposition  will  be  found  to  coincide  with  some 
one  of  the  analogies  in  the  table  already  given  for  the  re- 
solution of  the  cases  of  right  angled  spherical  triangles. 
Thus,  in  the  triangle  ABC,  if  the  complement  of  the  hy- 
potenuse BC  be  taken  as  the  middle  part,  90° — B,  and 
90° — C,  are  the  adjacent  parts,  AB  and  AC  the  oppo^ 
site.  Then  the  general  rule  gives  these  two  theorems, 
RxcosBC=cot  BxcotC;  and  R  x  cos  BC  =  cos  AB  X 
cos  AC.  The  former  of  these  coincides  with  the  cor.  to 
the  20th ;  and  the  latter  with  the  9l2d. 

To  apply  the  foregoing  general  proposition,  to  resolve 
any  case  of  a  right  angled  spherical  triangle,  consider 
which  of  the  three  quantities  named  (the  two  things  given 
and  the  one  required)  must  be  made  the  middle  term,  in 
order  that  the  other  two  may  be  equidistant  from  it,  that 
i^,  may  be  both  adjacent,  or  both  opposite ;  the  one  or 
other  of  the  two  theorems  contained  in  the  above  enun- 
ciation will  give  the  value  of  the  thing  required. 

Suppose,  for  example,  that  AB  and  BC  are  given,  to 
find  C ;  it  is  evident  that  if  AB  be  made  the  middle  part, 
90° — BC  and  90° — C  are  the  opposite  parts,  and  there- 
fore R  X  sin  AB  =  sin  C  x  sin  BC,  for  sin  C  =  cos  (90° 
— C),  and  cos  (90°— BC)  =  sin  BC,  and  consequently 
^       sin  AB 

sm  BC 

Again,  suppose  that  BC  and  C  are  given  to  find  AC ;  it  is 
obvious  that  90° — C  is  in  the  middle  becween  the  adjacent 
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parts  AC  and  (90°— BC),  therefore  R  x  cosC=t5HiACx 

ncta.  (^ 

cot  BC,  or  tan  AC  =  ■     ■  ^  v^  =cos  C  x  tan  BC ;  because, 

cot  BC 

as  has  b^en  shewn  above, ^ — ttstv  ==  ^^^  ^^• 

'  cot  Bv 

In  tbe  same  way  may  all  the  other  cases  be  resolved. 
One  or  two  trials  will  always  lead  to  the  knowledge  of 
the  part  which  in  any  given  case  is  to  be  assumed  as  the 
middle  part ;  and  a  httle  practice  will  make  it  easy,  even 
without  such  trials,  to  juage  at  once  which  of  tliem  is  to 
be  so  assumed.  It  may  be  useful  for  the  learner  to  range 
tht  «amte  of  the  five  circular  partft  of  the, triangle  round 
the  circumference  of  a  circle,  at  equal  distances  frpm  one 
another^  by  which  means  the  middle  part  will  be  imme- 
diately deterjmined.  .  '  .  /  . 
- .  Tliiius,.  supposing  A  at  the  right,  angle  of  the  triangle 
ABC,  and  *«:sides,  to  be  denoted  by  the  small  letters 
corredpondi^  to  the  capU 
tals  that,  are  plaoed.  at  the 
•andes  opposite  to  them, 
and  arranging  the  circular 
parts  as  m   the  annexed 

ngute,  it  is  at  first  sight  [  Jqo-c 

evident  from  the  two  things 
given,,  and  theone  requir^ 
which  of.  the  thceeisto'be 
assume^  as  the  middle  part, 
and  whether  the  remaining 
parts  are  adjacent  or  oppo- 
site. . 

Thus,  if  the  side  b  and  the  angle  C  are  given  to  find 
the  anglei  .B^  it  is  evident  that  if  90 — B  be  the  middle 
part,  90— C  and  b  are  the  two  oppdsite  parts,  so  that 
sin  (90-^B):r:cos  6  X  cos  (90 — C),  6r  cosB=:cos6xsinC, 
and  thus  from  b  and  C,  the  angle  B  is  found.  It  is  the 
sattie  in  other  eases ;  and  it  is  evident  that  no  three  oi 
these  five  quantities  can  be  assumed,  but  that  one  of 
them  must  be  in  the  middle,  and  the  otljer  two  either 
adjacent  to  it  or  opposite. 

Besides  the  rule  of  the  circular  parts^  Napier  di^rived 
from  the  last  of  the  three  theorems  ascribed  to  him  above, 
(Schol.  9,%)y  the  solutions  of  all  the  caSes  of  obliqu*^ 


SPHERICAL  TRIGONOMETRY.  411 

angled  triangles.  These  Solutions  are  as  follows :  A,  B,  C, 
denoting  the  three  angles  of  any  spherical  triangle,  and 
a,  i,  C9  the  sides  opposite  to  them. 

I. 

Given  two  sides  b^  c,  and  the  angle  A  between  them. 

To  find  the  angles  B  and  C. 

.tan  5 (B— C)=:cot  i  A X  ^!"  \  ^^\        (31.)  cor.  1. 
tan  i  (B+C)=cot  J  A  x  ^j-^^-         (31.)  cor.  1. 

To  find  the  third  side  a. 
sin  B  :  sin  A  :  :  sin  b :  sin  a. 
N.  B.  b  is  supposed  the  greater  side. 


II. 

Given  the  two  sides  6,  c,  and  the  angle  B  opposite  to 
one  of  them. 

*  To  find  C,  and  the  angle  opposite  to  the  other  side- 

sin  i  :  sin  c  : :  sin  B  :  sin  Ci 
To  find  the  contmned  £|.ngle  A  : 

cot  i  A  =  tan  f  (B— C)  X '|5-Lg±^.     (31.)  cor.  1. 

Sin  J  [p    c,y 

To  find  the  third  side  a. 
sin  B  :  sin  A  : :  sin  b  :  sin  a. 


412  APPENDIX  TO 


III. 
Given  two  angles  A  and  B,  and  the  side  c  between  them. 

To  find  the  other  two  sides  a,  b. 

,v.  T  ^»   I   (A— B)  ra^  V 

tanJ(*-6)  =  t«'5cx-354-^3;;Ty     (31) 

COS  i  (A— B)      y^i  \ 
tanJ(«  +  ft)  =  t«°J'^Xa5rr(ATB)-     ^^^'^ 

•  To  find  the  third  angle  C. 

t 

sin  a  :  sin  c  :  :  sin  A  :  sin  C. 


IV. 

Given  two  angles  A  and  B,  and  the  side  a,  opposite  to 
one  of  them. 

To  find  b  the  side  opposite  to  the  other, 
sin  ;  A  sin  B  : :  sin  a :  sin  6. 

To  find  c,  the  side  between  the  pven  angles. 

,.     an  i  (A  +  B)      /ai\ 
tan  i  c  =  tan  H«— *)  X  — -T-(A=B)'     ^^^'^ 

To  find  the  third  angle  C. 
sin  a  :  sin  c  :  :  sin  A  :  sin  C 

The  other  two  cases,  when  the  three  sides  are  given  to 
find  the  angles,  or  when  the  three  angles  are  given  to 
find  the  sides,  are  resolved  by  the  529th,  (the  hrstot 
Napier^s  Propositions),  as  in  the  table  already  given  tor 
the  cases  of  the  oblique  angled  triangle. 
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There  are  other  solutions  of  the  case  when  the  three 
sides  are  given,  which  are  often  very  convenient  in  cal- 
culation, but  which  depend  on  two  propositions  not  yet 
demonstrated.  The  demonstrations  of  these  propositions 
follow,  and  are  purposely  ^ven  in  an  analytical  form,  to 
exemplify  the  use  of  the  arithmetic  of  the  ^nes^  in  the 
investigations  of  trigonometry. 

I.  To  find  the  value  of  the  sine  or  cosine  of  an  angle 
,  of  a  spherical  triapgle,  in  terms  of  the  sines  6r  cosines  of 
the  three  sides. 

Let  it  be  required  to  find 
the  value  of  the  sine  or  co- 
sine of  the  angle  B  of  the 
spherical  triangle  ABC  in 
terms  of  the  sines  or  co- 
sines of  the  sides  AB,  BC, 
AC. 

From  A  let  fall  the  per- 
pendicular AD,    and   (26. 

Sph.  Trig.)  cos  AB  :  cos  AC  :  :  cos  BD  :  cos  DC  :  : 
cos  BD  :  cos  (BC— BD).  Now,  cos  (BC  — BD)  = 
cos  BC  X  cos  BD  -I-  sin  BC  x  sin  BD,  therefore  cos  AB  : 
cos  AC  : :  cos  BD  :  cos  BC  x  cos  BD  +  sin  BC  x  sin  BD 

:  :  1  :  cos  BC  +  sin  BC  X-^^^rR»  dividing  both  terms 

cosBD  *' 

by  cos  BD.   But  ^^"  Zlzi—  tan  BD,  and  therefore  cos  AB 
•^  cos  BD 

:  cos  AC  :  :  1  :  cos  BC  -Ksin  BC  x  tan  BD. 

Now,  (21.  Sph.  Trig.),  cos  B :  1  :  :  tan  BD  :  tan  AB, 
therefore  tan  BD  =  cos  B  x  tan  AB,  and  substitu- 
ting this  value  of  tan  BD  in  the  above  proportion, 
cos  AB  :  cos  AC  :  :  1  :  cos  BC  +  sin  BC  x  cos  B  x 
tan  AB.  Therefore,  multiplying  extremes  and  means, 
cos  AC  =  cos  AB  (cos  BC  +  sin  BC  x  cos  B  x  tan  AB> 

But  cos  AB  X  tan  AB  =  cos  AB  x^'^  .p  =  ®^^  ^^^ 

cos  A-D 

therefore  cos  AB  x  cos  BC  +  sin  AB  x  sin  BC  x  cos  B  = 
cos  AC.    Hence  sin  AB  x  sin  BC  x  cos  B  =:  cos  AC  — 

.  „           „^       J       Ti     cos  AC-*cos  AB  X  cos  BC 
cos  AB  X  cos  BC,  and  cos  B  = sin  AB  x  sin  BC ' 


^  i 
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.Thua»  the  posine  of  B  is  expressed  ia  tenns  of  the  co- 
sines aqd  ffld^  of  the  tbre^  siaes^  . 

This  thedrem  may  he  exptei^e^  .morexominQdiously, 
by  putting  i^  6,  c,  iost.  the  sides  opposite' to  the  angles  A, 
B>  C  respeciivciy.     It  is  then  .      .  '    . 

^     cos  6 — COS  a  X  cos  £7 

cos  B  =1-^ ; : — -. . 

Sin  a  X  sin  c 

By  this  theorem  the  angle  B  may  be  found  from  the 
sides  a,  6,  c ;  but  the  calculation  is  not  well  adapted  to 
logarithms,  because  the  numerator  consists  of  two.  terms. 
It  will  be  better,  therefore,  if  the  formula  can  be  changed 
into  another,  where  the  numerator  is  formed  by,. multipli- 
cation $ir  division  >  not  by  addition  or  subtraction. 

.  It  IS  plain,  that  1 — co§  B=l  —  — • * 

,  r       »  ^  .      sin  a  X  sm  c. 

/ .  .  ,      ^ 

_^  Ein/t^-sitr  c~cos  6  4- cos  a  X  cos  c 

•  .*'  Sin  a  X  sine  . 

Now  sin  a  X  sin  c  +  COS  a  X  cos  c  =  cos  (a — c),  (PL  Trig. 

p.  356),  therefore  1-cos  B=  cos  (fl^c)— cos  ft  g^^ 
^         ^  sm  <}  X  sin  c 

cos  (a-c) — cos  6=2  sin  \  (ft — a+e)  x  sin  J  (fl+ft — c),  and 

therefore  l-<:os  B:^^  ^"  «<*-«+, '^)  X"**  Hft+?-^). 

Sin  a  X  sin  c. 

K6w  l-rt  coft  B  ==  versed  sine  of  B,  therefore,  vers  B  = 
2  sin  J  (ft— a  +  0  ^  ^'"  «  (i+fl — c) 

........  .■■,.■:■■;«• 

sm  a  X  sm  c    .   , 

.  Thi^  theorem  is  very  convenient  fqr  logarithmic  cal- 
culation ;  but  as  the  versed  sines  are  not  always  found  in 
trigpnoinetric  tables,  it  may,  be  of  use  to  reduce  the  ex- 
pression into  one  containing  only  sines,  cosines  and  tan- 
gents. 

III.  Because  \  (1—  cos  B)  =  (sin  \  B)*,  B  being  any 
arc,  (PI.  Trig.  Sec.  a  §  1.),  (^n  J  B)«  = 

sm  a  X  sii>  c  * 

/sin  \  (ft — a  +  c)  X  sin  J  (ft  +  a — c) 
y  Sin  a  X  sm  c 
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This  theorem,  in  words,  is,  to  the  side  opposite  to  tlie 
angle  required  add  the  difference  of  the  other  two  sides ; 
and  from  the  same  side  subtract  that  difference.  Mul- 
tiply the  sine  of  the  half  of  the  first  of  these  arcs  by  the 
sine  of  half  the  second.  Divide  the  product  by  the  pro- 
duct of  the  sines  of  the  two  sides  that  contain  the  angle 
sought.  The  square  root  of  the  quotient  is  the  sine  of 
half  the  angle  required. 


IV.   In  the  same  manner  it  may  be  shewn,  that 


COS  3^  B  =   /si"  i(a  +  c+b)  xsmi(a  +  c—b 
*         ^  sin  a  X  sin  c 


V.  If  the  value  of  sin  J  B  in  No.  III.  be  divided  by 
the  value  of  the  cosine  of  the  same  angle  in  No.  IV.,  it 

will  be  — ~pr.  or  tan  J  B 
cos  J  B  * 

—    /sin  I  (b — a  -h  c)  x  sin  f  (A  +  a — c) 
~"  V  sin  J  (a  +  c  -h  6)  X  sin  i  (a  -h  c — b)' 

These  three  theorems  are  very  convenient  in  calcula- 
tion. Which  of  them  may  be  used  with  the  greatest 
advantage  in  any  particular  instance,  will  be  determined 
by  the  observations  on  the  corresponding  case  of  plane 
triangles,  to  be  found  above,  p.  346,  347. 
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DEFINITIONS. 

N 

I. 

t 

IN  the  definitions  a  few  changes  have  been  made,  of  ^  ^'^  ^ 
which  it  is  necessary  to  give  some  account.  One  of 
these  changes  respects  tne  first  definition,  that  of  a  point, 
which  Euclid  has  said  to  be,  *  That  which  has  no  parts, 
*  or  which  has  po  magnitude.'  Now,  it  has  been  ob- 
jected to  this  definition,  that  it  contains  only  a  negative, 
and  that  it  is  not  convertible,  as  every  good  definition 
ought  certainly  to  be.  That  it  is  not  convertible  is  evi- 
dent ;  for  though  every  point  is  unextended,  or  without 
magnitude,  yet  every  thing  unextended,  or  without  mag- 
nitude, is  not  a  point.  To  this  it  is  impossible  to  r^ly, 
and  therefore  it  becomes  necessary  to  change  the  defini- 
tion altogether,  which  is  accordingly  done  here,  a  point 
being  defined  to  be,  that  whicJi  has  position  but  not  mag- 
nitude. Here  the  afiirmative  part  includes  all  that  is 
essential  to  a  point,  and  the  negative  part  excludes  every 
thing  that  is  not  essential  to  it.  I  am  indebted  for  this 
definition  to  a  friend,  by  whose  judicious  and  leame^  re- 
marks I  have  often  profited. 

DdS 
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II. 

After  the  second  definition,  Euclid  has  introduced  the 
following,  ^'  the  extremities  of  a' line  are  points.^ 

Now,  this  is  certainly  not  a  definition,  but  an  infe- 
rence from  the  definitions  of  a  point  and  of  a  line.  That 
which  terminates  a  line  can  have  no  breadth,  as  the  line 
in  which  it  is  has  none ;  and  it  can  have  no  length,  as 
it  would  not  then  be  a  termination,  but  a  pari  of  that 
which  it  is  supposed  to  terminate.  The  termination  of 
a  line  can  therefi:>re  have  no  magnitttd^;  and  having 
necessarily  portion,  it  is  a  pmnt.  But  as  it  is  plain, 
that  in  all  this  we  are  drawing  a  consequence  from  two 
definitions  already  laid  down,  and  not  giving  a  new  defi- 
nition, I  have  taken  the  liberty  of  putting  it  down  as  a 
corollary  to  the  second  definition,  and  have  added,  that 
the  intersections  of  one  line  with  another  are  pointi^  as 
this  afibrds  a  good  illustration  of  the  nature  of  a  pobt, 
and  is  an  inference  exactly  of  the  same  kind  with  the 
preceding.  The  same  thing  nearly  has  been  done  with 
the  fourth  definition,  where  that  which  Euclid  gave  as  a 
separate  definition  is  made  a  corollary  to  the  fourth,  be- 
cause it  is  in  fact  an  inference^  deduced  from  oompanng 
the  definitions  of  a  superficies  and  a  line. 

As  it  is  imposable  to  explain  the  relation  of  a  super- 
ficies, a  line  and  a  point  to  one  another,  and  to  the  solid 
in  which  they  all  originate,  better  than  Dr  Simson  has 
done,  I  shall  here  add,  with  very  little  change,  the  illus- 
tration given  by  that  excellent  geometer. 

^^  It  ia  necessary  to  consider  a  solid,  that  is,  a  magni- 
.  tude  which  has  length,  breadth  and  thickness,  in  onler 
to  understand  aright  the  definitions  of  a  point,  Ibe  and 
superficies ;  for  these  all  arise  from  a  solia,  and  exist  in 
it :  The  boundar}^,  or  boundaries  which  contain  a  solid, 
are  called  superficies,  or  the  boundary  which  is  common 
to  two  solids  which  are 'contiguous,  or  which  divides  one 
solid  into  two  oontiguous  parts,  is  called  a  superficies : 
Thus,  if  BCGF  be  one  of  the  boundaries  whicn  contain 
the  solid  ABCDEFGH,  or  which  is  the  common  boun- 
dary* of  this  solid,'  and  the  solid  BKLCFNM6,  and  is 
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therefore  in  the  one  as  well  as  the  other  solid,  it  is  called  Book  I. 
a  superficies,  and  has  no  thickness :  For  if  it  have  any, 
this  thickness  must  either  be  a  part  of  the  thickness  of 
the  solid  AG^  or  the  solid  BM,  or  a  part  of  the  thickness 
of  each  of  them.  It  cannot  be  a  part  of  the  thickness  of 
the  solid  BM ;  because,  if  this  solid  be  removed  from  the 
solid  AG,  the  superficies  BCGF,  the  boundary  of  the 
solid  AG  remains  still  the  same  as  it  was.  Nor  can  it 
be  a  part  of  the  thickness  of  the  solid  AG ;  because,  if 
this  be  removed  from  the  solid  BM,  the  superficies  BCGF, 
the  boundary  of  the  solid  BM,  does  nevertheless  remain/; 
therefore  the  superficies  BCGF  has  no  thickness,  but 
only  length  and  breadth. 

"  The  boundary  of  a  superficies  is  called  a  line ;  or  a 
line  is  the  common  boundary  of  two  superficies  that  are 
contiguous,  or  it'  is  that  which  divides  one  superficies  in- 
to two  contiguous  parts:  Thus,  if  BC  be  one  of  the 
boundaries  which  contain  the  superficies  ABCD,  or 
which  is  the  common  boundary  of  this  superficies,  and 
of  the  superficies  KBCL,  which  is  contiguous  to  it,  this 
boundary  BC  is  called  a  line,  and  has  no  breadth  :  For, 
if  it  have  any,  this  must  be  part  either  of  the  breadth  of 

the  superficies  ABCD,  or  ii q^  •• 

of  the  superficies  KBCL,  ''  " 

or  part  of  each  of  them.        ^ 
It    is    not    part    of    the      / 
breadth  of  thie  superficies  ^' 
KBCL;   for,  if  this  su- 
perficies  be  removed  from 
the    superficies    ABCD, 
the  line  BC  which  is  the 
boundary  of  the  superfi- 
cies   ABCD  remains  the 
same  as  it  was.     Nor  can  ^ 

the  breadth  that  BC  is  supposed  to  have,  be  a  part  of 
the  breadth  of  the  superficies  ABCD ;  because,  if  this 
be  removed  from  the  superficies  KBCL,  the  line  BC, 
which  is  the  boundary  of  the  superficies  KBCL,  does 
nevertheless  remain  :•  Therefore  the  line  BC  has  no 
breadth.  And  because  the  line  BC  is  in  9  superficies, 
and  that  a  superficies  has  i>o  thickness,  as  was  shewn ; 
therefore  a  line  has  neither  breadth  nor  thickness,  but 
only  length. 
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<^  The  boundary  of  a  line  is  called  a  point,  or  a- point 
i^  the  common  boundary  or  extremity  of  two  .lines  that 
are  contiguous :  Thus,  if  B  be  the  extremity  of  die  line 
AB,  or  we  common  ^Ltremity  of  the  two^iies  AB,  KB, 
this  extremity  is  called  a  point,  and  has  no  length :  For, 
if  it  have  any,  this  length  musteither  be  part  of  the  length 
of  the  line  AB,  ot  of  the 
line  KB.  It  is  not  part 
of  the  length  of  KB ;  for 
if  die  line  KB  be  removed 
from  AB,  the  point  B,  ^'^ 
which  is  the  extremity  erf 
the  line  AB,  remains  the 
same  as  it  was :  Nor  is  it 
part  of  the  length  of  the 
npe  AB ;  for,  if  AB  be 
removed  from  the  line 
KB,  the  point  B,  which  is 
the  extremity  of  the  line  KB,  does  nevertheless  remain : 
Therefore  the  point  B  has  no  length :  And  because  a  point 
is  in  a  line,  and  a  line  has  neither  breadth  nor  thickness, 
therefore  a  point  has  no  length,  breadth  or  thickness. 
And  in  this  manner  the  definitions  of  a  point,  line,  and 
superficies,  are  to  be  understood.^ 


III. 

Euclid  has  defined  a  straight  line  to  be  a  Une  which 
(as  we  translate  it)  **  lies  evenly  between  its  extreme 
points.*"  This  definition  is  obviously  faulty,  the  word 
evenly  standing  as  much  in  need  of  ^n  explanation  as 
the  word  straight,  which  it  is  intended  to  define.  In 
the  original,  however,  it  must  be  confessed,  that  this  in- 
Accuracy  is  at  least  less  striking  than  in  our  translation ; 
•for  the  word  which  we  render  eveiHy  is  i|<ro,  equally ^  and 
ii&  accordingly  translated  ex  osquo  and  equaliter  by  Com- 
mandine  and  Gregory.  The  definition,  therefore,  is, 
that  a-  straight  line  is  one  which  lies  equally  between  its 
extreme  points ;  and  if  by  this  we  understand  a  Une  that 
lies  between  its  extreme  points,  so  as  to  be  related  ex- 
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actly  alike  to  the  space  on  the  one  side  of  it,  and  to  the  Book  I. 
space  on  the  other,  Yte  have  a  definition  that  is  perhaps  a  ' 
little  too  metaphysical,  but  which  certainly  contains  in  it 
the  essential  character  of  a  straight  line.  That  Euclid 
took  the  defimUon  in  this  sense,  however,  is  not  certain, 
because  he  has  not  attempted  to  deduce  from  it  any  pro- 
perty whatsoever  of  a  straight  line ;  and  indeed  it  should 
seem  not  easy  to  do  so,  without  employing  some  reason- 
ings of  a  more  metaphysical  kind,  than  he  has  anywhere 
admitted  into  his  Elements.  To  supply  the  defects  of  his 
definition,  he  has  therefore  introduced  the  Axiom,  that 
tzvo  straight  lilies  cannot  enclose  a  space ;  on  which  Axioms 
it  is,  and  not  on  his  definition  of  a  straight  line,  that  his 
demonstrations  are  founded.  As  this  manner  of  proceed- 
ing is  certainly  not  so  regular  and  scientific  as  that  of  lay- 
ing down  a  definition,  from  which  the  properties  of  the 
thing  defined  may  be  logically  deduced,  I  have  substi- 
tuted another  definition  of  a  straight  line  in  the  room  of 
Euclid^s.  This  definition  of  a  straight  line  was  suggested 
by  a  remark  of  Boscovich,  who,  in  his  Notes  on  the  Phi- 
losophical poem  of  Professor  Stay,  says,  "  Rectam  lineam 
^^  rectae  congruere  totam  toti  in  infinitum  product um  si 
^^  bina  puncta  unius  binis  alterius  congruant,  patet  ex  ipsa 
^^  admodum  clara  rectitudinis  idea  quam  babemus.^ 
Supplementum  in  lib.  8.  §  550.  Now,  that  which  Bos- 
covich would  consider  as  an  inference  from  our  idea  of 
straightness,  seems  itself  to  be  the  essence'  of  that  idea, 
and  to  afibrd  the  best  criterion  for  judging  whether  any 
given  line  be  straight  or  not.  On  this  principle,  we  have 
given  the  definition  above.  If  tJiere  be  two  lines  which 
can/not  coincide  in  two  points,  wUIiout  coinciding  aUoge- 
thevy  each  of  tJiem  is  called  a  straight  line. 

This  definition  was  otherwise  expressed  in  the  first  and 
second  editions ;  it  was  said,  that  lines  are  straight  lines 
which  cannot  coincide  in  part,  without  coinciding  altoge- 
ther. This  was  liable  to  an  objection,  viz.  that  it  de- 
fined straight  lines,  but  not  a  straight  line ;  and  though 
this  in  truth  is  but  a  mere  cavil,  it  is  better  to  leave  no 
room  for  it.  The  definition  in  the  form  now  given,  is 
also  more  simple. 

From  the  same  definition,  the  proposition  which  Eu- 
clid gives  as  an  Axiom,   that  two  straight  lines  cannot 
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Book  1.  ^  inclose  a  space,  follows  as  a  necessary  consequence.    For, 
~  if  two  lines  inclose  a  space,  they  must  intersect  one  an- 

other in  two  points,  and  yet,  in  the  intermediate  part, 
must  not  coincide,,  and  therefore  by  the  definition  they 
are  not  straight  lines.  It  follows  in  the  same  way,  that 
,  two  straififat  lines  cannot  have  a  common  segment  or  can- 
not coincide  in  part,  without  coinciding  altogether. 

After  laying  down  the  definitions  of  a  straight  line,  as 
in  the  first  Edition,  I  was  favoured  by  Dr  Reid  of  Glas- 
gow with  a  ptrusal  of  a  MS,  contaimQg  many  excellent 
observations  on  the  first  Book  of  Euchd,  such  as  might 
be  expected  from  a  philosopher  distinguished  for  the  ac- 
curacy as  well  as  the  extent  of  his  knowledge.  He  there 
defined  a  strai'ght  line  nearly  as  has  been  done  here,  viz. 
^^  A  straight  line  is  that  which  cannot  meet  another 

straight  line  in  more  points  than  one,  otherwise  they 

perfectly  coincide,  and  are  one  and  the  same.^  Dr 
Reid  also  contends,  that  this  must  have  been  Euclid^s 
own  definition ;  because  in  the  first  proposition  of  the 
eleventh  Book,  that  author  argues,  ^^  that  two  straight 
^^  lines  cannot  have  a  common  segment,  for  this  reason, 
**  that  a  straight  line  does  not  meet  a  straight  line  in 
"  more  points  than  one,  otherwise  they  coincide,'*'  Whe- 
ther this  amounts  to  a  proof  of  the  definition  above  ha- 
ving been  actually  Euclid^s,  I  will  not  take  upon  me  to 
decide ;  but  it  is  certainly  a  proof  that  the  writings  of 
that  geometer*  ought  long  since  to  have  suggested  this 
definition  to  his  commentators ;  and  it  reminds  me,  that  I 
might  have  learned  from  these  writings  what  I  have  ac- 
knowledged above  to  be  derived  from  )a  remoter  source. 

There  is  another  characteristic,  and  obvious  property 
of  straight  lines,  by  which  I  have  often  thought  that  they 
might  be  very  conveniently  defined,  viz.  that  the  posi- 
tion of  the  whole  of  a  straight  line  is  determined  by  the 
position  of  two  of  its  points,  insomuch  that,  when  two 
points  of  a  straight  line  continue  fixed,  the  line  itself  can- 
not change  its  position.  It  might  therefore'  be  said,  that 
a  straight  line  w  one  in  whichy  if  the  position  of  two 
paints  he  deturminedy  the  position  of  the  whole  line  is  de- 
termined. But  this  definition,  though  it  amount  in  fact 
to  the  same  thing  with  that  already  given,  is  rather  more 
abstract,  and  not  so  easily  made  the  foundation  of  rea- 
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soning.     I  therefore  thought  it  best  to  lay  it,  aside,  and  ,^^^'* 
to  adopt  the  definition  given  in  the  text. 


V. 

The  definition  of  a  plane  is  given  from  Dr  Simson, 
Euclid^s  being  liable  to  the  same  objections  ^ith  his  defi- 
nition  of  a  straight  line ;  for  he  says,  that  a  plane  superfi-. 
cips  is  one  which  "  lies  evenly  between  its  extreme  lines.*" 
The  defects  of  this  definition  are  completely  removed  in 
that  which  Dr  Simson  has  given.     Another  definition  dif- 
ferent from  both  might  have  been  adopted,  viz.     That 
those  superficies  are  called  plane,  which  are  such,  that  if 
three  points  of  the  one  coincide  with  three  points  of  the 
other,  the  whole  of  the  one  must  coincide  with  the  whole 
of  the  other.     This  definition,  as  it  resembles  that  of  a 
straight  line,  already  given,  might,  perhaps,  have  been 
introduced  with  some  advantage ;  but,  as  the  purposes  of 
demonstration  cannot  be  better  answered  than  by  that  in 
the  text,  it  has  been  thought  best  to  make  no  farther  al- 
teration. ' 


VI. 

In  Euclid,  the  general  definition  of  a  plane  angle  is 
placed  before  that  of  a  rectilineal  angle,  and  is  meant  to 
comprehend  those  angles  which  are  formed  by  the  meet- 
ing of  other  lines  than  straight  lines.     A  plane  angle  is 
said  to  be  "  the  inclination  of  two  lines  to  one  another 
^*  which  meet,  together,  but  are  not  in  the  same  direc- 
««  tion.*"     This  definition  is  omitted  here,  because  that 
the  angles  formed  by  the  meeting  of  curved  lines,  though 
they  may  become  the  subject  of  geometrical  investigation, 
certainly  do  not  belong  to  the  Elements ;  for  the  angles 
that  must  first  be  considered,  are  those  mad»  by  the  in- 
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Book  1.  tersections  of  straight  lines  with  one  another.  The  angles 
formed  by  the  contact  or  intersection  of  a  straight  Tine 
and  a  circle,  or^of  two  circles^  or  two  curves  of  any  kind 
with  one  another,  could  produce  nothing  but  perplexity 
to  beginners,  and  cannot  possibly  be  understood,  till  the 
properties  of  rectilineal  angles  have  been  fiilly  explained. 
On  this  ground,  I  am  of  opinion,  that  in  an  elementary 
treatise,  it  may  fairly  be  omitted.  Whatever  is  not  use- 
ful, should,  in  explaining  the  elements  of  a  science,  be 
kept  out  of  sight  altogether ;  for,  if  it  does  not  assist  the 
progress  of  the  understanding,  it  will  certainly  retard  it. 


AXIOMS. 


Amoxg  the  Axioms,  there  have  been  made  only  two 
alterations.  The  lOlh  Axiom  in  Euclid  is,  that  '*  two 
*  straight  lines  cannot  inclose  a  space;"  which  having 
become  a  corollary  to  our  definition  of  a  straight  line, 
ceases  of  course  to  be  ranked  with  self-evident  proposi- 
tions. It  is  therefore  removed  from  among  the  Axioms, 
and  that  which  was  before  the  11th,  is  accounted  the 
10th. 

The  12th  Axiom  of  Euclid  is,  that  "  if  a  straight  line 
meets  two  straight  lines,  so  as  to  make  the  two  inte- 
rior angles  on  the  same  side  of  it  taken  together  less 
than  two  right  angles,  these  straight  lines  being  con- 
"  tinually  produced,  shall  at  length  meet  upon  that  side 
**  on  which  are  the  angles  which  are  less  than  two  right 
"  angles.*"  Instead  of  this  proposition,  which,  though 
true,  is  by  no  means  self-evident ;  another  that  appeared 
more  obvious,  and  better  entitled  to  be  accounted  an 
Axiom,  has  been  introduced,  viz.  "  that  two  straight 
"  lines,  which  intersect  one  another,  canribt  be  both  pa- 
*'  rallel  to  the  same  straight  line."  On  this  subject, 
however,  a  fuller  explanation  is  necessary,  for  which  see 
the  note  on  the  29th  Prop. 
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Book  I. 

PROP.  IV.  and  VIII.  B.  I. 

The  fourth  and  eighth  propositions  of  the  first  book 
are  the  foundation  of  all  that  follows  with  respect  to  the 
comparison   of  triangles.     They  are   demonstrated  by 
what  is  called  the  method  of  supraposition,  that  is,  by 
laying  the  one  triangle  upon  the  other,  and  proving  that 
they  must  coincide.     To  this  some  objections  have  been 
made,  as  if  it  were  ungeometrical  to  suppose  one  figure 
to  be  removed  from  its  place,  and  applied  to  another  fi- 
gure.    "  The  laying,'^  says  Mr  Thomas  Simpson  in  his 
Elements,  "  of  one  figure  upon  another,  whatever  evi- 
"  dence  it  may  afford,  is  a  mechanical  consideration,  and 
"  depends  on  no  postulate.*"     It  is  not  clear  what  Mr 
Simpson  meant  here  by  the  word  mechanical ;  but  he 
probably  intended  only  to  say,   that  the  method  of  su- 
praposition  involves  the  idea  of  motion,  which  belongs 
rathet  to  mechanics  than  geometry  ;  for  I  think  it  is  im- 
possible that  such  a  Geometer  as  he  was  could  mean  to 
assert  that  the  evidence  derived  from  this  method  is  like 
that  which  arises  from  the  use  of  instruments,  and  of  the 
same  kind  with  what  is  furnished  by  experience  and  ob- 
servation.    The  demonstrations  of  the  fourth  and  eighth 
as  they  are  given  by  Euclid,  are  as  certmnly  a  process  of 
pure  reasoning,  depending  solely  on  the  idea  of  equality, 
as  established  in  the  8th  Axiom,  as  any  thing  in  geome- 
try.    But,  if  still  the  removal  of  the  triangle  from  its 
place  be  considered  as  creating  a  difficulty,  and  as  in- 
elegant, because  it  involves  an  idea,  that  of  motion,  not 
essential  to  geometry,  this  defect  may  be  entirely  reme- 
died, provided  that,  to  Euclid's  three  postulates,  we  be 
allowed  to  add  the  following,  viz.  That  if  there  be  two 
egtuil  sttaight  lines ^  and  if  a-ny  figure  zchalsoever  be  con- 
stituted on  the  one^  a  figure  every  way  equal  to  it  may  be 
constituted  on  the  otJier,     Thus,  if  AB  and  DE  be  two 
equal  straight  lines,  and  ABC  a  triangle  on  the  base  AB, 
a  triangle  DEF  every  way  equal  to  ABC  may  be  sup- 
posed to  be  constituted  on  DE  as  a  base.     By  this  it  is 
not  meant  to  assert  that  the  method  of  describing  the 
triangle  DEF  is  actually  known,  but  merely  that  the 
triangle  DEF  may  be  conceived  to  exist  in  all  respects 
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Book  1.  equal  to  the  triangle  ABC.  Now,  there  is  no  truth 
'  whatsoever  that  is  better  entitled  than  this  to  be  ranked 
among  the  Postulates  or  Axioms  of  geometry ;  for  the 
strai^t  lines  AB  and  D£  being  every  way  equal,  there 
can  be  nothing  belon^ng  to  the  one  that  may  not  also 
belong  to  the  other. 

On  the  strength  of  this  postulate  the  fourth  Proposi- 
tion is  thus  demonstrated. 

If  ABC,  DEF  be  two  triangles,  such  that  the  two 
sides  AB  and  AC  of  ,the  one  are  equal  to  the  two  ED, 
DF  of  the  other,  and  the  angle  B  AC,  contained  by  the 
sides  AB,  AC  of  the  one,  equal  to  the  angle  EDF,  con- 
tained by  the  sides  ED,  DF  of  the  other ;  the  triangles 
ABC  and  EDF  are  every  way  equal. 

A 


On  AB  let  a  triangle  be  constituted  every  way  equal 
to  the  triangle  DEF  ;  then  if  this  triangle  coincide  vith 
the  triangle  ABC,  it  is  evident  that  the  proposition  is 
trite,  for  it  is  equal  to  DEF  by  hypothesis,  and  to  ABC, 
because  it  coincides  with  it ;  wherefore  ABC,  DEF  are 
equal  to  one  another.  But  if  it  does  not  coincide  with 
ABC,  let  it  have  the  position  AB6 ;  and  first  suppose 
6  not  to  fall  on  AC  ;  then  the  angle  BAG  is  not  equal 
to  the  angle  BAC.  But  the  angle  BAG  is  equal  to  the 
angle  EDF,  therefore  EDF  and  BAC  are  not  equal, 
ana  they  are  also  equal  by  hypothesis,  which  is  impos- 
sible. Therefore,  tne  point  6  must  fall  upon  AC;  now, 
if  it  fall  upon  AC  but  not  at  C,  then  AG  it  not  equal 
to  AC ;  but  AG  is  equal  to  DF,  therefore  DF  and  AC 
are  not  equal,  and  they  are  also  equal  by  supposition, 
Which  is  impossible.  Therefore  G  must  coincide  with 
C,  and  the  triangle  AGB  with  the  triangle  ACB.  But 
AGB  is  every  way  equal  to  DEF,  therefore  ACB  and 
DEF  are  also  every  way  equal.     Q.  E.  D. 
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By  help  of  the  same  postulate,  the  5th  may  also  be    Book  I. 
very  easily  demonstrated. 

Let  ABC  be  an  isosceles  triangle,  io  which  AB,  AC 
are  the  equal  ades ;  the  angles  ABC,  ACB  opposite  to 
these  ^des  are  also  equal. 

Draw  the  straight  line  £F  equal  to  BC,  and  suppose 
that  on  £F  the  triangle  UEF  is  constituted  every  way 
equal  to  the  triangle  ABC,  that  is  having  D£  equal  to 
AB,  DF  to  AC,  the  angle  EDF  to  the  angle  BAC,  the 
angle  ACB  to  the  angle  DF£,  &c. 


Then,  because  DE  is  equal  to  AB,  and  AB  is  equal 
to  AC,  DE  is  equal  to  AC ;  and  for  the  same  reason 
DF  is  equal  to  AB.  And  because  DF  is  equal  to  AB, 
DE  to  AC,  and  the  angle  FDE  to  the  angle  BAC,  the 
angle  ABC  is  equal  to  Uie  an^e  DFE,  (4.  1.)  But  the 
angle  ACB  is  also,  by  hypothesis,  equal  to  the  angle 
DFE;  therefore  the  angles  ABC,. ACB  are  equal  to 
cme  another.     Q.  E.  D. 

Thus,  also,  the  8th  pitqx)6ition  may  be  demonstrated 
independently  of  the  7ui. 

Jjet  ABC,  DEF  be  two  triandes,  of  which  the  sides 
AB,  AC  are  equal'to  the  sdes  DE,  DF  each  to  eadi, 
and  also  the  base  BC  to  the  base  EF ;  the  ang^e  BAC 
is  equal  to  the  angle  EDF. 


NOTES. 


On  BCf  which  is  equal  to  EF,  and  on  the  side  of  it 
opposite  to  the  triangle  ABC,  let  a  triangle  BGC  be  con- 
stituted every  way  equal  to  the  triangle  DEF,  that  is, 
having  GB  equal  to  DE,  GC  to  DF,  the  angle  BGC  to 
the  angle  EDF,  &c.  :  join  AG. 

Because  GB  and  AB  are  each  equal,  by  hypothesis, 
o  DE,  AB  and  GB  are  equal  to  one  another,  and  the 
triangle  ABG  is  isosceles.  Wherefore  also  (5. 1.)  the 
angle  BAG  is  equal  to  the  angle  BGA.  In  the  same 
way,  it  is  shewn  that  AC  is  equal  to  GC,  and  the  angle 
CAG  to  the  angle  CGA.  Therefore,  adding  equals  to 
equals,  the  two  angles  BAG,  CAG  together  are  equal 
to  the  two  angles  BGA,  CGA  together ;  that  is,  the 
whole  angle  BAC  to  the  whole  BGC.  But  the  angle 
BGC  is,  by  hypothesis,  equal  to  the  angle  EDF,  there- 
fore also  the  angle*  BAC  is  equal  to  the  angle  EDF. 
Q.  E.  D. 

Such  demonstrations,  it  must,  however,  be  acknow- 
ledged, trespass  against  a  rule  which  Euclid  has  uniform- 
ly adhered  to  throughout  the  Elements,  except  where  he 
was  forced  by  necessity  to  depart  from  it.  This  rule  k 
that  nothing  is  ev^  supposed  to  be  done,  the  manner  of 
doing  which  has  not  been  already  taught,  so  that  the 
construction  is  derived  either  directly  from  the  three 
postulates  laid  down  in  the  beginning,  or  from  probleDl^ 
already  reduced  to  those  postulates.     Now,  this  rule  i^ 
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not  essential  to  geometrical  deraonstration,  where,  for  the  Book  I. 
purpose  of  discovering  the  properties  of  figures,  we  are 
certainly  at  liberty  to  suppose  any  figure  to  be  construct- 
ed, or  any  line  to  be  drawn,  the  existence  of  which  does 
not  involve  an  impossibility.  The  only  use,  therefore, 
of  EucIid^s  r|^le,  is  to  guard  against  the.  introduction  of 
impossible  hypotheses,  or  the  taking  for  granted  that  a 
thing  may  exist  which  in  fact  implies  a  contradiction ; 
from  such  suppositions,  false  conclusions  might,  no 
doubt,  be  deduced,  and  the  rule  is  therefore  useful  in  as 
much  as  it  answers  the  purpose  of  excluding  them.  But 
the  foregoing  postulatum  could  never  lead  to  suppose  the 
actual  existence  of  any  thing  that  is  impossible ;  for  it 
only  assumes  the  existence  of  a  figure  equal  and  similar 
to  one  already  existing,  but  in  a  different  part  of  space 
from  it,  or  having  one  of  its  sides  in  an  assigned  posi* 
tion.  As  there  is  no  impossibility  in  the  existence  of  one 
of  these  figures,  it  is  evident  that  there  can  be  none  in 
the  existence  of  the  other. 


PROP.  VII. 

Dr  Sirason  has  very  properly  changed  the  enunciation 
of  this  proposition,  wnich,  as  it  stands  in  the  original,  is 
considerably  embarrassed  and  obscure.  His  enunciation, 
with  very  little  variation,  is  retained  here. 


PROP.  XXI. 

It  is  essential  to  the  truth  of  this  proposition,  that  the 
straight  lines  drawn  to  the  point  within  the  triangle  be 
drawn  from  the  two  extremities  of  the  base ;  for  if  they 
be  drawn  from  other  points  of  the  base,  their  sum  may 
exceed  the  sum  of  the  two  sides  of  the  triangle  in  any 
ratio  that  i?  less  than  that  of  two  to  one.  This  is  de- 
monstrated by  Pappus  Alexandrinus  in  the  8d  Book  of 
his  Mathematical  Collections^  but  the  demonstration  is 
of  a  kind  that  does  riot  belong  to  this  place.  If  it  be 
required  simply  to  shew,  that  in  certain  cases  the  sum  of 
the  two  lines  drawn  to  the  point  within  the  triangle  may 
exceed  the  sum  of  the  sides  of  the.  triangle,  the  demon- 
stration  is  easy,  and  is  given  nearly  as  follows  by  Pap- 
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Book  I.    pus,  and  also  by  Proclus,  in  the  4tb  book  of  his  Com- 
mentary on  Euclid. 

Let  ABC  be  a  triangle,  having  the  angle  at  A  a  right 
angle ;  let  D  be  any  point  in  AB ;  jcin  CD,  then  CD 
win  be  greater  .than  AC,  because  in  the  triangle  ACD, 
the  angk  CAD  is  greater  than  the  angle  ADC.  From 
DC  cut  off  DE  equal  to  AC ;  ^ 
bisect  CE  in  F,  and  join  BF ; 
BF  and  FD  are  greater  than 
BC  and  CA. 

Because  CF  is  equal  to  FE, 
CF  and  FB  are  equal  to  EF 
and  FB,  but  CF  and  FB  are  ^ 
greater  than  BC,  therefore  EF 

and  FB  are  greater  than  BC.  To  EF  and  FB  add  ED, 
and  to  BC  add  AC,  which  is  equal  to  ED  by  construc- 
tion, and  BF  and  FD  will  be  greater  than  BC  and  CA. 
Q.  E.  D. 

It  is  evident,  that  if  the  angle  BAC  be  obtuse,  the 
same  reasoning  may  be  applied. 

This  proposition  is  a  sufficient  vindication  of  Euclid, 
for  having  aemonstrated  the  21st  proposition,  which  some 
affect  to  consider  as  self-evident ;  for  it  proves,  that  the 
circumstance  on  which  the  truth  of  that  proportion  de- 
pends is  not  obvious,  nor  that  which  at  nrst  aght  it  is 
supposed  to  be,  viz.  that  of  the  one  triangle  being  in- 
eluded  within  the  other.     For  this  reason  I  cannot  agree 
with  M.  Clairaut,  that  Euclid  demonstrated  this  propo- 
sition only  to  avoid  the  cavils  of  the  Sophists.     But  I 
must,  at  the  same  time,  observe,  that  what  the  French 
Greometer,  has  said  on  the  subject  has  certainly  been 
misunderstood,  and,  in  one  respect,  unjustly  censured  by 
Dr  Simson.     The  exact  translation  of  hb  words   is  as 
follows :  ^'  If  Euclid  has  taken  the  trouble  to  demon- 
^^  strate,  that  a  triangle  included  within  another  has  the 
^^  sum  of  its  sides  less  than  the  sum  of  the  sides  of  the 
^'  triangle  in  which  it  is  included,  we  are  not  to  be  sur- 
^^  prised.     That  geomet^  had  to  do  with  those  obsti- 
^^  nate  Sophists,  who  made  a  point  of  refusing  their  as- 
"  sent  to  the  most  evident  truths,"  kC'-^Elemens  de 
Geometric  par  M*  Clairaut,     Pref.) 
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Dr  Simson  supposes  M.  Clairaut  to  mean,  by  the  pro-     Book  I. 
position  which  he  enunciates  here,  that  when  one  triangle 
is  included  in  another,  the  sum  of  the  two  sides  of  the  m- 
eluded  triangle  is  necessarily  less  than  the  sum  of  the 
two  sides  of  the  triangle  in  which  it  is  included,  whether 
they  be  on  the  same  base  or  not.     Now,  this  is  not  only 
not  Euclid^s  proposition,  as  Dr  Simson  remarks,  but  it  is 
not  true,  and  is  directly  contrary  to  what  has  just  been 
demonstrated  from  Proclus.     But  the  fact  seems  to  be, 
that  M.  Clairaut's  meaning  is  entirely  different,  and  that 
he  intends  to  speak,  not  of  two  of  the  sides  of  a  triangle, 
but  of  all   the  three ;   so  that  his  proposition  is,  "  that 
when  one  triangle  is  included  within  another,  the  sum  of 
all  the  three  sides  of  the  included  triangle  is  less  than 
"  the  sum  of  all  the  three  sides  c£  the  other,"  and  this  is 
without  doubt  true,  though  I   think  by  no  means  self- 
evident.     It  must  be  acknowledged,  also,  that  it  is  not 
exactly  Euclid's  proposition,  which,  however,  it  compre- 
hends under  it,  and  is  the  general  theorem,  of  which  the 
other  is  only  a  particular  case.     Therefore,  though  M . 
Clairaut  may  be  blamed  for  maintaining  that  to  be  an 
Axiom  which  requires  demonstration,  vet  he  is  not  to  be 
accused  of  mistaking  a  false  proposition  for  a  true  one. 


i6 


PROP.  XXII. 

Thomas  Simson  in  his  Elements  has  objected  to 
Euclid's  demonstration  of  this  proposition,  because  it 
contains  no  proof,  that  the  two  circles  made  use  of  in 
the  construction  of  the  Problem  must  cut  one  another; 
and  Dr  Simson,  on  the  other  hand,  always  unwilling  to 
acknowledge  the  smallest  blemish  in  the  works  of  Euclid, 
contends,  that  the  demonstration  is  perfect.  The  truths 
however,  certainly  is,  that  the  demonstration  admits  of 
Sonne  improvement ;  for  the  limitation  that  is  made  in 
the  enunciation  of  any  Problem  ought  always  to  be  shewn 
to  be  necessarily  connected  with  the  construction  of  it, 
and  this  is  what  Euclid  has  neglected  to  do  in  the  pre- 
sent instance.  The  defect  may  easily  be  supplied,  and 
Dr  Simson  himself  has  done  it  in  effect  in  his  note  on  thi& 
profiosition,  though  he  denies  it  to  be  necessary. 

E  e 
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BoisiL  I.  Because  that  of  the  three  straght  lines  DF,  FG,  6H, 
any  tivo  are  greater  than  the  third,  by  hjrpotheas, 
FD  is  less  than  FG  and  GH,  that  is,  than  FH,  and 
therefore  the  circle  described  from  the  centre  F,  with  the 
distance  FD,  must  meet  the  Vme  FE  between  F  and  H  ; 
and,  for  the  like  reason,  the  circle  described  from  tb& 


eentre  6  at  the  distance  GH,  must  meet  DG  between 
*  D  and  G,  and  therefore  the  one  of  these  circles  cannot 
be  wholly  within  the  other.  Neither  can  the  one  be 
wholly  without  the  other,  because  DF  and  GH  are 
greater  than  FG  ;  the  two  circles  must  therefore  inter- 
sect one  another. 


PROP.  XXVII.  and  XXVIIL 

Euclid  has  been  guilty  of  a  slight  inaccuracy  in  the 
enunciations  of  these  propositions,  by  omitting  the  con- 
dition, that  the  two  straight  lines  on  which  the  third 
line  falls,  making  the  alternate  angles,  &c.  equal,  must 
be  in  the  same  plane,  without  which,  they  cannot  be  pa- 
rallel, as  is  eviaent  from  the  definition  of  jparallel  lines. 
The  only  editor,  I  believe,  who  has  remarked  this  omis- 
sion, is  M.  ns  FoiK,  Due  be  Cai^dalle,  in  his  trans- 
lation of  the  Elements  published  in  1566.  How  it  has 
escaped  the  notice  of  subsequent  commentators  is  not 
easily  explained,  unless  because  they  fought  it  of  little 
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importance  to  correct  an  error  by  which  nobody  was    Bofok  I. 
likely  to  be  misled. 


PROP.  XXIX. 

The  subject  of  parallel  lines  is  one  of  the  most  diffi- 
cult in  the  Elements  of  Geometry.  It  has  accordingly 
been  treated  of  in  a  great  variety  of  different  ways,  of 
which,  perhaps,  there  is  none  that  can  be  said  to  have 
given  entire  satisfaction.  The  difficulty  consists  in  con- 
verting the  27th  and  28th  of  Euclid,  or  in  demcxistrat- 
ing,  that  parallel  straight  lines,  or  such  as  do  not  meet 
one  another,  when  they  meet  a  third  line,  make  the  al- 
ternate angles  with  it  equal,  or,  which  comes  to  the  same, 
are  equally  inclined  to  it,  and  make  the  exterior  angle 
equal  to  the  interior  aiid  opposite.  In  order  to  demon- 
strate this  proposition,  Euclid  assumed  it  as  an  Axiom, 
that  ^'  if  a  straight  line  meet  two  straight  lines,  so  as  to 
^^  make  the  iaterieF  angles  on  the  same  side  of  it  less 
"  than  two  right  angles,  these  straight  lines  being  conti- 
'^  nually  produced,  will  at  length  meet  on  the  side  on 

which  the  angles  are  that  are  less  than  two  right 

angles."  This  proposition,  however,  is  not  self-evi- 
dent, and  ought  the  less  to  be  received  without  proof, 
that,  as  Proclus  has  observed,  the  converse  of  it  is  a  pro- 
position that  confessedly  requires  to  be  demonstrated. 
For  the  converse  of  it  is,  that  two  straight  lines  which 
meet  one  anoither  make  the  interior  angles,  with  any  third 
line,  less  than  two  right  angles ;  or,  in  other  word.s,  that 
the  two  interior  angles  of  any  triangle  are  less  than  two 
right  angles,  which  is*  the  17th  of  the  First  Book  of  the 
Elements;  and  it  should  seem,  that  a  pi'oposition  can 
never  rightly  be  taken  for  an  Axiom,  of  which  the  con- 
verse requires  a  demonstration. 

The  methods  by  which  Geometers. have  attempted  to 
remove  this  blemish  from  the  Elements  are  of  three 
kinds.  1.  By  a  new  definition  of  parallel  lines.  2.  By 
introducing  a  new  Axiom  concerning  parallel  lines,  more 
obvious  than  EucHd'^s.  3.  By  reasoning  merely  from  the 
definition  of  parallels,  and  the  properties  of  lines  already 
demonstrated,  without  the  assumption  of  any  new  Axiom. 

EC  2 
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Book  L  1.  One  of  the  definitions  that  has  been  substituted  for 
Euclid's  is,  that  straight  lines  are  parallel,  which  pre- 
serve afways  the  same  distance  from  one  another  ;  by  the 
word  distance  being  understood,  a  perpendicular  drawn 
to  one  of  the  lines  from  any  point  whatever  in  the  other. 
If  these  perpendiculars  be  every  where  of  the  same 
length,  the  straight  lines  are  called  parallel.  This  is 
'  the  definition  given  by  Wolfius,  by  Boscovich,  and  by 
Thomas  Simson,  in  the  first  edition  of  his  Elements. 
It  is,  however,  ^  faulty  definition,  for  it  conceals  an 
Axiom  in  it,  and  takes  for  granted  a  property  of  straiglit 
linerf,  that  ought  either  to  be  laid  down  as  self-evident, 
or  demonstrated,  if  possible,  as  a  Theorem.  Thus,  ii' 
from  the  three  points.  A,  B,  and  C  of  the  straight  line 
AC,  perpendiculars  AD,  BE,  CF  be  drawn  all  equal 
to  one  another,  it  is  implied  in 

the  definition,  that  the  points  D,  P  E F 

E  and  F,  are  in  the  same  straight 
line,  which,  though  it  be  true, 
it  was  not  the  business  of  the  . 
definition  to  inform  us  of.  Two  ^ 
perpendiculars,  as  AD  an^  CF-  are  alone  sufficient  to 
determine  the  position  of  the  straight  line  DF,  and  there- 
fore the  definition  ought  to  be,  "  That  two  straight  lines 
'*  are  parallel,  when  there  are  two  points  in  the  one, 
"  from  which  the  perpendiculars  drawn  to  the  other,  are 
"  equal,  and  on  the  same  side  of  it." 

This  is  the  definition  of  parallels  which  M.  D'AIem- 
bert  seems  to  prefer  to  all  otliers ;  but  .he  acknowledges, 
and  very  justly,  that  it  still  remains  a  matter  of  difficulty 
to  demonstrate,  that  all  the  perpendiculars  drawn  from 
the  one  of  these  lines  to  the  other  are  equal.  (Encylope- 
die.  Art.  ParaUele). 

.  Another  definition  that  has  been  given  of  parallels  is, 
that  they  are  lines  which  make  equd  angles  with  a  third 
line,  towards  the  samfe  parts,  or  such  as  make  the  exterior 
angle  equal  to  the  interior  and  opposite.  Varignon,  Be- 
20ut,  and  several  other  mathematicians,  have  adopted  this 
definition,  which,  it  must  be  acknowledged,  is  a  perfectly 
good  one,  if  it  be  understood  by  it,  that  the  two  lines  cal- 
led parallel,  are  such  as  make  equal  angles  with  aceriain 
third  line,  biit  not  with  ant^  line  that  falls  upon  them.     It 
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remains,  therefore,  to  be  demonstrated,  That  if'  AB  and 
CD  make  equal  angles  with  GH,  they  will  do  so  also 
with  any  other  line  whatsoever.  The  definition,  there- 
fore, must  be  thus  understood.  That  parallel  lines  are 
such  as  make  equal  angles  with  a  certain  third  line,  or, 
more  simply,  lines  which  are  perpendicular  to  a  given  line. 
It  must  then  be  proved,  1.  That  straight  lines  which  are 
equally  inclitied  to  a  certain  line  or  perpendicular  to  a 
certain  line,  must  be  equally  inclined  to  all  the  other  lines 
that  fall  upon  them  ;  and  also,  S.  That  two  straight  lines 
which  do  not  meet  when  produced,  must  make  equal 
angles  with  any  third  line  that  meets  them. 

The  demonstration  of  the  first  of  these  propositions  is 
not  at  all  facilitated  by  the  new  definition,  unless  it  be 
previously  shewn,  that  all  the  angles  of  a  triangle  are 
equal  to  two  right  angles. 

The  second  proposition  would  hardly  be  necessary  if 
the  new  definition  were  employed  ;  for  when  it  is  required 
to  draw  a  line  that  shall  not  meet  a  given  line,  thie  is 
done  by  drawing  a  line  that  shall  have  the  same  inclina- 
tion to  a  third  hne  that  the  first  or  given  line  has.  It  is 
known  that  lines  so  drawn  cannot  meet.  It  would  no 
doubt  be  an  advantage  to  have  a  definition  that  is  not 
founded  on  a  condition  purely  negative. 

2.  As  to  the  Mathematicians  who  have  rejected  Eu- 
clid's Axiom,  and  introduced  another,  in  its  place,  it  is 
not  necessary  that  much  should  be  said.  Clavius  is  one 
of  the  first  in  this  class ;  the  Axiom  he  assufnes  is, 
*'  That  a  line  of  which  the  points  are  all  equidistant 
**  from  a  certain  straight  line  in  the  same  plane  with  it,  is 
*^   itself  a  straight  line.""     This  proposition  he  does  not, 
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Book  1^  however,  assume  altogether,  as  he  gives  a  kind  of  meta- 
physical proof  of  it,  t)y  which  he  endeavours  to  connect 
It  with  Euclid^s  definition  of  a  straight  line,  with  which 
proof  at  the  same  time  he  seems  not  very  well  saUslied. 
His  reasoning,  after  this  proposition  is  granted  (though 
it  ought  not  to  be  granted  as  an  Axiom),  is  logical  and 
conclusive,  but  is  prolix  and  operose,  so  as  to  leave  a 
strong  suspicion  that  the  road  pursued  is  by  no  means  the 
shortest  possible. 

The  method  pursued  by  Simson,  in  his  Notes  on  the 
First  Book  of  Euclid,  is  not  very  different  from  that  of 
Clavius.  He  assumes  this  Axiom,  "  That  a  straight  line 
"  cannot  first  come  nearer  to  another  straight  line,  and 
"  then  go  farther  from  it  without  meeting  it.*"  (Notes, 
&c.  English  Edition).  By  coming  nearer  is  understood, 
conformably  to  a  previous  definition,  the  diminution  oi 
the  perpendiculars  drawn  from  the  one  line  to  the  other. 
This  Axiom  is  more  readily  assented  to  j:han  that  of  Cla- 
vius, from  which,  however,  it  is  not  very  different;  but 
it  is  not  very  happily  expressed,  as  the  idea  not  merely 
of  motion,  but' of  time,  seems  to  be  involved  in  the  no- 
tion  o/i  first  coming  nearer,  and  ihen  going  farther  off. 
Even  if  this  inaccuracy  is  passed  over,  the  reasoning  of 
Simson,  like  that  of  Clavius,  is  prolix,  and  evidently  a 
circuitous  method  of  coming  at  the  trudi. 

Thomas  Simson,  in  his  second  .e4ition  of  his  Ele- 
ments, has  presented  this  axiom  in  a  sft'npler  form.  "  1^ 
"  two  points  in  a  straight  line  are  posited  at  unequal  dis- 
"  tances  from  another  straight  line  in  the  same  plane, 
"  those  two  lines  being  indefanitely  produced  on  the  side 
"  of  the  least  distance  will  meet  one  another."" 

By  help  of  this  Axiom  it  is  easy  to  prove,  that  if  two 
straight  Imes  AB,  CD  are  parallel,  the  perpendiculars  to 
the  one,  terminated  by  the  other,  are  all  equal,  and  are 
also  perpendicular  to  both  the  parallels.  That  they  are 
equal  is  evident,  otherwise  the  lines  would  meet  by  the 
Axiom.  That  they  are  perpendicular  to  both^  is  demon- 
strated thus : 
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If  AC  and  BD,  which  are  perpendicular  to  AB,  and    Book  i. 

'€qual  to  one  another,  be  not  Br .  A 

also  perpendicular  to  CD,  from 
C  let  CE  be  drawn  at  right  an- 
gles to  BD.  Then,  because  AB  -p 
and  CE  are  both  perpendicular 
to  BD,  they  are  parallel,  and  D 

therefore  the  perpendiculars  AC  and  BE  are  equal.  But 
AC  is  e^ual  to  BD,  (by  hypothesis,)  therefore  BE  and 
BD  are  equal,  which  is  impossible ;  BD  is  therefore  at 
right  angles  to  CD. 

Hisnce  the  proposition,  that  "  if  a  straight  line  fall  on 
^  two  parallel  lines,  it  makes  the  alternate  angles  equal,"" 
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is  easily  derived.  Let  FH  and  GE  be  perpendicular  to 
-CD,  then  they  will  be  parallel  to  one  another,  and  also 
at  right  angles  to  AB,  and  therefore  FG  and  HE  are 
€qual  to  one  another,  by  the  last  proposition.  Where- 
fore in  the  triangles  EFG,  EFH,  the  sides  HE  and  EF  * 
are  equal  to  the  sides  GF  and  FE,  each  to  each,  and  al- 
so the  third  side  HF  to  the  third  side  EG,  therefore  the 
angle  HEF  is  equal  to  the  angle  EFG,  and  they  are  al- 
ternate angles.     Q.  £.  D. 

This  method  of  treating  the  doctrine  of  parallel  Imes 
is  extremely  plain  and  concise,  and  is  perhaps  as  good  as 
any  that  can  be  followed,  when  a  new  Axiom  is  assum- 
ed. In  the  text  above,  I  have,  however,  followed  a  dif- 
ferent method,  employing  as  an  axiom,  **  That  two 
'*  straight  lines,  which  cut  one  another,  cannot  be  both 
"  parallel  to  the  same  straight  line.''  This  Axiom  has 
been  assumed  by  others,  particularly  by  Ludlam,  in  his 
very  useful  little  tract,  entitled  Rudiments  of  Mathema^ 
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Book  I.  It  is  a  proposition  readily  enough  admitted  as  self-^vl- 
"^ ' — '  dent,  and  leads  to  the  demonstration  of  Euclid's  29th  Pro- 
position, even  with  more  brevity  than  Simson^s. 

3.  All  the  methods  above  enumerated  leave  the  mind 
somewhat  dissatisfied,  because  we  naturally  expect  to  disco- 
ver the  properties  of  parallel  lines,  as  we  do  those  of  other 
geometnc  quantities,  by  comparing  the  definition  of  those 
fines  with  the  properties  of  straight  lines  already  known. 
The  most  ancient  writer  who  appears  to  have  attempted 
to  do  this  is  Ptolemy  the  astronomer,  who  wrote  a  trea- 
tise expressly  on  the  subject  of  Parallel  Lines.  Proclus 
has  preserved  some  account  of  this  work  in  the  Fourth 
Book  of  his  Commentaries  r  and  it  is  curious  to  observe 
in  it  an  argument  founded  on  the  principle  which  is 
known  to  the  modems  by  the  name  of  the  sufficient  rea- 
son, *  ' ' 

To  prove,  that  if  two  parallel  straight  lines  AB  and 
CD  be  cut  by  a  third  line  EF,  in  G  and  H,  the  two  in. 


tenor  angles  AGH,  CHG  will  be  equal  to  two  right  an- 
gles, Ptolemy  reasons  thus :  If  the  angles  AGH,  CHG 
be  not  equal  to  two  right  angles,  let  them,  if  possible,  be 
greater  than  two  right  angles ;  then,  because  the  lines 
AG  and  CH  are  not  more  parallel  than  the  lines  BG 
and  DH,  the  angles  BGH,  DHG  are  also  greater  than 
two  right  angles.  Therefore,  the  four  atigles  AGH, 
CHG,  BGH,  DHG  are  greater  than  four  right  angles ; 
and  they  are  also  equal  to  four  right  angles,  which  is  ab- 
surd. -  In  the  same  manner  it  is  shewn,  that  the  angles 
AGH,  CHG  cannot  be  less  than  two  right  angles. 
Therefore  they  are  equal  to  two  right  angles. 
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But  this  reasoning  is  certainly  inconclusive.  For  why 
are  we  to  suppose  that  the  interior  anglies  which  the  pa- 
rallels make  with  the  line  cutting  them,  ate  either  in 
every  case  greater  than  two  right  angles,  or  in  every 
case  less  than  two  right  angles  ?  For  any  thing  that  we 
are  yet  supposed  to  know,  they  may  be  sometimes  greater 
than  two  right  angles,  and  sometimes  less,  and  therefore 
we  are  not  entitled  to  conclude,  because  the  angles  AGH, 
CHG  are  greater  than  two  right  angles,  that,  therefore, 
the  angles  BGH,  DHG  are  also  necessarily  greater  than 
two  right  angles.  It  may  safely  be  asserted,  therefore, 
that  Ptolemy  has  not  succeeded  in  his  attempt  to  demon- 
strate the  properties  of  parallel  lines,  without  the  assist- 
ance of  a  new  Axiom.  ^ 

Another  attempt  to  demonstrate  the  same  proposition, 
without  the  assistance  of  a  new  Axiom,  has  been  made  by 
a  modern  geometer,  Franceschini,  Professor  of  Mathe- 
matics in  the  University  of  Bologno,  in  an  essay,  which 
he  entitles,  La  Teoria  delle  parallele  rigorosamente  di- 
monstrata^  printed  in  his  Opuscoli  Mathematici^  at  Bas- 
sano  in  1787. 

The  difficulty  is  there  reduced  to  a  proposition  nearly 
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the  same  with  this.  That  if  BE  make  an  acute  angle 
with  BD,  and  if  DE  be  perpendicular  to  BD  at  any 
point,  BE  and  DE,  if  produced,  will  meet.  To  demon- 
strate this,  it  is  supposed,  that  BO,  BC  are  two  parts 
taken  in  BE,  of  which  BC  is  greater  than  BO,  and  that 
the  perpendiculars  ON,  CL  are  drawn  to  BD ;  then 
shall  BL  be  greater  than  BN.  For,  if  not,  that  is,  if 
the  perpendicular  CL  falls  either  at  N,  or  between  B 
and  N,  as  at  F ;  in  the  first  of  these  cases  the  angle 
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8«*J*  ^  CNB  is  equal  to  the  angle  ONB,  because  they  are  both 
'  right  angles,  which  is  impossible ;  and,  in  the  second, 
the  two  angles  CFN,  CNF>  of  the  triangle  CNF,  ex- 
ceed two  right  angles.  Therefore,  adds  our  author, 
since,  as  BC  increases,  BL  also  increases,  and  since  BC 
may  be  increased  without  limit,  so  BL  may  l}eoome 
greater  than  any  given  line,  and  therefore  may  be  greater 
than  BD ;  wherefore,  since  the  •perpendiculars  to  BD 
from  points  beyond  D  meet  BC,  the  perpendicular  from 
D  necessarily  meets  it     Q.  £.  1). 

Now,  it  will  be  found,  on  examination,  that  this  rea- 
soning is  no  more  conclusive  than  the  preceding.  Per, 
unless  it  be  proved,  that  whatever  multiple  BC  is  of  BO, 
the  same  is  BL  of  BN,  the  indefinite  increase  of  BC 
does  not  necessarily  imply  the  indefinite  increase  of  BL, 
or  that  BL  may  be  made  to  exceed  BD.  On  the  con- 
trary, BL  may  always  increase,  and  yet  may  do  so  in 
such  a  manner  as  never  to  exceed  BD :  In  order  that 
the  demonstration  should  be  conclusive,  it  would  be  ne- 
cessary to  shew,  that  when  BC  increases  by  a  part  equal 
to  BO,  BL  increases  always  by  a  part  equal  to  BN  ; 
but  to  do  this  will  be  found  to  require  the  knowledge  of 
those  very  properties  of  parallel  lines  that  we  are  sefeking 
to  demonstrate.  i 

LegendbK,  in  his  Elements  of  Geometry,  a  work  en- 
tided  to  the  highest  praise,  for  elegance  and  accuracy, 
has  delivered  the  doctrine  of  parallel  lines  without  any 
new  Axiom.  He  has  done  this  in  two  different  ways, 
one  in  the  text,  and  the  other  in  the  notes.  In  the  for- 
mer he  has  endeavoured  to  prove,  independently  of  the 
doctrine  of  parallel  lines,  that  all  the  angles  of  a  triangle 
are  equal  to  two  right  angles ;  from  which  proposition, 
when  it  is  once  established,  it  is  not  difficult  to  deduce 
every  thing  with  respect  to  parallels.  But,  though  his 
demonstration  of  the  property  of  triangles  just  tnention- 
ed  is  quite  logical  and  conclusive,'  yet  it  has  the  fan  It  of 
being  long  and  indirect,  proving,  first,  that  the  three 
angles  of  a  triangle  cannot  be  greater  than  two  right 
angles ;  next,  that  they  cannot  be  less,  and  doing  both 
by  reasonings  abundantly  subtle,  and  not  of  a  kind  rca- 
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dily  apprehended  by  those  who  are  only  beginning  to  ^^^^J^J[\ 
study  the  Mathematics. 

The  demonstration  which  he  has  given  in  the  notes 
is  extremely  ingenious,  and  proceeds  on  this  very  simple 
and  undeniable  Axiom,  that  we  cannot  compare  an  an- 
gle  and  a  line,  as  to  magnitude,  or  cannot  have  an  equa- 
tion of  any  sort  between  them.     This  truth  is  involved 
in  the  distinction  between  homogeneous  and  heteroge- 
neous quantities,  (Euc.  v.  def.  4.)   which  has  long  been 
received  in  geometry,  but  led  only  to  negative  conse- 
quences, till  it  fell  into  the  hands  of  Legendre.     The 
proposition  which  he  deduces  from  it  is,  that  if  two  an- 
gles cyf  one  triangle  be  eqiud  to  two  angles  g/^  another^ 
the  third  angle  of  these  triangles  are  also  eqtuiL     For 
it  is  evident,  that,  when  two  angles  of  a  triangle  are 
given,  and  also  the  side  between  them,  the  third  angle  is 
thereby  determined ;  so  that  if  A  and  B  be  any  two  an- 
gles of  a  triangle,  P  the  side  interjacent,  and  C  the  third 
angle,  C  is  determined,  as  to  its  magnitude,  by  A,  B 
and  P ;  and,  besides  these,  there  is  no  other  quantity 
whatever  which  c^n  affect  the  magnitude  of  C.     This  is 
plain,  because  if  A,  B  and  P  are  given,  the  triangle  can 
be  constructed,  all  the  triangles  in  which  A,  B  and  P 
are  the  same,  being  equal  to  .one  another. 

Biit  of  the  quantities  by  which  C  is  determined,  P  can- 
not be  one ;  for  if  it  were,  then  C  must  be  a  function  of 
the  quantities  A,  B,  P  ;  or  the  value  of  C  must  be  equal  to 
some  combination  of  the  quantities  A,  B  and  P.  There- 
fore also  a  value  of  P  may  be  found  in  terms  of  the 
quantities  A,  B  and  C  ;  but  this  is  impossible,  P 
being  a  line,  and  A,  B,  C  being  angles,  no  function  of 
whicli  can  be  equal  to  a  line,  or  to  any  other  thing 
than  angles  or  ratios.  The  angle  C  must  therefore  be 
determined  by  the  angles  A  and  B  alone,  without  any 
regard  to  the  magnitude  of  P,  the  side  interjacent. 
Hence  in  all  triangles,  where  two  angles  of  one  are  equal 
to  two  of  another,  each  to  each,  the  third  angles  are  also 
equal. 

Objections  have  been  made  to  the  assertion,  that  no 

function  of  an  angle  can  ever  be  any  other  than  an  angle 

or  a  ratio.      This  assertion,  though  certainly  true,  is 

perhaps  not  to  be  fully  proved,  without  entering  into 

discussions  on  the  application  of  symbolical  language  to 
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Book  I.  express  geometric  magnitudes,  which  are  not  well  adapt- 
ed to  this  place.  It  may 5  however,  be  observed,  that 
in  all  the  variety  of  the  functions  of  angles  which  have 
been  introduced  into  mathematical  reasoning,  there  ii^ 
not  one  which  denotes  a  line,  or  any  thing  but  an  angle 
or  a  ratio. 

The  proposition  in  the  preceding  paragraph  being 
demonstrated,  it  is  easy  to  prove  that  the  three  angles 
of  any  triangle  are  equal  to  two  right  angles. 

Let  ABC  be  a  triangle  right  angled  at  A,  draw  AD 
perpendicular    to    BC.      The  * 

triangles  ABD,  ABC  have  the 
angles  BAC,  BDA  right  an- 
gles, and  the  angle  B  common 
to  both  ;  therefore,  by  what  has 
just  been  proved,  their  third 
angles  BAD,  BCA  are  also  ^ 
equal.     In  the  same  way  it  is 

shewn  that  CAD  is  equal  to  CBA ;  therefore  the  two 
angles  BAD,  CAD,  are  equal  to  the  two  BCA,  CBA ; 
but  BAD+CAD  is  equal  to  a  right  angle,  therefore  the 
angles  BCA,  CBA  are  together  equal  to  a  right  angle, 
and  consequently  the  three  angles  of  the  right  angled 
triangle  ABC  are  equal  to  two  right  angles. 

And  since  it  is  proved  that  the  two  oblique  angles  of 
every  right  angled  triangle  are  equal  to  a  right  angle* 
and  since  every  triangle  may  be  divided  into  two  right 
angled  triangles,  the  four  oblique  angles  of  which  are 
equal  to  the  three  angles  of  the  triangle,  therefore  the 
three  angles  of  every  triangle  are  equal  to  two  right 
angles.     Q.  £.  D. 

As  the  reasoning  in  the  first  of  the  two  preceding  de- 
monstrations is  not  perhaps  sufficiently  simple  to  be  ap- 
prehended by  those  just  entering  on  mathematical  studies, 
.  I  shall  add  one,  not  liable  to  the  same  objection,  which  I 
know,  from  experience,  to  be  of  use  in  explaining  the  Ele- 
ments. It  proceeds,  like  that  of  the  French  geometer,  by 
demonstrating,  in  the  first  place,  that  the  angles  of  any 
triangle  are  together  equal  to  two  right  angles,  and  de- 
ducing from  thence,  that  two  lilfies,  which  make  with  a 
third  une  the  interior  apgles  less  than  two  right  angles, 
must  meet  if  produced.  The  reasoning  about  to  be  used 
for  demonstrating  the  first  of  these  propositions  may  be 
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objected  to  by  some,  as  involving  the  idea  of  motion,  and  ^o^k  I. 
the  transference  of  a  line  from  one  place  to  another.    This, 
however,  is  no  more  than  Euclid  has  done  himself  on  some 
occasions ;  and  when  it  furnishes  so  short  a  road  to  the 
truth,  as  in  the  present  instance,  and  does  not  impair  the 
evidence  of  the  conclusion,  it  seems  to  be  in  no  respect 
inconsistent  with  the  utmost  rigour  of  demonstration.    It 
is  of  importance  in  explaining  the  Elements  of  Science, 
to  connect  truths  by  the  shortest  chain  possible ;  and  till 
that  is  done,  we  can  never  consider  them  as  being  placed 
in  their  natural  order.     The  reasoning  in  the  first  of  the 
following  propositions  is  so  simple,  that  it  seems  hardly 
susceptible  of  abbreviation,  and  it  has  the  advantage  of 
connecting  immediately  two  truths  so  much  alike,  that 
one  might  conclude,  even  from  the  bare  enunciations, 
that  they  are  but  different  cases  of  the  same  general  theo- 
rem, viz.  That  all  the  angles  about  a  point,  and  all  the 
exterior  angles  of  any  rectilineal  figure,  are  constantly  of 
the  same  magnitude,  and  equal  to  four  right  angles. 


DEFINITION. 

Tf,  while  one  extremity  of  a 
straight  line  remains  fixed  at  A, 
the  line  itself  turns  about  that  point 
from  the  position  AB  to  the  posi- 
tion AC,  it  is^aid  to  describe  the 
angle  BAC  contained  by  the  lines 
AB  and  AC.  A  B 

Cor.  If  a  line  turn  aTbout  a  point  from  the  position 
AB,  till  it  come  into  the  position  AB  again,  it  describes 
angles  which  are  together  equal  to  four  right  angles. 
This  is  evident  from  the  second  Cor.  to  the  15th, 
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PROP. 


j4ll  the  exterior  angles  of  any  rectilvnealjigure 
are  together  equal  to  four  right  angles, 

1.  Let  the  rectilineal  figure  be  the  triangle  ABC,  of 
whidi  the  exterior  angles  are  DCA,  FAB,  6BC  ;  these 
angles  are  together  equal  to  four  right  angles. 

Let  the  line  CD,  placed  in  the  direction  of  BC  pro- 
duced,  turn  about  the  point  C  till  it  coincide  with  C£, 
a  part  of  the  side  CA,  and  have  described  the  exterior 


angle  DCE  or  DCA.  Let  it  then  be  carried  along  the 
line  CA,  till  it  be  in  the  position  AF,  that  is,  in  the  di- 
rection of  CA  produced,  and  the  point  A  remaining 
fixed,  ]et  it  turn  about  A  till  it  describe  the  angle  FAB, 
and  coincide  with  a  part  of  the  line  AB.  Let  it  next  be 
carried  along  AB  till  it  come  into  the  position  BG,  and 
by  turning  about  B,  let  it  describe  the  angle  GBC,  so 
"as  to  coincide  with  a  part  of  BC.  Lastly,  let  it  be  car- 
ried along  BC  till  it  coincide  with  CD,  its  first  positioD. 
Then,  b^ause  the  line  CD  has  turned  about  one  of  its 
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extremities  till  it  has  come  into  the  position  CD  again,  ^^^  !• 
it  has  by  the  corollary  to  the  above  definition  described 
angles  which  are  together  equal  to  four  right  angles ; 
but  the  angles  which  it  has  described  are  the  three  exte- 
rior angles  of  the  triangle  ABC,  therefore  the  exterior 
angles  of  the  triangle  ABC  are  equal  to  four  right  angles. 
2.  If  the  rectilineal  figure  have  any  number  of  sides, 
the  proposition  is  demonstrated  just  as  in  the  case  of  a 
triangle.  Therefore,  all  the  exterior  angles  of  any  rec- 
tilineal figure  are  together  equal  to*  four  right  angles. 
Q.  E.  D. 

CoR.  1.  Hence  all  the  interior  angles  of  any  triangle 
are  equal  to  two  right  angles.  For  all  the  angles  of  the 
triangle,  both  exterior  and  interior,  are  equal  to  six  right 
angles,  and  the  exterior  being  equal  to  four  right  angles, 
the  interior  are  equal  to  two  right  angles. 

Cor.  2.  An  exterior  angle  of  any  triangle  is  equal  to 
the  two  interior  and  opposite,  or  the  angle  DCA  is  equal 
to  the  angles  CAB,  ABC.  For  the  angles  CAB,  ABC, 
BCA  are  equal  to  two  right  angles;  and  the  angles 
ACD,  ACB  are  also  (13.  1.)  equ^  to  two  right  angles  ; 
therefore  the  three  angles  CAB,  ABC,  BCA  are  equal 
to  the  two  ACD,  ACB ;  and  taking  ACB  from  both, 
the  angle  ACD  is  equal  to  the  two  angles  CAB,  ABC. 

Cor.  3.  The  interior  angles  of  any  rectilineal  figure 
are  equal  to  twice  as  many  right  angles  as  the  figure  has 
'  sides,  wanting  four.  For  all  the  angles,  exterior  and  in- 
terior,  are  equal  to  twice  as  many  right  angles  as  the  fi- 
gure has  sides  ;  but  the  exterior  are  equal  to  four  right 
angles ;  therefore  the  interior  are  equal  to  twice  as  many 
right  angles  as  the  figure  has  sides,  wanting  four. 


PROP.  II. 


Two  straight  lines,  which  make  with  a  third  line  the 
interior  angl^  on  the  same  side  of  it  less  than  two  right 
angles,  will  meet  on  that  side,  if  produced  far  enough. 
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Book  I.  Let  the  straight  lines  AB,  CD,  make  with  AC  the  twa 
angles  BAC,  DC  A  less  than  two  right  angles ;  AB  and 
CD  will  meet  if  produced  toward  B  and  D. 

In  AB  take  AF= AC  ;  jom  CF ;  produce  BA  to  H, 
and  through  C  draw  C£,  making  the  angle  ACE  equal 
to  the  angle  CAH. 

Because  AC  is  equal  to  AF,  the  angles  AFC,  ACF 
are  also  equal  (5.  1.) ;  but  the  exterior  angle  HAC  is 
equal  to  the  two  interior  and  opposite  angles  ACF,  AFC, 
and  therefore  it  is  double  of  eitner  of  them,  as  of  ACF. 
Now,  ACE  is  equal  to  HAC  by  construction,  therefore 
ACE  is  double  of  ACF,  and  is  bisected  by  the  line  CF. 
In  the  same  manner,  if  FG  be  taken  equal  to  FC,  and 
if  CG  be  drawn,  it  may  be  shewn  that  CG  bisects  the 
angle  FCE,  and  so  on  continually.  But  if  from  a  mag- 
nitude, as  the  angle  ACE,  there  be  taken  its  half,  and 
from  the  remainder  FCE  its  half  FCG,  and  from  the  re- 
mainder GCE  its  half,  &c.,  a  remainder  will  at  length  be 
found  less  than  the  given  angle  DCE  *.     Let  GCE  be 


the  angle,  whose  half  ECK  is  less  than  DCE,  then  a 
straight  line  CK  is  found,  which  falls  between  CD  and 
CE,  but  nevertheless  meets  the  line  AB  in  K.  There- 
fore CD,  if  produced,  must  meet  AB  in  a  point  between 
G  and  K.     Therefore,  &c.     Q.  E.  D. 

This  demonstration  is  indirect :  but  this  proposition, 
if  the  definition  of  parallels  were  changed,  as  suegested 
at  p.  420,  would  not  be  necessary ;  and  the  prod^  that 
lines  equally  inclined  to  any  one  line  niust  be  so  to  even 
line,  would  follow  directly  from  the  angles  of  a  triangle 


•  Prop.  1.  1.  Sup.  The  reference  to  this  propoffltioii  involves  no- 
thing inconsiatent  with  cood  reasoning,  as  ike  demonstration  of  it 
does  not  depend  on  any  tning  that  has  gone  before,  so  that  it  may  be 
introduced  in  any  part  of  the  Elements. 
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being  equal  to  two  right  angles.     The  doctrine  of  paralld    ^^^  ^ 
lines  would,  in  this  manner,  be  freed  from  all  difficulty.     **^ 


PROP.  III.    29. 1.  Euclid. 

If  a  straight  line  fall  on  two  parallel  straight  lines,  it 
makes  the  alternate  angles  equal  to  one  another ;  the  ex- 
terior equal  to  the  interior  and  opposite  on  the  same  side ; 
and  likewise  the  two  interior  angles,  on  the  same  side 
equal  to  two  right  angles. 

Let  the  straight  line  EF  fall  on  the  parallel  straight 
lines  AB,  CD ;  the  alternate  angl^  AGH,  GHD  are 


equal,  the  exterior  angle  EGB  i»  equal  to  the  iiiterior 
and  opposite  GHD ;  and  the  two  interior  angles  BGH, 
GHD  are  equal  to  two  right  angles. 

For  if  AGH'Bfe  not  equal  to  GHD,  let  it  be  greater, 
then  adding  BGH  to  both,  the  angles  AGH,  HGB  are 
greater  than  the  angles  DHG,  HGB.  But  AGH, 
HGB  are  equal  to  two  right  angles  (13.) ;  therefore 
BGH,  GHD  are  less  than^two  right  angles,  and  there- 
fore the  lines  AB,  CD  will  meet,  by  the  last  proposition, 
if  produced  toward-B  and  D.  But  tbeyjdo  not  meet, 
for  they  are  parallel  by  hypothesis,  and  therefore  the 
angles  AGH,  GHD  are  not  unequal ;  that  is,  they  are 
equal  to  one  anol!her. 

Now,  the  angle  AGH  is  equal  to  EGB,  because  these 
are  vertical,  and  it  has  been  also  shewn  to  be  equal  to 
GHD,  therefore  EGB  and  GHD  are  equal.     Lastly, 

Ff 
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Book  I.    to  each  of  the  equal  angles  EGB,  GHD  add  the  angle 
'  BGH,  then  the  two  EGB,  BGH  are  equal  to  the  two 
DHG,  BGH.    But  EGB,  BGH  are  equal  to  two  right 
angles,  (18.  1.),  therefore  BGH,  GHD  are  also  equalto 
two  right  angles.     Therefore,  &c.    Q.  E.  D. 


The  following  proportion  is  placed  here,  because  it  is 
more  connected  with  the  first  Book  than  with  any  other. 
It  is  useful  for  explaimng  the  nature  of  Hadley's  sextant ; 
and  though  involved  in  the  explanations  usually  given  of 
that  instrument,  it  has  not,  I  believe,  been  hitherto  con- 
sidered as  a  distinct  Geometric  Proposition,  though  very 
well  entitled  to  be  so,  on  account  of  its  ampliaty  and 
elegance,  as  well  as  its  utility. 

THEOREM. 

If  cm  exterior  angle  cf  a  triangle  he  bisected^  cmd  also 
one  the  interior  and  oppoHtey  the  angle  contained  by 
the  bisecting  lines  is  equal  to  ha^ihe  offier  interior  and 
opposite  angle  ofiKe  triangle. 

Let  the  exterior  angle  ACD  of  the  triangle  ABC  be 
bisected  by  the  straight  line  CE,  and  the  interior  and  op- 
posite ABC  by  the  straight  line  BE ;  the  angle  BEG  is 
equal  to  half  the  angle  BAC. 

The  lines  CE,  BE  will  meet;  for,  since  the  angle  ACD 


is  greater  than  ABC,  the  half  of  ACD  is  greater  than 
the  half  of  ABC  ;  that  is,  ECD  is  greater  than  EBC ; 
add  ECB  to  both,  and  the  two  angles  ECD,  EGB  ai^ 
greater  than  EBC,  ECB.    But  ECD,  ECB  are  equal  to 
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two  right  angles ;  therefore  ECB,  EBC  are  less  than  two  ^  Book  L 
right  angles,  and  therefore  the  lines  C£,  BE  must  meet  ' 
on  the  same  side  of  BC  on  which  the  triangle  ABC  is. 
Let  them  meet  in  E. 

Because  DCE  is  the  exterior  angle  of  the  triangle 
BCE,  it  is  equal  to  the  two  angles  C&E,  BEC,  and 
therefore  twice  the  angle  DCE,  that  is,  the  angle  DCA 
is  equal  to  twice  the  angles  CBJB  and  BEC.  But  twice 
the  angles  CBE  is  equal  to  the  angle  ABC,  therefore  the 
an^Ie  DCA  is  equal  to  the  angle  ABC,  together  with 
twicQ  the  angle  BEC  ;  and  the  same  angle  DCA  being 
the  exterior  angle  of  the  triangle  ABC,  is  equal  to  the 
two  angles  ABC,  CAB,  wherefore  the  two  angles  ABC, 
CAB  are  equal  to  ABC,  and  twice  BEC.  Therefore, 
taking  away  ABC  from  both,  there  remains  the  angle 
CAB  equal  to  twice  the  angle  BEC,  or  BEC  equal  to 
the  half  of  BAC.     Therefore,  &c.     Q.  E.  D. 


PROP.  XL VII. 


< 

c 
i 
c 
i 
< 
i 
t 
i 
< 

6 


^  This  most  important  theorem  may  be  elegantly  de- 
monstrated by  shewing,  that  The  sqitare  described  on 
the  sides  which  contain  the  right  angle  of*  a  right 
angled  triangle^  may  be  resolvedinto  spaces  which  shaU 
constitute  the  square  on  the  side  opposite  the  right  an^ 
gle. 


'  Let  ABCD,  BEFG 
be  two  squares,  having 
their  sides  AB,BE  in 
the  same  straight  line; 
and  let  BG,  a  side  of 
the  lesser,  coincide  with  x) 
a   segment  of  BC,  a 
side   of    the    greater. 
Take   AH,   equal  to 
BE,  and  then  HE  will 
be  equal  to  AB ;  also, 
in  BC  produced^  take 
CE,  equal  to  BG,  and  A 
then  GK  will  be  equal  to  BC 
DH. 


K    B 

join  HF,  FK,  KD, 
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«  The  four  ri^ht  angled  triangles  DAH,  HEF,  KGF, 
DCE,  are  manifestly  equal  in  sill  respects  (Euclid  4. 1.); 


K 


VM    1 


—  C 
G 


K    B 
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for  they  have  AD,  EH,  GE,  CD,  a  side  of  each,  equal; 
also  AH,  EF,  GF,  CK,  another  aide  of  each,  equal ; 
and  the  angles  A,  E,  G,  C,  equal,  they  being  right 
angles;  therefore,  the  angles  AHD,  EFH,  GFK, 
tJKD,  are  equal ;  and  the  angles  ADH,  EHF,  GKF, 
CDK,  are  equal ;  and  their  remaining  sides  DH,  HF, 
FK,  KD,  are  equal ;  thus  the  figure  DHFK  is  equi- 
lateral. Its  angles  are  also  right  angles ;  for  ^nce  the 
angle  CDS  is  equal  to  ADH,  by  adding  CDH  to  each, 
the  whole  angle  HDK  will  be  equal  to  the  whole  angle 
ADC,  that  is,  to  a  right  angle.  In  like  manner,  be- 
cause GFK  is  equal  to  EFH,  by  adding  GFH  to  each, 
the  whole  HFK  will  be  equal  to  the  whole  EFG,  that 
is  to  a  right  angle.  Now,  the  angle  DKF  is  made  up 
of  DKC  and  CKF,  or  of  DEC,  and  an  angle  eqaal  to 
KDC,  which  together  make  a  right  angle  (32*1.)  Ya&K- 
ly,  the  angle  DHF,  together  with  DHA  and  FHE, 
that  is  DHF,  together  with  DHA,  and  an  angle  equal 
to  HDA,  make  two  right  angles  (13.1) ;  but  DHA 
and  HDA  make  a  right  angle,  therefore  DHF  is  also  a 
right  angle.  Thus  it  appears  that  all  the  sides  of  the 
quadiilateral  DHFK  are  equal,  and  its  angles  right 
angles ;  therefore  it  is  a  square. 

^  And  since  the  triangle  DAH  is  equal  to  KGF^  and 
the  U-iangle  FEH  to  KCD ;  if  the  triangles  DAH, 
FEH  be  transferred  to  the  positions  KGF,'  KCD,  they 
will,  together  with  the  remainder  of  the  two  squares  IDB, 
GE,  constitute  the  square  DHFK :  Now,  DB  is  a 
square  on  DA,  one  of  the  sides  about  the  right  angle  of 
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*  the  triangb  DAH,  and  GE  is  a  square  on  BE,  which    Book  I. 

*  is  equal  to  AH,  the  other  side ;  and  DHFK  is  the 
^  square  on  DH,  the  side  opposite  to  the  right  angle ; 
^  and  this  square  has  been  proved  equal  to  the  other  two. 
'  Therefore,  &c.     Q.  E.  D.'  (W.) 


^  In  the  preceding  demonstration,  it  has  been  shewn, 
^  that,  in  a  right  angled  triangle,  the  square  described  on 
^  the  side  opposite  to  the  right  angle  may  be  actually  form- 
^  ed  from  the  identical  spaces  which  constitute  the  squares 
^  described  oh  the  sides,  which  contain  the  right  angle. 

*  The  very  same  kind  of  proof  may  be  g^ven  of  the  truth 

*  of  the  36th  and  38th,  also  of  the  48d  Proposition ;  for  it 
^  may  be  shewn  that  tTie  parallelograms  and  triangles 
^  which  are  affirmed  to  be  equal  may  be  actually  resolved 
^  into  spaces  which,  bysuperpositiouy  shall  exactly  coiiuAde* 

*  Now,  it  is  easy  to  see  now  a  triangle  may  always  be  re- 
'  solved  into  two  spaces,  which,  by  transposition,  snail  form 
^  a  parallelogram,  and  that  this  again,  by  Prop.  4f3.  niay 

*  be  converted  into  an  equal  square ;  therefore,  every  tri- 

*  angle  m^y  be  resolved  into  spaces,  which,  Jyy  separation 

*  and  proper  arrangement,  may  form  a  square.    The  de- 

*  monstration  which  has  been  given  of  Prop.  47.  shews 

*  that  any  two  proposed  squares  may,  by  resolution,  be 
^  transformed  into  a  single  square.  Hence,  it  is  easy  to 
^  infer  that  any  rectilineal  figure,  whatever  be  the  num. 

*  bar  of  its  sides,  may,  by  the  Elements  of  Geometry, 
^  be  resolved  into  spaces  which,  when  put  together  in  a 

*  proper  manner,  shall  form  a  square. 

^  And  since  two  equal  squares  composed  of  rectilineal 
^  figures  may  be  resolved  into  spaces  exactly  alike  in  the 
^  two  figures ;  namely,  by  describing  on  each  all  the  boun- 
^  daries  of  the  figures  which  constitute  the  other  square ; 

*  therefore,  any  two  equal  rectilineal  figures  mmi  always 
^  he  resolved  into  spaces,  such,  that  those  whidt  consti- 

*  tute  the  one  figvre  mxjiy  exactly  cover  those  which  con- 

*  stitute  the  other  figure, 

^  From  this  general  proposition,  we  may  conclude,  that 
^  the  notions  which  are  got  from  the  Elements,  of  equal 
^  rectil'meal  figures,  may  be  made  to  rest  on  the  possibi- 
^  lity  of  resolving  them  into  triangles,  such  that  each 

*  triangle  in  the  one  figure  may  be  exactly  applied  upon 

*  a  corresponding  triangle  in  the  other  figure,' 

(W.) 


\ 
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BOOK    II. 


The  demonstrations  of  this  Book  are  uo  otherwise 
changed,  than  by  introducing  into  them  some  characters 
similar  to  those  of  Algebra,  which  is  always  of.  great  use 
where  the  reasoning  turns  on  th^  addition  or  suotractioQ 
of  rectangles.  To  Euclid^s  demonstrations,  others  are 
sometimes  added,  serving  to  deduce  the  propositions  from 
the  fourth,  without  the  assistance  of  a  diagram. 


PROF.  A  aAd  B. 

These  Theorems  are  added  on  account  of  their  great 
use  in  seometry,  and  their  close  connection  with  the  other 
propositions  which  are  the  subject  of  this  Book.  Prop, 
A  is  an  extension  of  the  9th  and  10th. 


PROP.  C. 


*  This  has  been  added  in  the  present  edition  for  like 
*  reasons,"*  (W.) 
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Book  III. 


BOOK  III. 


DEFINITIONS. 


The  definition  which  Euclid  makes  the  first  of  this' 
Book  is  that  of  equal  circles,  which  he  defines  to  be 
"  those  of  which  tne  diameters  are  equal.*"  This  is  re- 
jected from  among  the  definitions,  as  being  a  theorem, 
thejtruth  of  which  is  proved  by  supposing  the  circles  ap- 
plied to  one  another,  so  that  their  centres  may  coincide ; 
for  the  whole  of  the  one  must  then  coincide  with  the 
whole  of  the  other.  The  converse,  viz.  That  circles 
which  are  equal  have  equal  diameters,  is  proved  in  the 
same  way. 

The  definition  of  the  angle  of  a  segment  is  also  omit- 
ted, because  it  does  not  relate  to  a  rectilineal  angle,  but 
to  one  understood  to  be  contained  between  a  straight  line 
and  a  portion  of  the  circumference  of  a  circle.  In  like 
manner,  no  notice  is  taken  in  the  16th  proposition,  of  the 
angle  comprehended  between  the  semicircle  and  the  dia- 
meter, which  is  said  by  Euclid  to  be  greater  than  any 
acute  rectilineal  angle.  ^  The  reason  for  these  omissions 
has  already  been  assi^ed  in  the  notes  on  the  fifth  defini- 
tion of  the  First  Book. 


PROP.  XX. 

It  has  been  remarked  of  this  demonstration,  that  it 
ta^es  for  granted,  that  if  two  magnitudes  be  double  of 
two  others,  each  of  each,  the  sum  or  difference  of  the 
first  two  is  double  of  the  sum  or  difference  of  the  other 
two,  which  are  two  cases  of  the  1st  and  6th  of  the  6th 
Book.  The  justness  of  this  remark  cannot  be  denied ; 
and,  though  the  cases  of  the  Propositions  here  referred 
to,  are  the  simplest  of  any,  yet  the  truth  of  them  ought 
not,  in  strictness,  to  be  assumed  without  proof.     The 
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Book  IT.  pr6o{  is  easily  nven.    Let  A  and  B,  C  and  D  be  four 
'  '  magnitudes,  such  that  A  =  2G,  and  B  =  SD ;  then  A  + 

B  =  2  (C  +  D).  For,  rince  A=  C  +  C,  and  B  =  D  + 
D,  adding  equals  to  equals,  A  +  B  =  (C  +  D)  +  (C  +  D) 
=  2  (C  +  D).  So  also,  if  A  be  greater  than  B,  and 
therefore  C  greater  than  D,  since  A  =  C  +  C,  and  6  = 
D  +  D,  taking  equals  from  equals  A — B  =  (C — D)  f 
(C— D),  that  IS,  A— B  =  2  (C— D). 


BookT. 


BQOK  V. 

The  subject  of  l*roportion  has  been  treated  so  diffe- 
rently by  those  who  have  written  on  elementary  geome- 
try, and  the  method  which  Euclid  has  followed  has  been 
so  often,  and  so  inconsiderately  censured,  that,  in  these 
notes,  it  will  not  perhaps  be  more  necessary  to  account  for 
the  changes  that  1  have  made,  than  for  those  that  I  have 
not  made.  The  changes  are  biit  few,  and  relate  to  the 
language,  not  to  the  essence,  of  the  demonstrations;  they 
willbe  explained  after  some  of  the  definitions  have  been 
particularly  considered. 


DEF.  III. 

The  definition  of  ratio  given  here,  hi^  been  greatly  ex- 
tolled by  same  authors ;  but  whatever  value  it  may  have 
in  the  eyes  of  a  metaphysician,  it  has  but  little  in  those 
of  a  geometer,  because  nothing  csonceming  the  properties 
of  ratios  can  be  deduced  from  it.     Dr  Barrow  has  very 

• 

judiciously  remarked  concerning  it,  ^^  That  Euclid  had 
probably  no  other  design  in  making  this  definition, 
than  to  give  a  general  summary  idea  of  ratio  to  be- 
ginners, by  premising  this  metaphysical  definition,  to 
the  mor^  accurate  definitions  of  ratios  that  are  equal  lo 
one  another,  or  one  of  which  is  ^ater  or  less  than  the 
other :  I  call  it  a  metaphysical,  Tor  it  is  tiot  properly  a 
inathematical  definition,  since  nothing  in  mathenoatics 
depends  on  it^  or  is  deduced,  nor,  as  I  judge,  can  be 


NOTES.  467 

^^  deduced  from  it.""  (Banow's  Lecturer,  Lect.  3).  Dr  Book  V. 
Siimon  thinks  the  definition  has  been  added  bj  acrme.un.  ^ 
skilful  editor ;  but  there  is  no  ground  fpr  that  suf^poo^ 
tion,  other  than  what  arises  foom  the  definitioo  being  of 
no  use.  We  may,  hotf^ever,  well  enough  imagine,  that  a 
certain  idea  al  order  and  method  induced  EiKlid  to  give 
some  general  definition  of  ratio,  before  he  used  the  term 
in  the  definition  df  equal  ratios. 

DEF.  IV. 

This  definition  is  a  Jittle  altered  in  the  expression; 
Euclid  has  it,  that  '^  magnitudes  are  said  to  have  a  ratio 
^^  to  one  another,  when  th^  less  can  be  multiplied  so  as  to 
"  exceed  the  greater."" 

DEF.  V. 

One  of  the  chief  obstacles  to  the  ready  understanding 
of  the  5th  Book  of  Euclid,  is  the  difficulty  that  most 
people  find  of  reconciling  the  idea  of  proportion  which 
they  have  already  acquired,  with  the  account  of  it  that  is 
given  in  this  definition.  Our  first  ideas  of  proportion,  or 
of  proportionality,  are  got  by  trying  to  compare  together 
the  magnitude  (h  external  bodies ;  and  though  they  be 
at  first  abundantly  vague  and  incorrect,  they  are  usually 
rendered  tolerably  precise  by  the  study  oi  arithmetic ; 
from  which  we  learn  to  call  four  numbers  proportionals, 
when  they  are  such  that  the  quotient  which  arises  from 
dividing  the  first  by  the  second,  (according  to  the  com- 
mon rule  for  division,)  is  the  same  with  the  quotient  that 
arises  from  dividing  the  third  by  the  fourth. 

Now,  as  the  operation  of  arithmetical  division  is  appli- 
cable as  readily  to  any  two  magnitudes  of  the  same  kind, 
as  to  two  numbers,  the  motion  of  proportion  thus  obtain- 
ed may  be  considered  as  perfecdy  general.  For  in  arith- 
metic, after  finding  how  often  the  divisor  is  cont^ned  in 
the  dividend,  we  multiply  the  remainder  by  10,  or  100 
or  1000,  or  any  power,  as  it  is  called,  of  10,  and  proceed 
to  inquire  how  oft  the  d\visor  is  contained  in  this  new  di- 
vidend ;  and,  if  there  be  any  remainder,  wq  goon  to  mul- 
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Book  V.  tiply  by  10,  IDO,  &c.  as  before,'  and  to  divide  the  pro. 
'  duct  by  the  original  divisor,  and  so  on,  th^  divisian  some- 
times  terminating  whem  no  remainder  is  left,  and  some- 
times goina  on  ad  if^itumf  in  consequence  of  a  renuun- 
der  being  left  at  each  operation.  Now,  thb  process  may 
easily  be  imitated  with  any  two  magnitudes  A  and  B, 
providing  they  be  of  the  same  kind,  or  such  tliat  the  one 
can  be  multiplied  so  as  to  exceed  the  other.  For,  sup- 
pose that  B  IS  the  least  of  the  two ;  take  B  out  of  A  as 
oft  as  it  can  be  found,  and  let  the  quotient  be  noted,  and 
also  the  remainder,  if  there  be  any ;  multiply  this  re- 
miunder  by  10  or  100,  &c.  so  as  to  exceed  B,  and  let  B 
be  taken  out  of  the  quantity  produced  by  this  multiplica- 
tion as  oft  as  it  can  be  found ;  let  the  quotient  be  noted, 
and  also  the  remainder,  if  there  be  any.  Proceed  with 
this  remainder  as  before,  and  so  on  continually ;  and  it  is 
evident  that  we  havfe  an  operation  that  is  appficahletoall 
niagnitudes  whatsoever,  and  that  may  be  performed  with 
respect  to  any  two  lines,  any  two  plane  figures,  or  any  two 
solids,  &C. 

Now,  when  we  have  two  magnitudes  and  two  others, 
and  find  that  the  first  divided  by  the  second,  according  to 
this  method,  gives  the  vei^  same  series  of  quotients  thai 
the  third  does  when  divided  by  the  fourth,  we  say  of 
these  magnitudes,  as  we  did  of  the  numbers  above  de- 
scribed, tiiat  the  first  is  to  the  second  as  the  third  to  the 
fourth.  There  are  only  two  more  circumstances  neces- 
sary to  be  considered,  in  order  to  bring  us  precisely  to 
Euclid^s  definition. , 

First,  it  is  known  from  arithmetic,  that  the  multiplica- 
tion of  ttie  successive  remainders,  each  of  them  by  10,  is 
equivalent  to  multiplying  the  quantity  to  be  divided  by 
the  product  of  all  those  tens ;  so  that  multiplying,  for  in- 
stance, the  first  remainder  by  10,  the  second  by  10,  and 
the  third  by  10,  is  the  same  thing  with  respect  to  the 
quotient,  as  if  the  quantity  to  be  divided  had  been  at  first 
multiplied  by  1000 ;  and,  therefore,  our  standard  of  the 
proportionality  of  numbers  may  be  expressed  thus:  li* 
the  first  multiplied  any  number  of  times  by  10,  and  then 
divided  by  the  second,  ^ves  the  same  quotient  as  when 
the  third  is  multiplied  as  often  by  10,  and  thai  divided 
by  the  fourth,  the  four  magnitudes  are  proportionals. 

Again,  it  is  evident,  that  there  is  no  necessity,  in  these 
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multiplications,  for  confining  ourselves  to  10,  or  the^^<'<>^^- 
powers  of  10,  and  that  we  ck>  so,  in  arithmetic,  only  for 
the  conveniency  ^  the  decimal  notation ;  we  may  there* 
fore  use  any  multipliers  whatsoever,  providing  we  use  the 
same  in  both  cases.  Hence  we  have  this  aefinition  of 
proportionals.  When  there  are  four  magnitudes,  and  any 
multiple  whatsoever  of  the  first,  when  divided  by  the 
second,  gives  the  same  quotient  with  the  like  multiple  of 
the  third,  when  divided  by  the  fourth,  the  four  magni* 
tudes  are  proportionals,  or  the  first  has  the  same  ratio  to 
the  second  that  the  third  has  to  the  fourth. 

We  are  now  arrived  very  nearly  at  Euclid^s  definition; 
for,  let  A,  B,  C,  D  be  four  proportionals,  according  to  the 
definition  just  given,  and  97t  any  number ;  and  let  the 
multiple  of  A  by  m,  that  is,  mA,  be  divided  by  B ;  and 
first,  let  the  quotient  be  the  number  n  exactly,  then  also, 
when  mC  is  divided  by  D,  the  quotient  will  oe  n  exactly. 
But,  when  mA  divided  by  B  gives  n  for  the  quotient, 
971 A  =  nB,  by  the  nature  of  division,  so  that  when  mA 
=  nB,  mC  =  TiD,  which  is  one  of  the  conditions  of  £u- 
elides  definition. 

Again,  when  mA  is  divided  by  B,  let  the  division  not 
be  exactly  performed,  but  let  n  be  a  whole  number  less 
than  the  exact  quotient,  then  nB^^^mA,  or  mA^^^iB, 
and  for  the  same  reason,  mC::^nDy  which  is  another  of 
the  conditions  of  Euclid's  definition. 

Lastly,  when  f7»A  is  divided  by  B,  let  n  be  a  whole 
number  greater  than  the  exact  quotient,  then  mA^i^lnBy 
and  because  n  is  also  greater  than  the  quotient  of  771C 
divided  by  D,  (which  is  the  same  with  the  other  quotient,) 
therefore  mC^^s^nD. 

Therefore,  uniting  all  these  three  conditions,  we  call 
A,  B,  C,  D,  proportionals,  when  they  are  such,  that  if 
mAz^^nB  mCz^nD ;  if  mA  =  wB,  mC  =  nD ;  and  if 
mA^^^nQ^  mC^^nD,  m  and  n  being  any  numbers  what- 
soever. Now,  this  is  exactly  the  criterion  of  proportiona- 
lity established  by  Euclid  in  the  5th  definition,  and  is  de^ 
rived  here  by  generalising  the  common  and  most  familiar 
idea  of  proportion. 

It  appears  from  this,  tbat  the  condition  of  mA  contain- 
ing  B,  whether  with  or  without  a  remainder,  as  often  as 
mC  contains  D,  with  or  without  a  remainder,  and  of  this 
being  the  case,  whiitever  value  be  assigned  to  the  number 
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J^^^^\  m^  include  in  it  all  the  three  conditions  that  are  xnen- 
tioned  in  Euctid^s  definition ;  and  hence  that  definidon 
may  be  expressed  a  little  more  simplj^  by  saying,  that 
four  magnitudes  are  proportianah  wIfeA  any  muUipk  of 
(he  first  contains  the  second^  (with  or  uAAout  remainder,) 
as  oft  as  the  same  mtdtiple  of  the  thirdcontains  ihejimrih. 
But  though  this  definition  is  certainly,  in  the  expres- 
sion, more  simple  than  Euclid^  it  is  not,  as  will  be  foimd 
on  trial,  so  easily  a{^lied  to  the  purpose  of  demonstra- 
tion. The  three  conditions  whidi  Euclid  brings  toge- 
ther  in  his  definition,  though  they  somewhat  embarrass 
the  expression  of  it,  have  the  advantage  of  rendering  the 
demonstrations  more  simple  than  they  would  otherwise 
be,  b^  avoiding  all  discussKm  about  the  magnitude  of  the 
remainder  left,  after  B  is  tdken  out  of  mAa&ofi  as  it  can 
be  found.  All  the  attempts,  indeed,  that  have  been  made 
to  demonstrate  the  properties  of  proportionals  rigorously, 
by  means  of  other  definitions  than  Euclid^  only  serve  to 
evince  the  excellence  of  the  method  followed  by  the 
Greek  Geometer,  and  his  singular  address  in  the  applica- 
tion of  it. 

The  great  objection  to  the  other  methods,  is,  that  if 
they  are  meant  to  be  rigorous,  they  require  two  .demon- 
strations to  every  proposition,  one  when  the  division  of 
mA  into  parts  equal  to  B  can  be  exactly  performed,  the 
other  when  it  cannot  be  exactly  performea,  whatever  var 
lue  be  assigned  to  m,  or  when  A  and  B  are  what  is  called 
incommensurable ;  and  this  last  case  will  in  general  be 
found  to  require  an  indirect  demonstration,  or  a  reduc^ 
ad  absurdum. 

M.  D^Alembert,  speaking  of  the  doctrine  of  proportion, 
in  a  discourse^  that  contains  many  excellent  observations, 
but  in  which  he  has  overlooked  Euclid'^s  manner  of  treat- 
ing this  subject  entirely,  has  the  following  remark :  "  On 
"  ne  pout  demontrer  que  de  cette  maniere,  (la  rAiuction 

k  aosurde,)  la  plupart  des  propositions  qui  regardent 
"  les  incommensurables.     L''id^  ae  Hnfini  entre  au  moins 

implicitement  dans  la  notion  de  ces  sortesdequantites; 

et  comine  nous  tfavons  qu'une  idee  negative  de  IMni, 

on  ne  peut  demontrer  directement,  et  a  priori^  tout  ce 
"  qui  conceme  Pinfini  mathematique.*'— f /JfMJ^fop^dt^j 
mot  Geometrie.) 

This  remark  sets,  in  a  strong  and  just  light,  the  diffi- 
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culty  of  demonstratiiig  the  propositions  that  regard  the  ^^^^^^^ 
proportion  of  incommensurable  magnitudes^  without  har 
ving  recourse  to  the  reductio  ad  absurdum ;  but  it  is  sur- 
prising, that  M.  D'^AIemberty  a  geometer  no  less  learaed 
than  profound,  should  have  neglected  to  make  mention  of 
Eudid'^s  method,  the  only  one  in  which  the  difficulty  he 
states  is  completelv  overcome.  It  is  overcome  by  the  inr 
troduction  of  the  idea  of  indefinitude,  (if  I  may  be  per- 
mitted to  use  the  word,)  instead  of  the  idea  oi  infinity ; 
for  m  and  n,  the  multipliers  employed,  are  supposed  to 
be  indefinite,  or  to  admit  of  all  possible  values,  and  it  is 
by  the  skilful  use  of  this  condition  that  the  necessity  of 
indirect  demonstrations  is  avoided.  In  the  whole  of  geo- 
metry, I  know,  not  that  any  happier  invention  is  to  be 
found ;  and  it  is  worth  remarking,  that  Euclid  appears  in 
another  of  his  works  to  have  availed  himself  of  the  idea  of 
indefinitude  with  the  same  success,  viz.  in  his  books  of 
Porisms,  which  have  been  restored  by  Dr  Simson,  and 
in  which  the  whole  analysis  turned  on  that  idea,  as  I  have 
shewn  at  length,  in  the  third  volume  of  the  Transactions 
of  the  Royal  Society  of  Edinburgh.  The  investigations 
of  those  propositions  were  founded  entirely  on  the  prin- 
ciple of  certain  magnitudes  admitting  of  innumerable  va- 
lues ;  and  the  methods  of  reasoning  concerning  them  seem 
to  have  been  extremely  similar  to  those  employed  in  the 
fifth  of  the  elements.  It  is  curious  to  remark  this  ana- 
logy between  the  difierent  works  of  the  same  author ; 
and  to  consider,  that  the  skill,  in  the  conduct  of  this 
very  refined  and  ingenious  artifice,  acquired  in  treating 
the  properties  of  proportionals,  may  have  enabled  Euclid 
to  succeed  so  well  in  treating  the  still  more  difficult  sub- 
ject of  Porisms. 

Viewing  in  this  light  Euclid^s  manner  of  treating  pro^ 
portion,  I  had  no  desire  to  change  any  thing  in  the  prin- 
ciple of  his  demonstrations.  I  nave  only  sought  to  im- 
prove the  language  of  them,  by  introducing  a  concise  mode 
of  expression,  of  the  same  nature  with  that  which  we  use 
in  arithmetic,  and  in  algebra.  Ordinary  language  conveys 
the  ideas  of  the  difierent  operations  supposed  to  be  per- 
formed in  these  demonstrations  so  .slowly,  and  breaks 
them  down  into  so  many  parts,  that  they  make  not  a 
suflScient  impression  on  the  understanding.  This  in- 
deed will  generally  happen  when  the  things  treated  of 


4t62  NOTES 

Book  ^-  gfe  not  repteaeDteA  to  the  sepses  by  Diagrams,  as  they 
cannot  be  when  we  reason  oonoeming  magnitude  in  ge- 
neral, as  in  this  part  of  the  Elonents.  Here  we  ou^t 
eertamlv  to  adqpt  the  knguage  of  arithmetic  or  al^bia, 
which,  by  its  shortness,  and  the  rapidity  with  which  it 
places  objects  before  us,  makes  up  m  tne  best  mann» 
possible  for  being  merely  a  conventional  language,  and 
using  symbols  that  have  no  resemblance  to  the  things 
expressed  by  them.  Such  a  language,  therefore,  I  have 
endeavoured  to  introduce  here;  and  I  am  convinced, 
that  if  it  shall  be  found  an  improvement,  it  is  the  only 
one  of  which  the  fifth  of  Euclid  will  admit.  ^  In  other 
respects  I  have  followed  Dr  Simson^s  edition,  to  the  ac- 
curacy of  which  it  would  be  difficult  to  make  any  addi- 
tion. 

In  one  thio^  I  must  observe,  that  the  doctrine  of  pro- 
pbrtion,  as  laia  down  here,  is  meant  to  be  more  general 
than  in  Euclid^s  Elements.  It  is  intended  to  include  the 
properties  of  proportional  numbers  as  well  as  of  all  mag- 
nitudes. Euclid  has  not  this  design,  for  he  has  given  a 
definition  of  proportional  numbers  in  the  seventh  Book, 
very  difierent  from  that  of  proportional  magnitudes  in 
the  fifth  ;  and  it  is  not  easy  to  justify  the  logic  of  this 
manner  of  proceeding ;  for  we  can  never  speak  of  two 
numbers  and  two  magnitudes,  both  having  tne  same  ra- 
tios, unless  the  word  rcttio  have  in  both  cases  the  same 
signification.  All  the  propositions  about  proportiotials 
here  given,  are  therefore  understood  to  be  applicable  to 
num&rs ;  and  accordingly,  in  the  eighth  Book,  the  pro- 
positbn  that  proves  equiangular  parallek)grams  to  be  in 
a  ratio  compounded  of  the  ratios  of  the  numbers  {nropor- 
tional  to  their  sides,  is  demonstrated  by  help  of  the  pro- 
positions of  the  fifth  Book. 

On  account  of  this,  the  word  qikinHHf^  rather  than 
moffnittide^  ought  in  strictness  to  have  been  used  in  the 
enunciation  of  these  propositions,  because  we  employ  the 
word  Quantity  jto  denote,  not  only  tbinss  extended,  to 
which  alone  we  ^ve  the  name  of  Magnitude,  but  also 
numbers.  It  will  be  sufficient,  however,  to  remark,  that 
all  the  propositions  respecting  the  ratios  of  magnitudes 
relate  equally  to  all  things  of  which  multiples  can  be  ta- 
ken, that  is,  to  all  that  is  usually  expressed  by  the  w<»d 
Quantity,  in  its  most  extended  signification,  t^ing  care 


NOTES.  46s 

always  to  observe,  that  ratios  take  place  [only  among  like  ®<»<*   ^ 
quantities.     (See  def.  4.)  '  ^^"^  ^  ' 


DEP.  X. 

The  definition  of  compound  ratio  was  first  given  accu- 
rately  by  Dr  Sim  son ;  fpr,  though  Euclid  used  the  term, 
he  did  so  without  defining  it.  I  have  placed  this  defini- 
tion before  those  of  duplicate  and  triplicate  ratio^  as  it  is 
in  fact  more  general,  and  as  the  relation  of  all  the  three 
definitions  is  best  seen  when  they  are  ranged  in  this  or- 
der.  It  is  then  plain,  that  two  equal  ratios  compound  a 
ratio  duplicate  of  either  of  them ;  three  equal  ratios,  a 
ratio  triplicate  of  either  of  them,  &c. 

It  was  jusdy  observed  by  Dr  Simson,  that  the  expres- 
sion compound  ratiOy  is  introduced  merely  to  prevent  cir- 
cumlocution, and  for  the  sake  principally  of  enunciating 
those  propositions  with  conciseness  that  are  demonstrated 
by  reasoning  ex  ceqiu)^  that  is,  by  reasoning  from  the  9SA 
or  23d  of  £is  Book.  This  wijll  be  evident  to  any  one 
who  considers  carefully  the  Prop.  F.  of  this,  or  the  S3d 
of  the  6th  Book. 

An  objection  whi^h  naturally  occurs  to  the  use  of  the 
term  compound  ratioy  arises  from  its  not  being  evident 
how  the  ratios  described  in  the  definition  determine  in 
any  way  the  ratio  which  they  are  said  to  compound,  since 
the  magnitudes  compounding  them  are  assumed  at  plea- 
sure. It  may  be  of  use  for  removing  this  difiiculty,  to 
state  the  matter  as  follows:  if  there  be  any  number  of  ra- 
tios (among  magnitudes  of  the  same  kind)  such  that  the 
consequent  of  any  of  them  is  the  antecedent  of  that  which 
immeoi^Ctely  follows,  the  first  of  the  antecedents  has  to 
the  last  of  the  consequents  a  ratio  which  evidently  de. 
pends  on  the  intermediate  ratios,  because  if  they  are  de. 
termined,  it  is  determined  also ;  and  this  dependence  of 
one  ratio  on  all  the  other  ratios,  is  expressed  by  sayin^ 

A     B     f     "Ti 

that  it  is  compounded  of  them.     Thus,  if -^^  ^9  ^zi      > 

Jd     v/     JJ     Xi 

be  any  series  of  ratios,  such  as  described  above,  ilm  ratio 
=>,  or  of  A  to  E  is  said  to  be  compounded  of  the  ratios 
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'**^"  A  5,&c.    The  ratio -4  is  evidently  detennined  by  the 

ratios    ^9  -.,&c.y  because  if  eachofthelatter  is  fixed  and 

inyariabley  the  farmer  cannot  change.  The  exact  nature 
of  this  dependence,  and  how  the  one  thins;  is  deteimined 
by  the  other,  it  is  not  the  business  of  the  ctefinition  to  ex- 
plain, but  merely  to  give  a  name  to.  a  relatioa  ivhkh  it 
may  be  of  importance  to  consider  more  attentively. 


B00J5:  VI. 


DBFiNITION  II. 


This  definition  is  changed  from  that  of  ridproea* 
figureSi  which  was  of  no  use,  to  one  thf^t  oorre^xibds  to 
the  language  used  in  the  14th  and  15th  propositiotis,  and 
in  other  parts  of  geometry. 


PROP.  XXVII,  XXVIII,  XXIX. 

As  conuderable  liberty  has  been  taken  with  these  pro- 
positions, it  is  necessary  that  the  reasons  for  doing  so 
should  be  explcdned.  In  the  first  place,  when  the  enun- 
ciations are  translated  literally  mim  the  Greek,  they 
sound  very  harshly,  and  are,  in  fact,  extremely' dbscure. 
"jThe  phrase  of  applying  to  a  straight  line,  a  pmrallelo- 
gram  deficient,  or  exceeding  bj^  another  parallelogram, 
IS  so  elliptical,  and  so  little  analogous  to  ordinary  lan- 
guage, that  there  could  be  no  doubt  of  the  propriety  of 
at  least  changing  the  enunciations. 

It  next  occurred,,  that  the  Problems  themselves  in  the 
^th  and  S9th  propositions  are  proposed  in  a  more  gene- 
ral form  than  is  necessary  in  an  elementary  work,  and 
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that,  therefore,  to  take  those  cases  of  them  that  are  the  ^^^  V- 
most  useful,  as  they  happen  to  be  the  most  simple,  must 
be  the  best  way  of  accommodating  them  to  the  capacity 
of  a  learner.  The  problem  which  Euclid  proposes  in  the 
^th  is,  ^^  To  a  given  straight  line  to  apply  a  parallelo^ 
^^  gram  equal  to  a  given  Rectilineal 'figure,  and  deficient 
^*  by  a  parallelogram  similar  to  a  given  parallelogram  ;^ 
which  may  be  more  iutelli^bly  enunciated  thus :  "  To 
''  cut  a  given  line,  so  that  the  parallelogram  which  has 
^'  in  it  a  given  angle,  and  is  contained  under  one  of  the 
"  segments  of  the  given  line,  and  a  straight  line  which 
has  a  given  ratio  to  the  other  segment,  may  be  equal 
to  a  given  space  ;^  instead  of  which  problem  I  have 
substituted  this  other  :  "  To  divide  a  given  straight 
'^  line  so  that  the  rectangle  under  its  segments  may  be 
"  equal  to  a  given  space."  In  the  actual  solution  of  pro- 
blems, the  greater  generality  of  the  former  proposition  is 
an  advantage  more  apparent  than  real,  and  is  fully  com- 
pensated by  the  simplicity  of  the  latter,  to  which  it  is  al- 
ways easily  reducible. 

The  same  may  be  said  of  the  29th,  which  Euclid  enun- 
ciates thus  :  "  To  a  given  straight  line  to  apply  a  pa- 
"  rallelogram  equal  to  a  given  rectilineal  figure,  exceed- 
'*  ing  by  a  parallelogram  similar  to  a  given  parallelo- 
''  gram.""  This  might  be  proposed  otherwise  ;  "  To 
"  produce  a  given  line,  so  that  the  parallelogram  having 
in  it  a  given  angle,  and  contained  by  the  whole  line 
produced,  and  a  straight  line  that  has  a  given  ratio  to 
the  part  produced,  may  be  equal  to  a  given  rectilineal 
figure.''  Instead  of  this,  is  given  the  following  pro- 
blem, more  simple,  and,  as  was  observed  in ,  the  former 
instance,  very  little  less  general  :  "  To  produce  a  given 
straight  Ime,  so  that  the  rectangle  contained  by  the 
segments,  between  the  extremities  of  the  given  line, 
and  the  point  to  which  it  is  produced,  may  be  equal  to 
a  given  space. 


<( 
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a 
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PROP.  A,  B,  C,  &c. 

Nine  propositions  arc  added  to  this  Rook,  on  account 
of  their  utihty  and  their  connection  with  this  part  of  the 
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Book  V.    £leHient8.     The  first  four  of  them  are  in  Ik  Simson's 
editkm,  and  amonff  these  Prop.  A  is  given  immediatdy 
ftfter  die  third,  beui^,  in  fact,  a  second  case  of  that  pm- 
position,  and  capable  of  being  included  with  it  in  one 
enunciation.     Prop.  D  is  remarkable  for  being  a  theorem 
of  Ptolemy  the  Astronomer,  in  Us  MiyttAi»  ^vwt^^  and 
the  foundation  of  the  construction  of  his  trigoKumetrical 
tables.     Prop.  £  is  the  simplest  case  of  the  focmer ;  it 
is  also  useful  in  trigonometry,  and,  imder  another  form, 
was  the  97th,  or,  in  some  editions,  the  94th  of  Euclid's 
Data.     The  propositions  F  and  G  are  v^y  useful  pro- 
perties of  the  curcle,  and  are  taken  from  the  Loci  Plani 
of  ApoUonius.     Prop.  H  is  a  very  remarkable  property 
of  the  triangle ;  and  K  is  a  proposition  which,  though  it 
has  been  hitherto  considered  as  belonging  particularly  to 
trigonometry,  is  so  often  of  use  in  other  paifts  of  the  Ma- 
thematics, that  it  may  be  properly  rank^  among  the  ele- 
mentary theorems  of  Geometry. 


^  Dr  Simson  gave  four  ProposiUons  as  supplemeotary 

*  to  the  Sixth  Book  of  Euclid^  Elements,  and  to  tliese 

*  Professor  Playfair  added  five  more :    The  Editor  of 

*  this  Edition  has  used  the  freedom  to  suppress  the  de- 
^  moDstrations  given  in  the  former  editions  of  two  of  these, 
^  viz.  Propositions  F  and  H,  and  to  substitute  for  them 
'  others,  which  he  believes  to  be  more  simple.     He  has 

*  also  added  two  Propositions  as  Corollaries  to  Prog^  E.) 
^  because  of  their  frequent  use  in  the  application  of  the 

*  Elements. 

*  Besides  these  changes,  the  Editor  is  responsible  for 

*  the  addition  of  five  to  die  nine  Supplementary  Propo- 

*  sitions  to  the  Sixth  Book,  previously  given  in  the  work. 

*  The  first,  namely.  Prop.  L,  h  so  often  iraaoEted,  that  it 

*  must  be  very  convenient  to  be  able  to  refer  tft  oace  to 

*  it  in  the  Elements,  instead  of  demonstrating  it  for  the 

*  paiticuliir  purpose  wanted^  as  is  sometlimeB  dbnei  *  Pro- 

*  positions,  M^  N,  O,  highly  importiant  and  intef^iting  as 
*■  geometrical  truths,  are  here  introduced  <3hie£ly -a*  steps 

*  towards  establishing  Prop.  P,  and  al(90  PitmositiofiB  VII, 

*  and  VIII,  in  Plane  TVigdndm^^.    And*  Pnopotttion 
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*  P,  which  concludes  the  book,  is,  from  its  practical  ap- 

*  plication,  one  of  the  raost  important  in  the  whole  com-r 
'  pass  of  Geometry ;  for  from  it  a  practical  rule  is  derived 
'  for  finding  the  area  of  a  triangle,  when  we  know  ihe 

*  numerical  measures  of  its  sides.' 

^  Let  fl,  6  denote  the  sides  of  a  triangle,  c  its  base;  and 

*  S  its  area.     By  the  proposition 

*  {a+b+c){a+f>—c)'AS:'AS:  {c+(a— 6)}{c— (d— 6)}; 
'  and  hence, 

'a  +  b-hc    a  +  b-c  (a_l)      c-(a-b) 

*  Let  half  the  sum  of  the  sides  or  ^  (a  -f  6  +c)  =/>. 
'  Then,  J  (a  +  b—c)  =l{a  +  b  +c— 2 c)  —p—c, 

*  1  (c  +  a—b)  =  -J  (a  +  6  +  c— 2  6)  =p—b, 
^{c—{a—b)}=i{c+b—a]=}iia+b+c--2a)=p—a, 
'  Therefore, p  (p — c)  :  S : :  S  :  (p  —  b)  {p  —  a); 

*  and  multiplying  extremes  and  means, 

'  S^  =  p{p  —  a)  (p-b)  ip—c), 

*  and  taking  the  square  roots  of  these  equals  ; 

^S  =  sfp{p  —  a){p—b)(p  —  cy 

*  This  result,  when  expressed  in  words,  gives  the  foUow- 

*  ing  practical  rule  for  finding  the  area  of  a  triangle. 

*  From  half  the  sum  of  the  three  sides  of  a  triangle  sub- 

*  tract  each  side  severally^  multiply  the  half  sum  and 
'  the  three  remainders  into  one  anotfier^  and  the  square 

*  root  of  the  prodicct  is  the  area."* 

*  This  proposition,  probably  unknown  in  die  day|^  of 
'  Euclid,  is  given,  but  without  demonstration,  in   the 

<  writings  of  Hero  the  Younger,  an  engineer,  who  seems 

<  to  have  lived  about  the  eighth  century.  It  was  known 
*.  in  Hindostan,  as  afjpears  from  a  work  of  Brahmegupta, 
f  at  a  still  earlier  period :  but  the  Italian  mathematidan 
»  fTartaj^ia,  who  lived  in  the  16th  centurjr,  was  ^^^^^^ 

*  who  poticeid  it  in  cpi»pariatively,mpd^m  timef .' ,  /    (p  *) 
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Sapploment 


SUPPLEMENT. 


BOOK  I. 


PROP.  V.  and  VI.  &c. 


The  demonstrations  of  the  5th  and  6th  propositions 
require  the  method  of  exhaustions,  that  is  to  say,  they 
prove  a  certain  property  to  belong  to  the  circle,  be- 
cause it  belongs  to  tne  rectilineal  figures  inscribe^  in  it, 
or  described  about  it,  according  to  a  certain  law,  even 
when  those  figures  approach  to  the  circle  so  nearly 
as  not  to  fall  short  of  it,  or  to  exceed  it  by  any  assignable 
difference.  This  principle  is  general,  and  is  the  only  one 
by  which  we  can  possibly  compare  curvilineal  with  recti- 
lineal spaces,  or  the  length  of  curve  lines  with  the  length 
of  straight  lines,  whether  we  foUow  the  methods  of  the 
ancient  or  of  the  modem  geometers.  It  is  therefore  a 
great  injustice  to  the  latter  methods  to  represent  them  as 
standing  on  a  foundation  less  secure  than  the  former ; 
they  stand  in  reality  on  the  same,  and  the  only  difference 
is,  that  the  application  of  the  principle,  common  to  them 
both,  is  more  general  and  expeditious  in  the  one  case 
than  in  the  other.  This  identity  of  principle,  and  affini- 
ty of  the  methods  used  in  the  elementary  and  the  higher 
mathematics,  it  seems  the  more  necessary  to  observe, 
that  some  learned  mathematicians  have  appeared  not  to 
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B«pii«ien^t)c'8uffittently  EM^areof  it,  and  hawev^'ettdfea^titfeab 
demonstrate  the  contraj^.     An  mst^ncfe  irf'  fliWI^  't6  be 
met  with  in  the  preface  bt  the  valuably  edition  of  the 
works  of  Ajchimedes,  lately  printed  &t  Oxford.     In  that 
preface,  TorelU,  the  learned  connnentatdr,  whose  labours 
have  done  so  much  to  elucidate  the  writings  of  the  Greek 
Geometer,  but  who  is  So  unwilling  to  acknowledge  the 
merit  of  the  modem  analysis,  undertakes  to  prove,  that 
it  is  impossible,  frdm^'  the  relation  iVMch  the  rectilineal 
figures  inscribed  in,  and  circumscribed  about,  a  ffiven 
curve,  have  to  one  another,  to  conclude  anj^th^ng^con- 
ceming  the  projjerties  of  the  curviliileal  space  ititetf,  ex- 
cept in  certain  circumstances  which  he  has  not  precisely 
denned.    With  this  view  he  attempts  to  Aei^,  that  if 
we  are  to  reason  from  the  relation  which  certain  rettili- 
neal  figures  belonging  to  the  circle  have  to  one  another, 
notwithstanding  that  those  figures  may  approach  so  near 
to  the  circular  spaces  within  which  they  are  insciribed,  as 
not  to  differ  from  them  by  any  assignaole  magnitude,  we 
shall  be  led  into  error,  and  shall  seem  to  prove,  thit  the 
circle  is  to  the  square  of  its  diameter  exactly  as  3  to  4. 
Now,  as  this  is  a  conclusion  which  the  discoveries  rf  Ar- 
diimedes  himself  prove  so  clearly  to  be^  false,  Tdrelli  ar- 
gues, that  the  principle  from  which  it  is  deduced  naust  be 
Mse  also;  ana  in  this  he  would  no  doubt  be  right,  if  his 
former  conclusion  had  been  fairly  drawn.     But  the  truth 
is,  that  a  very  gross  paralogism  is  to  be  found  in  that  part 
of  his  reasoning,  wiiere  he  makes  a  transition  from  the 
ratios  of  the  small  rectangles,  inscribed  in  the  circular 
spaces,  to  the  ratios  of  the  sums  of  those  rectangles,  or  of 
tne  whole  rectilineal  figures.     In  doing  this,  he  takes 
for  granted  a  proposition,  which  it  is  wonderful  ^hat  one 
who  had  studied  geometry  in  the  school  of  Archimedes, 
should  for  a  moment  have  $UQ)Qsed  to  be  tru^.  '  The 
proposition  is  this :  If  A,  B,  C,  D,  E,  I^,  be  any  number 
of  magnitudes^  and  o,  6,  c,  d,  e^fy  as  many  others;  apd 
ifA:^::a:»,  '  .      '       , 

E :  TF  i  '^^Jp  then  the  sum  of  A,  C  anii  E  will  be  to  the 
sum  of  !B,  I)  and  I^,  as  the  sum  of  a,  c  and  e^  to  the  sum 
of  5,  d  and/  or  1+C  +  E  :  B+D"+P  i :  a+c^e-  J+ 
^-i-J-    Now,  ihis  proposition,  which  iTorefli  suppos^§  to 
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be  perfectly  general,  is  not  true,  except  in  two  cases,  viz.  Supplement 
either  first,  when  A :  C  : :  a :  c,  and  . 

A:lE::a:e;  and  consequently, 

B:I)::  &:<2^,and. 

B :  F  : :  6  ij*;  or,  secondly,  when  all  the 
ratios  of  A  to  B,  C  to  D,  E  to  F,  &c.,  are  equal  to  one 
another.  To  demonstrate  this,  let  us  suppose  that  there 
are  four  magnitudes,  and  four  others, 

thus,  A :  B  : :  a :  5,  and 

C  :  D  : :  c :  J,  then  we  cannot  have 
A  +  C:B  +  D::o  +  c:  6  +  d,  unless  either,  A :  C ;  :a:  c, 
and  B  :  D: :  6:d;or  A:C  : :  6:  c2,  and  consequently  a :  b 

Take  a  magnitude  K,  such  that  a :  c : :  A :  K,  and  ano^ 
ther  L,  such  that  5 :  rZ : :  B :  L  ;  and  suppose  it  true,  that 
A  +  C:B  +  D::a  +  c:  b+d.  Then,  be- 
cause by  inversion ;  K  :  A  :  :  c  :  a,  and 
by  hypothesis,  A  :  B  :  :  a  :  6^  and  also 
B  :  L  : :  & :  d,  ex  aequo,  K  :  L  : :  c :  J ;  and 
consequently,  K  :  L : :  C  :  D. 

Again,  because  A :  K  : :  a :  c,  by  addition, 

A  +  E:E::a  +  c:c;  and,  for  the  same  reason, 
B  +  L  :  L  : :  ft  +  d :  d,  or,  by  inversion, 
L:B  +  L::d:6  +  d.     And,  since  it  has  been 
shewn,  that  E  :  L  :  :  c :  d ;  therefore  ex  aequo. 


E,  A,  B,  L, 

c,   a,  ft,  cJ. 


A  +  E,  E,  L,  B  +  L, 

a  +  (7,  c,  d,  ft  +  d. 


A  +  E:B+L::a  +  c:6  +  i;  but  by  hypothesis, 
A  +  C:B  +  D::a  +  c:6  +  d,  therefore 
A  +  K:A  +  C::B  +  L:B  +  D. 

Now,  first,  let  E  and  C  be  supposed  equal,  then  it  is 
evident,  that  L  and  D  are  also  equal ;  and  therefore, 
since  by  construction  a :  c : :  A  :  E,  we  have  also  a :  c  :  : 
A :  C  ;  and,  for  the  same  reason,  ft  :  d: :  B :  D,  and  these 
analogies  form  the  first  of  the  two  conditions^  of  which 
one  is  afiirmed  above  to  be  always  essential  to  the  truth 
of  Torelli's  propositiqn. 


47^  NOTES. 

Soppldwmt-  *  Next^  if  K  be  greater  Umui  C,  tfaenisinee  >       • '  r  >   . 

A+K  :  A+C  : :  B-f-L :  B+D,  hydimmn^ 
A+K :  £-^0  : :  B*f  1# :.  Lr^D.     But,  as  was  shewn, 
K  :  L  : :  C  :  D>  by  conversion  ^ind  aiHematioD, 
K-'-irC :  K  : :  L^^D :  L^  therefore'  ex  sequo/ 

t    A+K  :  K  :  i  B+'L :  Ly  anc^  lastly,  bydivisioDy 
At  K  : :  B :  L,  or  A :  B  : :  E  :  L,  that  is, 
A:  B  : :  C:  C-  ,.     .  . 

Wherefore,  in'  this,  case  the  ratio  of  A  to  B  is  equal  to 
that  of  C  to  D,  and  consequently,  the  ratio  of  a  to  fr  equal 
to  that  of  c  to  d.  The  same  may  be  shewn,  if  E  is  less 
than  C  ;  therefore,  in  every  case  there  are  conditions  ne- 
cessary to  the  truth  of  Toreltfs  proposition,  which  he 
does  not  take  into  account,  and  which,  as  is  easily  shewn, 
do  not  belong  to  the  magnitudes  to  which  he  applies  it. 

In  consequence  of  this,  the  concliision  which  he  meant 
to  estabhsh  respecting  the  circle,  falls  entirely  to  the 
ground,  and  witn  it  the  general  inference  aimed  against 
the  modern  analysis. 

It  will  not,  I  nope,  be  ima^ned,  that  I  have  taken  no- 
tice  of  these  circumstances  with  any  design  to  lessen  the 
reputation  of  the  learned  Italian,  who  has  in  so  manj  re- 
spects deserved,  well  of  the  mathematical  sciences,  or  to 
detract  from  the  value  of  a  posthumous  work,  which,  bv 
its  el^ance  and  correctness,  does  so  much  honour  to  the 
English  editors.  But  I  would  warn  the  student  against 
that  narrow  spirit  which  seeks  to  insinuate  itself  even  in- 
to the  abstractions  of  geometry,  and  would  persuade  us, 
that  elegance,  nay  truth  itself,  are  possessed  exclusively 
by  the  ancient  methods  of  demonstraUon.  The  high  tone 
in  which  Torelli  censures  the  modem  mathematics  is 
imposing,  as  it  is  assumed  by  one  who  had  studied  the 
writings  of  Archimedes  with  uncommon  diligence.  His 
errors  are  on  that  account  the  more  dangerous,  and  re- 
quire to  be  the  more  carefully  pointed  out.  ' 


•   >  <  «  ii4      '  I4 


PROP.  IX. 


ITiis  enunciation  is  the  same  with  that  of  the  third  of 
thi;' Dimehsio  Circuli  of  Archimedes ;  but  the  demonstra- 
tion is   different,  though  1^  proceeds,  like  that  of  the 
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Greek  Geomet^,  by  the  continual  bisection  of  the  6th  8ttppl«»ent 
part  of  the  circumference. 

The  limits  of  the  circumference  ar^  thus  dssigned ;  and 
the  method  of  bringing  it  about,  notwithstanding  many 
quantities  are  neglected  in  the  arithmetical  operations, 
that  the  errors  shall  in  one  case  be  aU  on  the  side  of  de- 
fect, and  in  another  all  on  the  side  of  excess,  (in  which  I 
have  followed  Archimedes,)  deserves  particularly  to  be 
observed,  as  affording  a  good  introduction  to  the  general 
methods  of  approximation. 


BOOK  II. 


DEF.  VIII.  and  PROP.  XX. 

Solid  angles,  which  are  defined  here  in  the  same 
manner  as  in  Euclid,  are  magnitudes  of  a  very  peculiar 
kind,  and  are  particularly  to  be  remarked  for  not  admitr 
ting  of  that  accurate  comparison,  one  with  another,  which 
is  common  in  the  other  subjects  of  geometrical  investiga- 
tion. It  caniK)t,  for  example,  be  said  of  one  solid  angle,, 
that  it  is  the  half  or  the  double  of  another  solid  angle, 
nor  did  any  geometer  ever  think  of  proposing  the  pro- 
blem of  bisecting  a  given  solid  angle.  In  a  word,  no 
multiple  or  submultiple  of  such  an  angle  can  be  taken, 
and  we  have  no  way  of  expounding,  even  in  the  simplest 
cases,  the  ratio  which  one  of  them  bears  to  another. 

In  this  respect,  therefore,  a  solid  angle  differs  from  every 
other  magnitude  that  is  the  subject  of  mathematical  rea- 
soning, all  of  which  have  this  common  property,  that  mul- 
tiples and  submultiples  of  them  may  be  found.  It  is  not 
our  business  here  to  inquire  into  the  reason  of  this  anoma- 
ly ;  but  it  is  plain,  that,  on  account  of  it,  our  knowledge 
of  the  nature  and  the  properties  of  such  angles  can  never 
be  very  far  extended,  and  that  our  reasonings  concern- 
ing them  must  be  chiefly  confined  to  the  relations  of  the 
plane  angles,  by  which  they  are  contained.  One  of  the 
most  remarkable  of  those  relations  is  that  which  is  demon- 
strated in  the  21st  of  this  Book,  and  which  is,  that  all  the 
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;^  plane  anries  which  contain  any  solid  ai^le  must  together 
be  less  man  four  right  angles.  Tl?is  proposition  is  the 
aist  of  the  11th  of  Euclid.' 

The  proposition,  howevar,  is  sidb^ject  to  a  restriction 
in  certain  cases,  which,  I  beMe:ve,  was  first  observed  by 
M.  le  Sage  of  Greneva,  in  a  communication  to  the  Aca^ 
demy  of  Sciences  of  Faris  in  1756.  .  When  tlie  section  of 
the  pyramid  formed  by  the  |danes  that  contain  the  solid 
angle  is  a  figure  ttn^  has  none  of  its  angles  exterior,  such 
as  a  triangle,  a  parallelogram,  &c.  the  truth  of  the  pro. 
position  just  enunciated  cannot  be  questioned.  But^  when 
the  aforesaid  section  is  a  figure  like  that  wludi  is  annex- 
ed, viz.  ABCD,  having  some  angles,  such  bb  BDC, 
exterior,  or,  as* they  are 
sojnetimes  called,  reen- 
tering angles,  the  propo- 
sition is  not  necessarily 
true ;  and  it  is  plain,  that, 
in  such  cases,  tne  demon- 
straticxi  which  we  have 
given,  and  which  is  the 
same  with  Euclid^s,  will 
no  longer  apply.  Indeed,  jj 
it  were  easy  to  shew,  that, 
on  bases  of  this  kind,  by  multiplying  tiie  number  of  sides, 
solid  angles  may  be  formed,  such  that  the  plane  angles 
which  contain  them  shall  exceed  four  right  angles  by 
any  quantity  assigned.  An  illustration  of  this  from  the 
pioperties  of  the  sphere  is,  perhaps,  the  simplest  of  all 
others.  Suppose  that,  on  the  surface  of  a  hemisphere, 
there  is  described  a  figure,  bounded  by  any  number  of 
arches  of  great  circles  making  angles  with  one  a2M>ther, 
on  opposite  sides  alternately,  tike  j^Sme  angles  at  the  cen- 
tre of  the  sphere  that  stand  on  these  acches  may  evident- 
ly exceed  four  right  angles,  and  that,  too^  by  multiply- 
ing  and  extending  the  arches  in  any  assigned  ratio. 
Now,  these  plane  angles  contain  a  solid  angle  at  the  cen- 
tre of  the  sphere,  according  to  the  definition  of  a  solid 
angle. 

We  are  to  understand  the  proposition  in  the  text, 
therefore,  to  be  true  only  of  those  solid  angles  in  which 
the  inclination  of  the  plane  angles  are  ad  the  same 
way,  or  all  directed  toward  the  interior  of  the  figure. 
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To  distinguish  this  class  of  solid  angles  from  that  to 
which  the  proposition  does  not  apply,  it  is,  perhaps,  best 
to  make  use  pf  this  criterion,  that  they  are  such,  that 
when  any  two  points  whatsoever  are  taken  in  the  planes 
that  contain  the  solid  angle,  the  straight  line  joining 
those  points  falls  wholly  within  the  solid  angle ;  or  they 
are  such  that  a  straight  line  cannot  meet  the  planes 
which  contain  them  in  more  than  two  points.  It  is  in 
this  way  also  that  I  would  distinguish  a  plane  figure  that 
has  none  of  its  angles  exterior,  by  saying,  that  it  is  a  rec- 
tilineal figure,  such  that  a  straight  line  cannot  meet  the 
boundary  of  it  in  more  than  two  points. 

"We  therefore  distinguish  solid  angles  into  two  species ; 
one  in  which  the  bounding  planes  can  be  intersected  by 
a  straight  line  only  in  two  points ;  and  another  where 
the  bounding  planes  may  be  intersected  by  a  straight 
line  in  more  than  two  points ;  to  the  first  of  these  the 
proposition  in  the  text  applies,  to  the  second  it  does  not. 

Whether  Euclid  meant  entirely  to  exclude  the  consi- 
deration of  figures  of  the  latter  kind,  in  all,  that  he  has 
said  of  solids,  and  of  solid  angles,  it  is  not  now  easy  to 
determine  :  It  is  certain,  that  his  definitions  involve  no 
such  exclusion ;  and  as  the  introduction  of  any  limita^ 
tion  would  considerably  embarrass  these  definitions,  and 
render  them  difficult  to  be  understood  by  a  beginner,  I 
have  omitted  it,  reserving  to  this  place  a  fuUer  explana- 
tion of  the  difficulty.  I  cannot  conclude  this  note  with- 
out remarking,  with  the  historian  of  the  Academy,  that 
it  is  extremely  singular,  that  not  one  of  all  those  who 
had  read  or  explained  Euclid  before  M.  le  Sage,  ap- 
pears to  have  been  sensible  of  this  mistake.  (Memoires 
de  VAcad.  des  Sciences  1756,  Hist  p.  77).  A  circum- 
stance that  renders  this  still  more  singular  is,  that  an- 
other mistake  of  Euclid  on  the  same  subject,  and  per- 
haps of  all  other  geometers,  escaped  M.  le  Sage  also, 
and  was  first  discovered  by  Dr  Simson,  as  will  appear 
from  the  notes  on  the  Third  Book. 
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'  The  d^ipcmstratiDQ  ^ven,  of  iiuf  psoppeituw  in  .tbe 

'  lieen  laid  aaidt^  and  a  n^w,iQi^  be^pvfd-.tq^  aipapler, 
'  sulatituted  in  its  place.'    ,,  .[  i   -,       .1      .         W. 

The  demonstration  given  he/:e  of,  tbe  (ith  js,«]fP!  great- 
ly simpler  than  that  of  Euclid-  It  hue  #vflO  an  .adTW- 
tage  th^t  does  not  belong  to,  L^eodfe^,  tiuit  <^, requit- 
ing DO  particular  constructtoa  or  d^erupxim^fm  of.  an) 
one  of  the  lines,  but  ressoaipg  .front  iprop^rti^s;  Conupga 
to  every  part  of  them.  Thia^i|i)pli&cati(Hi,iwtb^,itcaB 
be  introduced,  which,  however,  doesiiiotqppfp.^,  itn/la; 
s  poBsible,  is  perhaps  tbe,gTea^ctf  iii]{)r<^wiBpfi^  tba> 
e  made  on  an  elementary  ^mpTt^JiatlOi^ .  ;.     ..: 
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''  The  fvublem  amtained  in' this  propesition,  'Of  iltiiifing 
a:  straight 'litK  perpendicular  to  two  'stMigfat  littes  "ttot  in 
theeame  plane,  is '^certainly  tti  be  Accounted  ekm^btry, 
sithoHe;h  not  f^vrwio  aaf  book  of  ^tementary^eoEtet^v 
tint  littnow  of 'before  that' dfLeiiendr?.'  The-sbliHioii 
giren  hereiB  ntora  sioii:^ 'than  his,  or  tkarr'  ^^-nther 
Aha  I  haTc<yetinet'with]  ft  itsoleadb  more'eaar^v'if  il 
Wref|uavd,*oia  ti^!<c«anetpicf(I  cotnptitatibiV.'''''  '    !    ■ 


■       ■  <-     DKF.-H-.at»di4*R0P'.-IV'"  ■■''   "'■i^'-'-  ■ 

'■'TBES£"relateif)  slmt?d^aiKl  wiuitl  solids,  a  s,ulypct"'on 
■which  mistakes'have'prev^-il,  not  uiiliki,'  to  that  wK«,1i, 
Kiis ;)u^  been  iriaitioned.  a )il'  ((iiiulity  of  soljds,  )/.  ii 
nahiral  ^O  e*Cpecti'niuSt 'be  pruvw!  like  the  cq^uality.tif 
ptahe  'figure,' fcy  sllewing  t)iat  tlit'y  may  be  made  tt?  .co- 
incide, of  to  occupy  the  panii' sj)ace.  tSut,  thouglj  {tK- 
true  tHat'  all  'soIids'wRicli'  lan  ho  >hc«Ti  tn  coinciflo  arc 


equal  and  similar,  yet  U  does  not  hold  conversely,  that  ' 
all  solids  which  are  equal  and  similar  can  be  made  to 
coincide.     Though  this  assertion  may  appear  somewhat 
paradoxical,  yet  the  proof  of  it  is  extremely  simple. 

Let  ABC  be  an  iiwacelea  trianffle,  of  wiich  the  equal 
sides  arc  AB  and  AC  ;  from  A  <rraw  AF.  perpendicular 
to  the  base  BC,  and  BC  will  be 
bisected  in  E.  From  E  draw 
ED  perpendicular  t»  the  plane 
ABO,  and  from  D,  any  point 
in  it,  draw  DA,  DB,  DC,  to 
the  three  angles  of  the  triangle 
ABC.  Thv  pyramid  DABC 
is  divided  mto  two  pyramids 
DABE^  DACE,  which,  thougli 
tJieir  equality  will  not  be  disput- 
ed, cannot  iJe  so  appUed  to  one 
another  as  to  comcide.  For,  ■n~ 
thoi^h  the  triangles  ABE, 
ACE  are  equal,  BE  being  equal  to  CF,  EA  common  to 
both,  and  the  angles  AEB,  AEC  equal,  because  they 
are  ri^t  angles ;  yet  if  these  two  triangles  be  affiled  to 
one-  another,  so  &»  to  coincide,  the  solid  DACE  wilU 
nevertheless,  as  is  evident,  fell  without  the  solid  DABM; 
for  ibe  two  solids  will  be  on  the  oppodte  sides  oS  the 
plane  ABE  In  the  same  way,  though  all  the  pl&nes<cf 
the  pyramid  DABE  may  easily  l>e  ^evra  to  be  equal 
to  those  of  the  pyramid  DACE,  each  to  each)  yet  will 
the  pyramids  themsdves  never  coiDcide,  thoagh  the  equal 
planes  be  applied  to  one  another,  because^  they  are  on  the 
opposite  sides  of  those  planes. 

It  may  be  said,  then,  on  what  ground  do  we  conclude 
the  pyramids  to  be  equal  P  The  answer  is,  because  their 
construction  is  entirely  the  same,  and  the  conditions  that 
determine  the  magnitude  of  the  ane,  ideaHcal  with  those 
that  determine  the  magnitude  of  the  other.  For  the 
magnitude  of  tht'  pyrmiiiil  DABK  is  det.frniintil  by  the 
iti^itudf  of  the  triangle  ABE,  the  length  of  the  lint? 
ED,  and  the  position  of  EDJ  in  respect  of  the  plane 
ABE  ;  three  circumstances  'that  are  precisely  the^  fmjK, 
in  the  two  pyramids,  so  that  there  ifi  nothing'  tliat  cwv 
determine  one  of  tlit-m  in  be  grciiter  tli.-m  another.  [ 

This  reasoning  iipjjearK  perfrt'tly  i-ouclilsivf  and  «ilift-i 
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Smpt^mmmt  faotory ;  and  it  seems  aIdo;very  certain v  A\iat  tbere  ia  na 
other  principle  equally  9inq>i«»  on  )¥hich  tlxecfelatioiitoi' 
the  solids  DAB£,  DACE  to  one  another,  can  beidfettf- 
Diined.  Neither  is  this  a  caae  that  occurs  .rarisljF  ;*ifit  is 
one,  that,  in  the  comparison  ofioagiutudesi  ibaviog  thuee 
dimensions,  presents  itself  continually;  ibr,.tlf9<^gk'tv^ 
plane  figures  that  are  equal  and  similar,  caa  always. be 
made. to  coincide;  yet,  with  regard,  to  solids  thait/j9£e 
equal  and  similar,  if  they  have  not-a.certaiB  sifiailanty  ia 
their  paction,  there  will  be  fouodt  just  as  many  /caaes  in 
which  they  ^cannot,  as  in  which  they  can  poincida  !EveQ 
figures  deifcribed  on  surfaces,  if  they  ar^  not  plane^ur- 
faces,  may\  be  equal  and  similar,  without  the  penssibility 
of  coinciding,  f  Thus,  in  the  figure  describfidon  tiMeaui^ 
face  of  a  sphere,  called  a  spherical  triangle^  if  tire  sii|)po$e 
it  to  be.  ispsi^les^  and  a  perpendicular  to,  be  drawairoiq 
th^  vertex  on  the  b^,  it  will  not  be  doubted,*  thajt  it. is 
thua  divided  into  two  right  angled  spherical .  triali^es, 
equal  and  similar  co  one  another,  and  whioh,  nevertb^ess, 
cannot  be  so  laid  on  one  another  as  to  agree.  The  ^ame 
holds  in  innumerable  other  iostancesi,  aod  ther^are;it;  ti 
evident,  that  a  principle,  more  general  and  fundamental 
than  that  of  the  equality  of  coinciding  figures^  ought*  %o 
be  introduced  into  Geometry.  What  this  i^-incii^eas, 
faas  also .  afmeared  very  clearly  in  the  coui:se  o^.theHe.  re* 
marks;  aaa  it  is  indeed  no  other  than  the  pfinoii^eip 
^^ebr^iftd  in  the  philosophy  of  L^bnit^,  undor  t^etr^me 
of  THE  SUFFICIENT  BEASON.  For  itwaashewq,>;^bai  the 
pyramids  DABE  and  DACE  are  concluded  to  bt^eqi^al, 
Deeause  each  of  them  is  determined  to- be, of)  a.,qert^ai 
magnitude,  rather  than  of  any  other»  by  coiiditjioia^^Mthat 
are  the  saine  in  both,  so  that  there  is  ao  :fLj:ASoy^  ^  the 
cme' being  greater  thaa  th^  other.  ,  Thi^  As^iofPfOiay.jbe 
reodered  general  by  sayii^, .  That  things  of ,  whiic4^ ,  tbe 
magnitude  is  determined  by  conditiqns.^a(iare.i^i(4|ctly 
the  same^  ai\e  equal  to  ope*  another  ;  or,  it ,  migbl^  .be  te^« 
pressed  thus  :  Two  magnitudes  A  and  S  fk^p^iii(^i^ 
wben  tbere  is  no  reason  lliat  A  should  ??icei^;Q^  fa^er 
thim  that  B  should  exceed  A.  Either/  pf  tb^f^  is^  s^ve 
as  the  fundamental .  prinoiple  for  Qompwugifge^^^mi^tlical 
magnitudes  .of  .0very  kind  ♦:  tJjK^y  .yfUl  ^)y  is*  ^^^ffn^^e^ 
where  tha  Q«dn(»den^Mpf  im9g^^desr;ivith,,|v](9f>i^^^ 
has n<K place;  anid.theyiWAU  iafif)^y{witb,^ea$.,r'e9l$9e$$ 


NOTES.  479 

to  the  cases  in  which  a  coincidence  may  take  place,  sudi  Book  IIL 
as  in  the  4th,  the  8th,  or  the  26th  of  the  First  Book  of 
the  Elements. 

The  only  objection  to  this  Axiom  is,  that  it  is  some- 
what  of  a  metaphysical  kind,  and  belongs  to  the  doctrine 
of  the  sufficient  reason,  which  is  looked  on  with  a  sui^i^ 
cious  eye  by  some  philosophers.  But  this  is  no  solid 
objection ;  tor  such  reasoning  may  be  applied  with  the 
greatest  safety  to  those  objects  with  the  nature  of  which 
we  are  perfectly  acquainted,  and  of  which  we  have  com- 
plete definitions,  as  in  pure  mathematics.  In  physical 
questions,  the  same  principle  cannot  be  applied  with 
equal  safety,  because  in  such  cases  we  have  seldom  a  com- 
plete  definition  of  the  thing  we  reason  about,  or  one  that 
includes  all  its  properties.  Thus,  when  Archimedes 
proved  the  spherical  figure  of  the  earth,  by  reasoning 
on  a  principle  of  this  sort,  he  was  led  to  a  false  conclu- 
sion, because  he  knew  nothing  of  the  rotation  of  the  earth 
on  its  axis,  which  places  the  particles  of  that  body^ 
though  at  equal  distances  from  the  centre,  in  circum- 
stances very  different  from  one  another.  But,  concern^ 
ing  those  things  that  are  the  creatures  of  the  mind  aJ to- 
gether, like  the  objects  of  the  mathematical  investigation, 
there  can  be  no  danger  of  being  misled  by  the  principle 
of  the  sufficient  reason,  which  at  the  same  time  fumi^es 
tis  with  the  only  single  Axiom,  by  help  of  which  we  can 
compare  together  geometrical  quantities,  whether  they 
be  of  one,  of  two,  or  of  three  dimensions. 

Legendre,  in  his  Elements,  has  made  the  same  r^nark 
that  has  been  just  stated,  that  there  are  solids  and  other 
Geometric  Magnitudes,  which,  through  similar  and  equal, 
c^aoinot  be  brought  to  coincide  with  one  another,  and  he 
has  distinguished  them  by  the  name  of  Symmetrical  Mag- 
nitudes. He  has  also  given  a  very  satisfactory  and  inge- 
nious demonstration  of  the  equality  of  certain  solids  of  that 
sort,  though  not  so  concise  as  the  nature  of  a  simple  and 
elementary  truth  would  seem  to  require,  and  consequent- 
ly not  sacn  as  to  renda*  the  axiom  proposed  above  alto^ 
gether  unnecessary. 

But  a  circumstance  for  which  I  cannot  very  well  ac- 
count is,  that  Legendre,  and  after  him  Laci'oix,  ascribe 
to  Knfison  the  first  mention  of  such  solids  as  we  are  here 
considering.     Now,  I  must  be  permitted  to  say,  that  no 
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t  remark  to  this  purpose  is  to  be  found  in  any  of  the  irni- 
ings  of  Sirason,  which  have  come  to  my  knowledge.  He 
has  indeed  made  an  observation  concerning  the  Geome- 
try of  Solids,  which  was  both  new  and  important,  viz. 
that  solids  may  have  the  conditions  which  Euclid  thought 
sufficient  to  determine  their  quality,  and  may  neverthe- 
less be  unequal ;  whereas  the  observation  made  here  is, 
that  solids  may  be  equal  and  similar,  and  may  yet  want 
the  condition  of  being  able  to  coincide  with  one  another. 
These  propositions  are  widely  different ;  and  how  so  ac- 
curate a  writer  as  Legendre  should  have  mistak^i  the 
one  for  the  other,  is  not  easy  to  be  explained.  It  must 
be  observed,  that  he  does  not  seem  in  the  least  aware  of 
the  observation  which  Simson  has  really  made.  Perhaps 
having  himself  made  the  remark  we  now  speak  of,  and 
on  looking  slightly  into  Simson  having  founa  a  limitation 
of  the  usual  aescription  of  equal  solids,  he  had,  without 
much  inquiry,  set  it  down  as  the  same  with  his  own  no- 
tion :  and  so,  with  a  great  deal  of  candour  and  some  pre- 
cipitation, he  has  ascribed  to  Simson  a  discovery  whicli 
really  belonged  to  himself.  This  at  least  seems  to  be 
the  most  probable  solution  of  the  difficulty. 

I  have  entered  into  a  fuller  discussion  of  Legelidre^s 
mistake  than  I  should  otherwise  have  done,  from  having 
said,  in  the  first,  edition  of  these  elements,  in  1795,  that  I 
believed  the  non-existence  of  similar  and  equal  solids, 
in  certain  circumstances,  was  then  remarked  ror  the  first 
time.  This,  it  is  evident,  would  have^been  a  pretension 
as  ridiculous  as  ill-founded,  if  the  same  observation  had 
been  made  in  a  book  like  Simson^s,  which  in  this  coun- 
try was  in  every  body's  hands,  and  which  I  had  myssell 
professedly  studied  with  attention.  As  I  have  not  FCt-n 
any  edition  of  Legendre's  Elements  earlier  than  that  pu- 
blished in  180S,  I  am  ignorant  whether  he  or  I  -was  the 
first  in  making  the  remark  here  referred  to.  That  cir- 
cumstance is,  however,  immaterial ;  for  I  am  not  inte- 
rested about  the  originality  of  tlie  remark,  thoug;h  ven- 
much  interested  to  shew  that  I  had  no  intention  of  ap- 
propriating to  myself  a  discovery  made  by  another. 

Another  observation  on  the  suliject  of  those  solids, 
which,  with  Legendre,  we  shall  call  Symmetrical,  has  oc- 
curred to  me,  which  I  did  not  at  first  think  of,  tiz.  that 
Euclid  himself  certainly  had  these  solids  in  view,  when  he 
formed  his  definition  (as  he  very  improperly  calls  it,)  of 
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equal  and   siniilar  solids.      He   says  that  those  solids  Bookjiil. 
are  equal  and  similary  which  are  contained  under  the 
same  number  of  equal  and  similar  planes.     But  this  is 
not  true,  as  Dr  Simson  has  shewn  in  a  passage  just  about 
to  be  quoted,  because  two  solids  may  easily  be  assigned, 
bounded  by  the  same  number  of  equal   and  similar 
planes,  which  are  obviously  unequal,  the  one  being  con- 
tained within  the  other.     Simson  observes,  that  Euclid 
needed  only  to  have  added,  that  the  equal  and  similar 
planes  must  be  similarly  situated,  to  have  made  his  defi. 
iiition  exact.     Now,  it  is  true,  that  this  addition  would 
have  made  it  exact  in  one  respect,  but  would  have  ren- 
dered it  imperfect  in  another ;  for  though  all  the  solids 
having  the  conditions  here  enumerated,  are  equal  and  sir 
milar,  many  others  are  equal  and  similar  which  have  not 
those  conditions,  that  is,  though  bounded  by  the  same 
equal  number  of  similar  planes,  those  planes  are  not  si- 
milarly situated.     The  symmetrical  solids  have  not  their 
equal  and  similar  planes  similarly  situated,  but  in  an  or- 
der and  position  directly  contrary.     Euclid,  it  is  pro- 
bable, was  aware  of  this,  and,  by  seeking  to  render  the 
description  of  equal  and  similar  solids  so  general,  as  to 
comprehend  solids  of  both  kinds,  has  stript  it  of  an  essen- 
tial condition,  (so  that  soUds  obviously  unequal  are  in- 
eluded  in  it,)  and  has  also  been  led  into  a  very  illogical 
proceeding,  that  of  defining  the  equahty  of  solias,  instead 
of  proving  it,  as  if  he  had  been  at  lioerty  to  fix  a  new 
idea  to  the  word  eqiuil  every  time  that  he  applied  it  to  a 
new  kind  of  magnitude.     The  nature  of  the  difficulty  he 
had  to  contend  with,  will  perhaps  be  the  more  readily  ad- 
mitted as  an  apology  for  this  error,  when  it  is  considered 
that  Simson,  who  had  studied  the  matter  so  carefully,  as 
to  set  Euclid  right  in  one  particular,  was  himself  wrong 
in  another,  and  has  treated  of  equal  and  similar  solids,  so 
as  to  exclude  the  symmetrical  altogether,  to  which,  in- 
deed, he  seems  not  to  have  at  all  adverted. 

I  must,  therefore,  again  repeat,  that  I  do  nc^  think 
that  this  matter  can  be  treated  in  a  way  quite  simple  and 
elementary,  and  at  the  same  time  genera^  without  intro- 
ducing the  principle  of  the  sufficient  reason  as  stated 
above.  It  may  then  be  demonstrated,  that  similar  and 
equal  solids  are  those  contained  by  the  same  number  of 
equal  and  similar  plaxies,  either  with  similar  or  contrary 

Hh 
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^mp^tiaatti  ntuations.     If  the  word  contrtmf  is  properly  understood, 
this  description  seems  to  be  ouite  genera. 

Simson^s  reoMurk,  that  soiias  may  be  unequal,  though 
contained  by  the  same  number  of  equal  and  simiiar 
planes,  extends  also  to  solid  angles  wmch  may  be  un- 
equal)  though  contained  by  the  Mme  number  oi  equal 
plane  angles.  These  remarks  he  published  in  the  first 
edition  of  his  Euclid  in  1756,  the  very  sanve  yeftr  that 
M.  le  Sage  communicated  to  the  Aeaaemy  of  Sciences 
the  observation  on  the  subject  of  sohd  angles,  mentioned 
in  a  former  note ;  and,  it  is  lingular,  tnat  these  two 
geometers,  without  any  oommunication  with  one  axiother, 
should  almost  at  the  same  time  have  made  two  disco  • 
reries  very  nearlv  connected,  yet  oeitherof  them  compre- 
hending the  whofe  truth,  so  that  each  is  imperfect  with- 
out the  other. 

Dr  Simson  has  shewn  the  truth  of  his  remark,  by  the 
following  reasoiung. 

'<  Let  there  be  any  plane  rectitineal  fi|^re,  as  tiie  tri- 
angle ABC,  and  from  the  point  D  withm  it,  draw  the 
straight  line  DE  at  right  angles  to  the  plane  ABC ;  in 
D£  take  DE,  DF  equal  to  one  another^  upon  the  oppo- 
site sides  of  the  plane,  and  let  6  be  any  point  in  £F  ; 
join  DA,  DB,  DC;  EA,  EB,  EC;  FA,   FB,  FC; 
GA,  GB,  GC :  Because  the  straight  hae  EDF  is  at 
ri^ht  angles  to  the  plane  ABC,  it  makes  right  angles 
with  DA,  DB,  DC  which  it  meets  in  that  plane ;  and  Id 
the  triangles  EDB,  FDB,  ED  and|DB  are  equal  to  FD, 
and  DB,  each  to  each,  and  they  oontun  right  aaigles ; 
therefore  the  base  EB  is  equal  to  the  base  FB  ^  in  the 
same  manner  EA  is  equal  to  FA,  and  EC  to  FC  :  And 
in  the  triangles  EBA,  FBA,  EB,  BA  are  equal  to  FB, 
BA,  and  the  base  EA  is  equal  to  the  base  FA ;  where- 
fore the  angle  EBA  is  equal  to  the  angle  FBA,  and  the 
triangle  EBA  equal  to  the  triangle  FBA,  and  the  other 
angles  equal  to  the  other  angles ;   therefore  these  tii- 
angles  are  similar :  In  the  same  manner  the  triangle  EBC 
is  isamilar  to  the  triangle  FBC,  and  the  triangle  £AC  to 
FAC ;  therefore  there  are  two  solid  figures,  eadi  of 
which  is  contained  by  six  triangles,  one  cS.  them  by  three 
triangles,  the  common  vertex  of  which  is  the  point  G, 
and  their  bases  the  straight  lines  AB,  BC,  CA,  and  by 
three  other  triangles,  the  common  vertex  of  which  is  the 
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point  E,  and  their  bases  the  same  lines  AB,  BC,  CA. 
The  other  solid  is  contsdned  by  the  same  three  triangles, 
the  common  vertex  of  which  is  G,  and  their  bases  AB, 
BC,  CA ;  and  by  three  other  triangles,  of  which  the  com- 
mon vertex  is  me  point  F,  and  their  bases  the  same 
straight  lines  AB,  BC,  C A :  Now,  the  three  triangles 
<jAB,  GBG,  GCA  are  common  to  both  solids,  and  the 
three  others  EAB,  EBC,  EGA,  of  the  first  solid  have 
been  shewn  to  be  equal  and  similar  to  the  three  others 
FAB,  FBC,  FCA  of  the  other  solid,  each  to  each ; 
therefore,  these  two  solids  are  contained  by  the  same 
number  of  equal  and  similar  planes :  But  that  they  are 
not  equal  is  manifest,  because  the  first  of  them  is  con- 
tained in  the  other ;  Therefore  it  is  not  universally  true 
that  solids  are  equal  which  are  contained  by  the  same 
number  of  equal  and  similar  planes.*^ 

*^  CoE.  From  this  it  appears,  that  two  unequal  solid 
angles  may  be  contained  by  the  same  number  of  equal 
plane  angles." 

"  For  the  solid  angle  at  B,  which  is  contained  by  the 
four  plane  angles  EBA,  EBC,  GBA,  GBC  is  not 
equal  to  the  solid  angle  at  the  same  point  B,  which  is 
contained  by  the  four  plane  angles  FBA,  FBC,  GBA, 
GBC  ;  for  this  last  contains  the  odier :  And  each  of  them 
is  contfiuned  by  four  plane  angles,  which  are  equal  to  one 
another,  each  to  each,  or  are  the  self-same,  as  has  been 
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SttPlitaiMit  proved :  And,  indeed,  there  may  be  innumerable  solid 
angles  all  unequal  to  one  another,  which  are  each  of  them 
contained  by  plane  angles  that  are  equal  to  one  another, 
each  to  each  :  It  is  likewise  manifest,  that  the  before- 
mentioned  solids  are  not  similar,  Auce  ih&r  solid  angles 
are  not  all  equal/ 
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TRIGONOMETRY. 


DEFINITIONS,  &C. 

TRIGONOMETRY  IS  defined  in  the  text  to  be  the  appli-  Trigonom. 
cation  of  Number  to  express  the  relations  of  the 
sides  and  angles  of  triangles.     It  depends,  therefore,  on 
the  47th  of  the  first  of  Euclid,  and  on  the  7th  of  the 
first  of  the  Supplement,  the  two  propositions  which  do  i 

most  immediately  connect  together  the  scjences  of  Arith- 
metic and  Geometry. 

The  sine  of  an  angle  is  defined  above  in  the  usual 
way,  viz.  the  perpendicular  drawn  from  one  extremity 
of  the  arch,  which  measures  the  angle  on  the  radius 
passing  through  the  other ;  but  in  strictness  the  sine  is 
not  the  perpendicular  itself,  but  the  ratio  of  that  perpen- 
dicular to  the  radius,  for  it  is  this  ratio  which  remains 
constant,  while  the  angle  continues  the  same,  though  the 
radius  vary.  It  might  be  convenient,  therefore,  to  de- 
fine the  sine  to  be  the  quotient  which  arises  from  divid- 
ing  the  perpendicular  just  described  by  the  radius  of  the 
circle. 

So  also,  if  one  of  the  sides  of  a  right-angled  triangle 
about  the  right  angle  be  divided  by  the  other,  the  quo- 
tient is  the  tangent  of  the  angle  opposite  to  the  first-men- 
tioned side,  Sec.  But  though  this  is  certainly  the  rigo- 
rous way  of  conceiving  the  sines,  tangents,  &c.  of  angles, 
which  are  in  reality  not  magnitudes,  but  the  ratios  of 
magnitudes ;  ^yet  as  this  idea  is  a  little  more  abstract 
than  the  common  one,  and  would  also  involve  some 
change  in  the  language  of  trigonometry,  at  the  same  time 
that  it  would  in  the  end  lead  to  nothing  that  is  not  attidn- 
ed  by  making  the  radius  equal  to  unity,  I  have  adhered 
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Trigonon.  to  the  oommoii  method,  though  I  have  thought  it  right 
to  txrint  out  that  which  should  in  strictness  be  pursued. 

Apropodtion  is  left  out  in  the  Plane  Trigonometry, 
which  the  astroncHnera  make  use  of,  in  order,  when  two 
ndes  of  a  triangle,  and  the  angle  contained  by  them,  are 
given,  to  6nd  th«  angles  at  the  base,  without  maldng  use 
of  the  sum  or  difference  of  the  sides,  which,  in  some  cases, 
when  only  the  Logarithms  of  the  ddes  are  given,  cannot 
he  conveniently  found. 


THEOREM, 

If,  as  the  greater  of  any  two  sides  of  a  triangle 
to  tlte  less,  so  the  radius  to  the  tangent  of  a 
certain  angle :  tfien  will  the  radius  oe  to  the 
tangent  of  the  difference  between  that  angle 
and  half  a  right  angle,  as  the  tangent  of  half 
the  sum  of  the  angles  at  the  base  of  the  trtangh 
to  the  tangent  of  half  their  difference. 

Let  ABC  be  a  triangle,  the  aides  of  vUch  ore  BC  and 
CA,  and  the  base  AB,  and 
let  BC  be  greater  than  CA. 
Let  DC  be  drawn  at  li^ 
angles  to  BC,  and  equal  to 
AC ;  join  BD,  and  because 
(Prop.  L)  m  the  right 
angled  triangle  BCD,  BC :» 
CD : :  R :  tan  CBD,  CBD 
ia  the  angle,  of  whieh  the 
taniwnt  is  to  the  ra^us  as  ,     ,     .    i?  . 

CD  to  BC,  that  is,  as  CA  to  BC,  or  as  the  least  of  two 
ades  of  the  triangle  to  the  greatest 

But  BC  +  CD  :  BC— CD  : :  tan  |  (CDB  +  CBD) 
tan  I  (CDB— CBD)  (Prop.  6.)  : 
and  also,  BC  +  CA :  BC-CA : :  tan  5  (CAB  +  CBA) 
^gn  1  (CAB— CBA).    Tberefare,  aaoe  CD  =  CA, 
tan  5  (CDB+CBD) :  tan  \  (CDB-CBD) : : 
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tan  i  (CAB+CBA) :  tan  J  (CAB— CBA).  'But  because  Trigonom. 
the  angles  CDB+CBD=90°,  tan  |  (CDB+CBD)  : 
tan|(CDB— CBD)::  R:  tan  (46°— CBD),(2.  Cor.  Prop.3); 
therefore,  R  :  t^n  (45°— CBD)  : :  tan  i  (CAB+CBA) ; 
tan  I  (CAB — CBA) ;  and  CBD  was  already  shewn  to 
be  such  an  angle  that  BC  :  CA  : :  R  :  tan  CBD.  There- 
fore^ &c.     Q.  E.  D. 

Coa.  If  BC>  CA,  and  the  angle  C  are  given  to  find 
the  angles  A  and  B  ;  find  an  angle  E  such,  that  BC  :  C A 
:  :  R  :  tan  E ;  then  R  :  tan  (45°— E)  :  :  tan  i  (A+B)  : 
:  tan  J  (A— B.)  Thus  J  ( A— B)  is  found,  and  |  (A+B) 
being  given,  A  and  B  are  each  of  them  known,  Lem.  2. 

In  reading  the  Elements  of  Plane  Trigonometry,  it 
may  be  of  use  to  observe,  that  the  first  five  propositions 
contain  all  the  rules  absolutely  necessary  for  solving  the 
diflerent  cases  of  plane  triangles.  The  learner,  when  he 
studies  Trigonometry  for  the  first  time,  may  satisfy  him- 
self with  these  propositions,  but  should  by  no  means  ne- 
glect the  others  in  a  subsequent  perusal. 

PROP.  VII.  and  VIII. 

I  have  changed  the  demonstration  which  I  gave  of 
these  propositions  in  the  first  edition,  for  two  others  con- 
siderably simpler  and  more  concise,  communicated  to 
me  by  Mr  James  Jardine,  Civil  Engineer,  well  known 
for  his  ingenuity  and  skill,  both  in  the  pure  and  mixed 
mathematics. 

^  In  this  Edition  new  and  very  simple  demonstrations 

*  have  been  given  of  Prop.  VII,  and  VIII.,  which  are 
^  easily  deduced  from  the  new  additional  propositions 
^  N,  O,  at  the  end  of  the  Sixth  Book ;  and,  mdeed,  the 

*  Trigonometrical  Propositions  are  just  Corollaries  to 
^  these.  Mr  Jardine'*s  demonstrations,  howev^r^  have 
^  been  allowed  to  remain,  because  of  their  elegance,  ^nd 
^  also  as  a  memorial  of  the  liberal  and  candid  spirit  with 

*  which  Professor  Playfair   viewed   the  productions  of 
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f» 


*  others,  and  that  led  him  to  give  a  preference  in  this 

*  case  to  the  demonst^2|,tiof^^  o^  h^  friend.^  ( W.) 


A  •tAJAov^  Ihe^  PrpposUipnci  hay^  1^eepi,^loi»t  l^nqwn, 
fatr^QW'  aot^^appcyir  ijipt  i^ir  si^tiHtgf  ip,  iie^vj^.  the 

*  third  case  of  oblique  angled  triangles,  has  lut^euBtQ  been 

*  noticed  in  works  on  Trigonometry.     The  advantage  of 

*  this  application  has  been  particularly  shewn  by  the  Edi- 

*  tor  in  two  papers'  given  in  the  Edinburgh  Philosophical 
^  Transactions,  vol.  X,     See  also  Soluti^fr  ^  of  Case  III. 

*  at  p.  844  of  this  work. 

*  An   improvement  df  Case  IV.  has  been  given  in 

*  p.  846.  whidiy  although  ^y  no  means  unimportant  in  a 

*  practical  point  of  view,  do^  not  appear  to  have  been  be- 

*  fore  adverted  xbr .  >.  ^  ( W.) 


'  •  « 


'"    'Tkt:  following  theorem  is  given,.^  being  ofi  ^eat^ti- 
''  li^y  in  (heconsiructijoh  and  use  of  •Blatl•etnatidalrdnsfe^l- 
'  thelnts,,'and  jsartJculai^Iy  ai  o^iaiqkig  oieibf  ^tbeiDain 
'  -pftni^jiles  ef  the'  moderh'  improvement ^whicb  hdi  substi- 
^^J;^pd.thf  entire  circle  for  the  qu^rantj,  the ^itibirde, 
and  other  segmiehts  fbnnerly  us^  in  the  histrumi^ts'  of 
Astronomy  and  Practical  Greometiy.v,    r  :•  'f  )  f    t  .,<{  .- 
Though  the  proposition  is  quite  elementary,  being  in 
..r-eiiity. ftn  ^xjten^ipn  of,  thQ  9Qi\x  of  the  8d  jof  jEudi^,  it 
^bs^  b^n  rj^^jeryfpl  JtQ  this  ptace,  as  beii^  tfest  enunciated 
in  the  language  of  Trigonometry. 
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Trigonom 

THEOREM. 

If  two  straight  lines  intersect  ofie  another  in  a 
point  within  a  circle ^  half  the  sum  of  the  oppo- 
site arcs  cut  off  by  them  is  the  measure  of  the 
angle  which  they  contain. 

Let  BE  and  CD  cut  one  another  in  the  point  A: 
half  the  sum  of  the  arcs  BC,  DE  is  the  measure  of  the 
angle  BAC. 


Through  E,  draw  EF  parallel  to  DC,  meeting  the 
circumference  in  F ;  the  arc  CF  is  therefore  equal  to 
DE.  Add  BC  to  both,  and  the  arc  BF  is  equal  to  the 
sum  of  the  arcs  BC  and  DE.  But  because  the  angle 
BEF  at  the  circumference  stands  on  the  arc  BF,  it  is 
equal  to  half  the  angle  at  the  centre  standing  on  the  same 
arc,  and  is  therefore  measured  by  half  that  arc.  But 
the  angle  BEF  is  equal  to  the  angle  BAC,  therefore  the 
angle  BAC  is  measured  by  half  the  arc  BF,  that  is  by 

BC  4-DF 

^ ,  or  by  half  the  sum  of  the  opposite  arcs,  which 

AB  and  CD  intercept 

CoR.  1.  It  is  demonstrated  in  the  same  way,  that  if  the 
point  in  which   the  lines  intersect  be  without  the  circle, 
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half  the  difference  of  the  arcs  which  they  intercept  is  the 
measure  of  the  an^e  which  tfaej  contain. 

CoA.  S.  It  is  evident^  that  if  the  cJuoumfiHSence  of  a 
dide  be  divided  into  d^rees,  and  parts  of  a  degree,  half 
the  sum  of  the  opposite  arcs'  eut  off  by  any  two  linens 
will  give  the  degrees  and  parts  of  a  degtee  that  measure 
the  angle  made  by  the  two  lines,  whether  they  intersect 
one  another  in  the  centre  or  not. 


<       « 


PROP.  V.    SPH,  TRIG. 

The  angles  at  the  base  of  the  isosceles  spherical  tri- 
angle are  Symmetrical  magnitudes,  not  aamitting  of 
heme  laid  on  one  another,  nor  of  coinciding,  notwith- 
standing thdr  equality.  It  miffht  be  considered  as  a  suf- 
ficient proof  that  they  are  equiy,  to  observe  that  they  are 
eadi  determined  to  t!e  of  a  certiun  magnitude  rather  than 
any  other,  by  conditioae  which  aie  precisely  the  same,  so 
that  there  is  no  reason  why  one  of  them  stionldbt  gi^ter 
than  another.  For  the  sake  of  those  to  whom  this  rea^ 
soning  may  not  prove  satisfactory,  the  demonstration  in 
the  text  is  given,  which  is  strictly  geometrical. 
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